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A OTHER LOOPING CONSTRUCTS

Using the primitive looping construct loop e, the loop exiting construct break, e, and a simple
register library, we can implement other types of loops as follows:

fori:eltoezdoeg,é
let ivar = alloc(1) in
store(ivar, ey);
loop
let i = load(ivar) in
store(ivar, i+ 1);
if i < e, then e;s else break; 0

repeat e e
loop
let x =e in
if x = 0then 0 else break; e

B PROOFS OF §5 THEOREMS
B.1 Correctness of Theorem 2
Given an execution G, let us write isMX(G) for the following:

e G.lhb is a strict total order on G.E;
e G.lhbljmm € (C* X LX) U (L* X UX) U (U X L¥); and
o [L¥];(G.Ihb\ G.po); [L* UU] € G.po; [U*]; G.Ihb.

We are then required to show that for all x and G, if G € QCMX N Q“A/AX, then isMX(Gy) holds.

Proor. Pick an arbitrary x and G € QCMX N Q“'\/"fx with G, = (E, po, com, so, [hb). Pick an event
e from E such that it is minimal in lhb; that is, Ve € E \ {eg}. (e, e9) # lhb. We first demonstrate
that ey € C*. As ey is minimal with respect to lhb, po C |hb and since from the well-formedness of
G, we know that the first event (in po order) in each thread is either a constructor or lock event,
we know that ey € C* U L*. Let us assume ¢, € L*. From the consistency of G, we know that
there exists u such that (u, eg) € com N'so C lhb. This however contradicts our assumption that e,
is minimal with respect to Ihb and we thus know ¢y € C*.

Let E = EC U E® with E2 £ {ey} and E? £ E \ {ep}. Let us write numL(S) to denote the number
of lock events in the set of events S; and write numU(S) to denote the number of unlock events in
the set of events S. Note that from the well-formedness of G, we know that numU(E®) < numL(E?).
Moreover, from the well-formedness of G, (namely the uniqueness of the constructor event) we
know that E2 N C* = (). Without loss of generality, let m denote the number of lock events in E?;
i.e. numL(E?) = m. We next demonstrate that:

Vn € N. VE,, E,.
E=E, W E, A numL(E,)=n A numU(E,) < numL(E,) A E, N C=0
A[E;]; 1hb; [Eo]=0 A isMX(Gx|E,) A Gx|g,is MX-well-formed on x
A dley,. em=max(E,, Ihb) A e, € CX¥ UU* AVe € E, \ {em}. com(e) € E,
A (V1€ LXNE,. (I,em) € (Ihblg,)limm = (I, em) € po)

= isMX(Gy)

(1)

where max(E,, [hb) denotes the maximal elements in E, with respect to |hb — note that Ihb is total
on E, due to isMX(Gx|g, )

The desired result then follows immediately from (1) and the definitions of E% and E°. To show
(1) we proceed by induction on n.

Base casen =0
From the assumptions of the left-hand side we have E, = 0 and thus E = E,. As such, from
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isMX(Gx |g,) we have isMX(Gy), as required.

Inductive case n=k+1

Vj € N. VE,, E,.
j <k ANE=E, ¥ E, AnunL(E,)=n A numU(E,) < numL(E,) A E, N C=0
A[E;]; 1hb; [Eo]=0 A isMX(Gx|E,) A Gx|g,is MX-well-formed on x
A dley,. em=max(E,, Ihb) A e, € CX¥ UU* AVe € E, \ {em}. com(e) € E,
A (V1€ LXNE,. (I,em) € (Ihblg,)limm = (I, em) € po)

= isMX(Gy)

(LH.)

Pick an arbitrary E,, E,, e, such that E=E, ¥ E,, numL(E, )=n, numU(E, ) < numL(E,), E, N C=0,
[E,]; Ihb; [E;]=0, isMX(Gx|E, ), Gx|E, is MX-well-formed on x. e, is unique and e,, = max(E,, lhb),
em € CXUU*, Ve € E;\{em}. com(e) € E,,and VI € L¥NE,. (I, e,) € (Ihb|g,)limm = (I, en) € po.

Pick an event e; € E, such that it is minimal in |hb; that is, Ve € E, \ {e;}. (e, ¢;) # lhb. As ¢; is
minimal with respect to [hb, po C Ihb, and since from the MX-well-formedness of G |g, we know
that the first event (in po order) in each thread is either a constructor or lock event, we know that
e; € C* U L*. Moreover, since E, N C* = (0, we know that ¢; € £*. We next demonstrate that
(em,e;) € com =so C |hb.

From the consistency of G, we know there exists u € C* U U™ such that (u, ¢;) € com. There
are then three cases to consider: a) u = e;; orb)u € E, \ {em}; or ¢) u € E,. In case (a) we
then have (e, e;) € com as required. In case (b) from Ve € E, \ {e;,}. com(e) € E, we know
there exists another [ € E, such that (u,]) € com. Since [ € E, and ¢; € E, we know [ # e;.
Consequently, we have (u, 1), (u, e;) € com, contradicting the assumption that com is functional
(since Gy is consistent). In case (c), from the well-formedness of Gy|g, we know there exists [

such that (I,u) € polimm. We then have [ L e;; that is we have [ @ e;, contradicting the
assumption that e; is a minimal element of E, with respect to lhb.

From the MX-well-formedness of Gy |, we know there exists e, € U* such that (e, ;) € polimm-
As po C |hb and [E,]; Ihb; [E,]=0, we know that e, € E,. Let us then define E, = E, & {¢;, e, } and
E. =E, \{ee,};ie (1) E=E, WE., nunL(E,)=n—1=k, numU(E;) < numL(E}), E. N C=0.

We next demonstrate that [E.]; lhb; [E]]=0. As we already have [E,]; lhb; [E,]=0 from the as-
sumption, it suffices to show: Ve € E;. (e, ¢;) ¢ hb and Ve € E.. (e, e,) ¢ lhb. The former follows
from the fact that e; is a minimal element of E, with respect to |hb. For the latter, let us proceed by
contradiction and assume there exists e € E;. such that (e, e,) € lhb. As e, is an unlock event with-
out incoming so edges and (e;, e,) € polimm, we know (e, e;) € lhb. This however contradicts our
assumption that e; is a minimal element of E, with respect to [hb. We thus have: (2) [E/]; Ihb; [E] ]=0.
We next show that isMX(Gx|g,) holds. As isMX(Gx|g, ) holds, we know:

lhb is a strict total order on E,;

GxlE,-Ihblimm € (C* X LX) U (LY X U*) U (U™ x L*); and

[£71: (Gxlg, hb \ Galg, -po); [£L* U] € Gy ls, pos [U~]; G, Ihb.

As e, = max(E,, lhb) and e,, % e L ey, we know:
[hb is a strict total order on E, and
Gxlg, -Ihblimm € (C* X LX) U (LY X U*) U (U™ x L).
Lastly, since VI € L* N E,. (I, ey) € (Ihblg,)|imm = (I, em) € po, we have
[£5T: (Galr, b \ Gyl .po): [£* U] € ol .pos [U*]: Gy i, b,
We thus know: (3) isMX(Gx|g,) holds.
Since Gy g, is MX-well-formed on x, from the definition of E; we have (4) G|, is MX-well-formed

lhb po . .
on x. As e, = max(E,, Ihb) and e,,, — ¢; — ey, from teh definition of E, and since e, € U* we
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have: (5) e,=max(E,, lhb) and e, € C* U U*. Moreover, as Ye € E, \ {em}. com(e) € E,, and
(em, e;) € com, from the definition of E] we have (6) Ve € E/ \ {e,}. com(e) € E.. Lastly, since

em = max(E,, Ihb) and e, @ e LN ey, and (e, e,,) € po, we know that:
(7)Vl e LXNE,. (L,ey) € (Ihb|g ) imm = (I, e,) € po.
Consequently, from (1)-(7) and (L.H.) we have isMX(G) as required.

]
B.2 Correctness of Theorem 3
Given a relation r, let us define the following relations for for all n,m > 0 and k > 0:
A(r) £ com™%r B(r) £ com;r @)
C™™(r) £ (A(r); C"™) U (B(r); C>™1) Ccko & A(r)k Ccok £ B(r)k

Pick an arbitrary execution G = (E, po, com, so, lhb) of the queue library such that irreflexive(C™")
holds for all n > 0. Let toy = lhb, TOy = {to,} and for all i > 0 let us define:

TOi1 £ {(to; U {(d1,d2)})* | to; € TO; A (Pi(to;, 1, dy) V Py(to;, di1. dy))}
U {(to; U {(e1,e2)})" | to; € TO; A (Ps(toy, €1, €2) V Py(to;, e1, €2))}
to; € TO; AVdy,dy € DI. Vey, e, € E. }

U {to;
{ —Pi(to;, d1,dz2) A =Ps(to;, dy, dz) A =Ps(tos, eq, €2) A —Py(to;, 1, €2)

def
Pl(tOi,dl,dz) é dl,dz (S Dq A (dl,dz) ¢ to; U tOi_l A 361,62.
(e1,d1), (es,ds) € com A (eq, e3) € to;
def
Pg(tOi,dl,dz) é dl,dg € Dq A (dl,dg) ¢ tOi U tOi_l A ﬂ €1, €2
(e1,dy), (e2,dz) € com A (ey, ez) € to; Uto;' A Vn € N . irreflexive(C™"(t0;41))
def
P3(t0i,€1,62) é e, ey € ISEIN (€1, 62) ¢ to; U tOi_l A Hdl,dz.
(e1,d1), (e2,dz) € com A (dy, dy) € to;
def -1
Py(toj, e1,e2) & eq,e5 € ET A (e1,€2) € to; Uto;” A 3. di,d;
(e1,d1), (ez,ds) € com A (dy,d5) € to; U toi—1 AVn € N irreflexive(C™"(t0;41))

In what follows, we write A; for A(to;), B; for B(to;) and C}"™ £ C™™(to;), when the choice of
to; is clear from the context.
We next demonstrate that:

Vi € N. Vto; € TO;. Vn € N*. irreflexive(C}"") (3)

Proor. We proceed by induction on i.
Base case i =0
Follows immediately from the definition of TOy = {to} (as toy = Ihb) and the assumption of the

lemma.

Inductive case i = j+1

Vk < j. Vtog € TOg. Vn € N irreflexive(C;"" (LH.)
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Pick an arbitrary to; € TO;. Let us proceed by contradiction and assume that there exists a Cf’k
cycle for some k > 0. Given the definition of to;, there are now five cases to consider. The proof of
the second and fourth cases follow immediately from the definition of to;. The proof of the fifth
case follows from (I.H.).

Case 1
We then know there exist to; € TO; and ey, ez, dy, d; such that to; = to; U {(dy, d)}, di,d, € DY,
(dy,d;) ¢ toj U tojfl, (e1,d1), (e2,dz) € com and (ey, e) € to;.

to;
As C;.l’ " isirreflexive for all n > 0, we know the Cf’k cycle involves the newly added edge d; 2 dy.
k k-1 ? k,k
to; to; to; to; C
That is, either i) e; = di — ds N eq; or ii) there exist a, b such that a S di—>dy > b L oa
In case (i), as d; is a dequeue event (and cannot have an outgoing B; edge), we know its outgoing
B o, CkLE-1
edge is an A; edge. That is, there exists a such that d, 0 e Sa ' e;. We thus have

k-1,k-1 k-1,k-1
¢ to;  toj G to; iy
a5 e Se > a Asto; ; is transitively closed, we havea "~— e; — a. From the definition
k-1,k-1
ckt

of C;(_l’k_l we know that it ends with to;. As such, we have a (N a, contradicting (I.H.).

toj com m! toj com toj
In case (ii), we also have d1 N e; — ey — dy. We thus have d1 Y e1 De > dyo>b >

t') A‘ BJ kk ?

a = d;. Thatis, we have d; = e, > b > a 4 d;. From the definition of C].C’k we know that it
t ? Ck k
ends with to;. As to; is transitively closed and a S di, we thus also have b KN d;. We then have
A k,k Ck+1 k+1
J

di = e NE RN d;. That is, d; (N di, contradicting (L.H.).

Case 3
We then know there exist to; € TO; and ey, e;, dq, dz such that to; = to; U {(e, e2)}, e1,e2 € DY,
(e1,€2) ¢ to; U tojfl, (e1,d1), (e2,dz) € com and (d;, d) € to;.

As Cj'.”" is irreflexive for all n > 0, we know the Cf’k cycle involves the newly added edge e, “ €.

klk ? k.k
toj C

. . . -1 tOi t to i
That is, either i) d; 0 e — e N dq; or ii) there exist a, b such that a = e — e, —b L oa
In case (i), as ey is an enqueue event (and cannot have an outgoing A; edge), we know its

k-1,k-1
toj

outgoing edge is an B; edge. That is, there exists a such that e, Bd, Sa s d;. We thus have

k-1,k-1 k-1,k-1
Cj to; toj C

a "— di = dy = a. As to; is transitively closed, we have a 'S4 bt a. From the definition
CI.C 1,k-1

of C]?_l’k_l we know that it ends with to;. As such, we have a (. a, contradicting (I.H.).

to; om= to; com™! to; le’k
In case (ii), we also have e; o di > dz — ez We thus have e; o di—>dy — e =b 5
to’ ? B; A Ck k t07 ek ]

a— d1 That is, we have e; — e; — b — a — e,. From the definition of C ~* we know that it

t ? Ck k
ends with to;. As to; is transitively closed and a - di, we thus also have b N e;. We then have

B, . k k Cl§+1 k+1
ep >dy >b 5 dy.Thatis,e; '— ey, contradicting (L.H.).
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We next demonstrate that:

Vie N. VtOi S TOl Vt0i+1 S TOi+1. to; = toj41 = (4)
Vdi,dy € DI. (dy,dp) € to; Uto;!

ProOF. Pick an arbitrary i € N, to; € TO; and to;4; € TO;41 such that to; = to;4;. We then
proceed by contradiction. Let us assume there exist d;, d, € D9 such that (dy, d;) ¢ to; U toi‘l. Let us
write e; for com~!(d;) when it exists (i.e. when (e;, d;) € com) and write e, for com™'(d;) when it
exists (i.e. when (ey, d2) € com).LetS; = to; W{(dy,d>)} and S; = to; W{(d,, d1)}. From the definition
of to;1 we then know that (ej, e;) ¢ to; and there exist k, n such that —irreflexive(C**(S;)) and
—irreflexive(C™™(S,)).

As from (3) we know irreflexive(Ck’k) holds, we know the cycle in Ck’k(Sl) is due to the (d;, d>)
Si\to; k k ‘7 S;\to; ; k,k

edge. That is, either 1) d; ﬂ ds —> dq; or 2) there exist a, b such that a —> d; ﬂ ds o b5 a

Similarly, as from (3) we know irreflexive(C}>") holds, we know the cycle in C™"(S,) is due to the

2\to; crr 0! Sz\tO, to;

cr
(dz, dy) edge: either a) d; —> di —> dy; or b) there exist f, g such that f —> ds d —g LN f.

n,n k,k n+k,n+k
. i i . i
There are now four cases to consider. In case (1.a) we haved; — dy, — dj,ie.d; — di,
contradicting our result in (3).

n,n

n.n tO? k k
In case (1.b) we thenhaveg — f —d, — d; “ g. As from the definitions of C}*" and Cf’k
n,n Ck k Cn+k n+k

know they end with to;, we then have g — d, —> ¢.Thatis, wehaveg '— g, contradicting

our result in (3).
k,k ? n,n

i i i to; cpe
Similarly, in (2.a) we have b — a — d; — d 24 b. As from the definitions of C*" and Cf’k we
k,k Cn,n Cp+k,n+k

know they end with to;, we then have b LN di L5 b.Thatis, we haveb '— b, contradicting
our result in (3).

k k to to; C" " to

Lastly,in (2b)wehaveb — a—d; —>g — f > d, 4 b. As from the definitions of C’"" and
kk cmn
Cf’k we know they end with to; and to; is transitively closed, we then have b — g — b. That is,

n+k,n+k

we haveb '— b, contradicting our result in (3).

Similarly, we can demonstrate that:

VieN. VtOi € TO;. Vt0i+1 € TOj41. to; = toj41 =
Ve, ey € 9. (e1,€2) € to; U to]!

()

Theorem 7. For a given tuple (E, po, com, so, lhb), the C™" is irreflexive for all n € N* iff condition
(7) on page 20 holds.

Proor. For the = direction, pick an arbitrary execution G = (E, po, com, so, lhb) of the queue
library such that irreflexive(C™") holds for all n > 0. Let m € N be the least natural number for
which there exist to,, € TO,, and to,,+1; € TO,,,1 such that to,, = to,,,;. Let us then define to as
an arbitrary extension of to,, to a strict total order. From the definition of to,, we then know that
to agrees with |hb. Let H denote the enumeration of events in E according to to. From (3), (4) and
(5) it is then straightforward to demonstrate that fifo(e, H) holds.
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For the < direction pick an arbitrary execution G = (E, po,com, so, lhb) with a sequential
enumeration H of E \ C7 such that: (i) H agrees with lhb; (ii) fifo(e, H) holds. Let to denote the
strict total order on E induced by H. We next demonstrate that:

¥n € N*. C™"(to) C to

We then have C™»" £ C™"(Ihb) C C™"(to). As such, the irreflexivity of C™" for an arbitrary
n € N* simply follows from above and the irreflexivity of the strict total order to.
To show that Vn € N*. C™"(to) C to, we proceed by induction on n.

Base casen =1

Pick an arbitrary (a, b) € C1!(to). From the definition of C!(to) we then know that there exists ¢

such that either 1) (a, ¢) € com™!;to; com and (c, b) € to; or 2) (a, ¢) € com;to;com™! and (c, b) € to.
In both cases from fifo(e, H) and the definition of to we know that (g, ¢) € to. As in both cases

we have (c, b) € to and to is transitively closed, we have (a, b) € to as required.

Base case n = k+1
Vme N". m < k= C™™(to) C to (LH.)

Pick an arbitrary (a, b) € C™"(to). From the definition of C™" we know there exists at least one

Chi(t chit
adjacent pair of A(to) and B(to) edges. That is, there exists i, j, ¢, d such that: a & c ﬁ)

Ck=tk=i(to) Ch(to)  to , CkEK(to)
d ——— > b. As such, from the proof of the base case we knowa —— ¢ —-d —— b. As

ChJ(to) d Ck_i*k_j(to)

the C"/(to) path ends with a to edge for all i, j and to is transitive, we have a

Ck,k
That is, a & b. Consequently, from (L.H.) we have (a, b) € to, as required.

C ADDITIONAL SPECIFICATIONS
C.1 Multiple-Readers-Single-Writer Lock Library Specification

We consider a multiple-readers-single-writer (MRSW) lock library with six methods: 1) new-MSRW(),
for constructing a lock; 2) wlock(x), for acquiring x in writer mode; 3) wunlock(x), for releasing the

writer lock on x; 4) rlock(x), for acquiring x in reader mode; 5) runlock(x), for releasing a reader

lock on x; and 6) plock(x), for promoting a reader lock on x to a writer one. A reader lock on x is

promoted once all reader locks on x (except that of the promoter) are released.

The MRSW interfaceis (MR, MEW 10c®W), where MRV E |, | o MZ with MF={new-MSRW(x)};
MRVE o M* with M* & MZ U {wlock(x),wunlock(x), rlock(x), runlock(x), plock(x)};

and VI € M*. 1locMX(I) = {x}. For an MRSW lock at location x, we define the following event sets:

WL £ {e | 1ab(e)=wlock(x)} WU* £ {e| 1ab(e)=wunlock(x)}
RL* £ {e| lab(e)=rlock(x)} RU* £ {e | 1ab(e)=runlock(x)}
C* £ {e| 1ab(e)=new-MSRW(x)} PL* £ {e| lab(e)=plock(x)}

Let £LX £ WL URLY UPLY and U* £ WU* URU*.
A tuple (E, po, com, so, lhb) is RW-consistent on x iff:
(1) there is at most one constructor event: EC = @ V 3¢ € C*. E° = {c};
(2) com relates matching lock events: com = com,, U com, U com,, with:

com,,,com, C (C* UU*) x WL* com, C (C*UWU)xRL"
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(3) each event is matched by at most one lock except for reader locks, i.e. for all e, ey, e;:
e1zes A(e,e1), (e,ex)ecom = (e, e, € RLY)V (e €eRL  Ney € PLY)V (e ePLY Ney eRLY)
(4) each lock is matched by at most one event: com™! is functional;
(5) all lock events are matched: EN £L* = rng(com); and
(6) every matching edges is synchronising: so = com.

Intuitively, com describes the order of lock acquisition. For each | € ‘W.L* with (e,l) € com,,,
when e € U* then e denotes the unlock event releasing the lock immediately before it is acquired
by I; when e € C* then e denotes the constructor initialising the lock, and thus I corresponds to
the very first wlock(x) call. As [ acquires the lock in the (exclusive) writer mode, no other lock may
be matched with its predecessor e (see (3)). For each [ € RL* with (e, l) € com,, the case where
e € C* can be described analogously; when e € ‘WU, then e denotes the last time the lock in
writer mode was released. As MRSW locks allow for multiple reader locks simultaneously, multiple
events in RL* may be matched with the same event in WL (see (3)). Lastly, for each | € PL*
with (e, [) € com,, when e € RU* then e denotes the event releasing the last reader lock on x;
when e € WU*, then e denotes the last time the lock in writer mode was released; when e € C*,
then I denotes the first plock(x) call, prior to any writer lock acquisition. In the latter two cases,
at the time of promoting the lock via I, no other reader locks (other than that being promoted)
are held on x and thus [ follows the last writer lock release or the constructor. As such, the event
acquiring a reader lock as well as its subsequent promotion may both be matched by e (see (3)).
A tuple (E, po, com, so, lhb) is RW-well-formed on x iff:

e min(po) € C* U £L* and polimm(E®) € L;
L4 [Rlx], p0|imm = p0|imm§ [PLX U R(L[x]; and
o [WLY UPL]; polimm = polimm; [WU].

Analogously to mutex well-formedness, MRSW well-formedness requires that the first call in
each thread be either to the constructor or for lock acquisition, a constructor call be immediately
followed (in po) by a lock acquisition; each reader unlock or lock promotion call be immediately
preceded (in po) by a reader lock acquisition call and vice versa; and each writer unlock call be
immediately preceded (in po) by a writer lock acquisition or lock promotion call and vice versa.

Strong MRSW-Consistency. Note that there are no com edges between events of reader locks.
Consequently, as so = com, reader lock events do not synchronise with one another. This is to keep
the specification as general as possible and admit certain MRSW implementations with weaker
guarantees such as those discussed in §E. Nevertheless, we can strengthen this specification by
extending the domain of com, as: com, € (C* U WU* URL* URU*) x RL*, and the domain
of comy, as: com, C (RU* URLY) x PL*. That is, for each | € RL™ with (e,[) € com,, the case
where e € C* can be described as before; when e € WU U RU™ then e denotes the (reader
or writer) unlock event releasing the lock immediately before it is acquired by [; when e € RL*,
then e denotes the event acquiring a reader lock on x immediately before it is also acquired by I.
This is because MRSW locks allow for multiple reader locks simultaneously. Note that this is in
contrast to the com, edges above. In particular, in the above (weaker) description, when e € WU™,
then e denotes the last release of the writer lock on x before its acquisition by [; i.e. e may not be
immediately preceding | and may be interleaved by several reader (lock or unlock) events. Similarly,
for each | € PL* with (e,]) € com,, when e € RU”, then e denotes the reader unlock event
releasing the lock immediately before it is acquired by I; when e € RL*, then e denotes the very
reader lock being promoted: no other reader locks on x have been acquired between its acquisition
(e) and its promotion (). As such, in contrast to (3), we require that com be functional.

We thus denote (E, po, com, so, lhb) as strongly RW-consistent on x iff: (1) as above; (2) com =
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com,, U com, U com, with com, € (C* U WU* URLY URU") x RL™, com,, as above, and
com, C (RLY URU) x PLY; (3) com is functional; and (4)-(6) as above.

Definition C.1 (MRSW library). The MRSW library is LRWé<MRW, Mf“,/ locRY QCR\Y Q\'}/}’V) where
GV E{G e Gyrw|¥x.Gx RW-consistent on x} and GRY£{G € Gjaw [Vx. G, RW-well-formed on x}.
Let GV £ {G € Gyrw ‘ Vx. Gy strongly RW-consistent on x}; the strong MRSW library is LS*W £

C.2 Set Library Specification

We consider a set library with four methods: new-set(), for constructing a new set; add(s, v) for
adding v to the set at s; rem(s, v) for removing v from the set at s; and is-in(s, v) for checking the
membership of v in the set at s. An add(s, v) call successfully adds v to s only if it does not already
contain v; analogously, a rem(s, v) successfully removes v if s contains v. Similarly, the return value
of is-in(s, v) indicates whether s contains v. As such, all three operations return a boolean reflecting
their outcomes. We present a set specification in our framework below. Once again, we forgo a
strong specification with a total execution order in the linearisability style, and opt instead for a
weaker specification more suitable for the WMC setting.
We define the set interface as (M5, M3, 1locSet), where VI € M*. locMX(1)={s} and

Mt A U ME ME = {new-set(s)}
seloc
Mt & U M ME 2 M U {add(s, v, 0), rem(s, v, 0), is-in(s, v, 0) ‘ veVal Aoe{T, 1}}

s€loc

For a set at location s, we define the following sets of events:
C* £ {e| lab(e) = new-set(s)} I5%° £ (e lab(e) = is-in(s,v,0)}
A £ {e|1ab(e) = add(s, v, 0)} RS0 £ (¢ | lab(e) = rem(s,v,0)}

Let A%° £ |, cya AP and A* £ A>T U ASL; let us similarly define R*°, RS, 75° and T°.
A tuple (E, po, com, so, |hb) is set-consistent on s iff:

(1) there is at most one constructor event: E© = 0 vV 3¢ € C*. E° = {c};

(2) com relates matching events: com £ com, U com; U comy, where

com, g U ﬂs,v,TXRs,v,T com; g U ﬂs,‘u,TX]’s,v,T comf g U ﬂs,v,Txﬂs,v,J_
veVal veVal veVal
3) every remove, membership and failed add is matched by at most one add: com™ is functional;

(3)
(4) every add is matched by at most one remove: com, is functional;
(5) every unmatched remove or membership returns L: (EN(R¥UT®))\ rmg(com) C R&+UTS;
(6) every failed add event is matched: (E N A>*) \ rng(com) = 0;
(7) every matching edge is synchronising: so = com; and
(8) value v cannot be added twice before being removed first; that is, for all v:
[AS2T]; [hb; [AS?T]; Ihb; com; ! isirreflexive and [AS% T\ rng(com,)]; hb; [AS?T]=0

(9) adding a value must not fail when it is already removed: com,; [hb; comJZ1 is irreflexive;
(10) removing a value must not fail when the value is yet to be removed:

Yo. [R:%T U T5%T];com; U comj;l; [hb; [RS?+]; Ihb is irreflexive;
(11) membership check for a value must not fail when the value is yet to be removed:

Yo. [R:%T U T5%T];com; U comj;l; [hb; [T5%1]; Ihb is irreflexive;
(12) a remove or membership with a previous unmatched add cannot return L:

Yo. [ASY T\ dom(com,)]; hb; [R®?+ U T5?1]=0;
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lock(x) &
new-mutex() £ loop unlock(x) =
let x = alloc() in x if compare-sel(x, 0, 1,acq) then store(x, 0, rel);
break; ()

Fig. 7. A simple mutex implementation using a release acquire register

(13) successful remove events cannot match with adds which are already removed:
[AS©T]; [hb; [RS % T]; Ihb; com; ! is irreflexive;

(14) successful membership events cannot match with adds which are already removed:
com;!;com,; lhb is irreflexive.

Intuitively, (a,r) € com, denotes that r removes a value added by a. As such, each successful
remove is matched by exactly one add, and each successful add is matched by at most one remove.
Similarly, (a, i) € com; denotes that i observes the value added by a. Each successful membership is
thus matched by exactly one add. However, as membership calls leave the set unchanged, multiple
membership events may be matched by the same add. Lastly, (a, f) € comy denotes that f fails to
add its value to the set as it has been previously added by a. Each failed add is hence matched by
exactly one successful add, whilst each successful add may be matched by several failed adds.

Definition C.2 (Set library). The set library is L% £ (M5, M3t 1oc>®, G5¢, G st ), where
QCSEt £ {G € Gyset | Vs. Gs is set-consistent on s}.

D A SOUND MUTEX IMPLEMENTATION

In Fig. 7 we present a simple implementation of mutex locks using release-acquire registers. As we
formalise in Thm. 8, this implementation is sound with respect to the mutex library LMX.

Theorem 8. The mutex implementation in Fig. 7 is a sound implementation of LMX.

Proor. The full proof is mechanised in the Coq proof assistant and is available as auxiliary
material. O
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new-MSRW() & wlock(x) £
let x = alloc() in x loop
N if compare-sel(x, 0, 1,acq) then
rlock(x) = break; ()
1
oop plock(x) 2

let ¢ = load(x,rlx) in

if is-even(c) then Loop ]
if compare-set(x, c,c+2,acqrel) then let b=01in
break; () if b then .
let ¢ = load(x, acq) in
runlock(x) £ if ¢ == 3 then break; ()
fetch-add(x, -2, rel) else let ¢ = load(x,rlx) in
if is-even(c) then
wunlock(x) £ if compare-set(x, c,c+1,acq) then
store(x, 0, rel); b=1

Fig. 8. An implementation of strong MRSW locks using a C11 register

E SOUND MRSW LOCK IMPLEMENTATIONS
E.1 A Sound Strong MRSW Lock Implementation

We present a strong MRSW lock implementation using the C11 registers: a lock at location x is
represented as a C11 register at x. The state of a lock x is represented by an integer value. A lock x
may hold either:

(1) value 0, denoting that the lock is free (not held in read or write mode); or

(2) value 1, denoting that the lock is held (exclusively) in write mode; or

(3) an even value 2n with n > 0, denoting that x is held in (shared) read mode by n readers; or

(4) an odd value 2n+3 with n > 0, denoting that the lock is currently being promoted, awaiting
the release of n readers; or

(5) value 3, denoting that the lock is successfully promoted.

As such, the implementation of wlock(x) simply spins until it can atomically update (via atomic
compare-set) the value of x from zero (free) to one (acquired in write mode). Dually, the implemen-
tation of wunlock(x) simply releases the write lock by atomically assigning x to zero.

The implementation of plock(x) is more involved. As multiple readers may attempt to promote
their reader locks simultaneously, promotion is granted on a ‘first-come-first-served’ bases. As such,
the implementation of plock(x) first reads the value of x (the else branch). If x holds an odd value,
then another reader is currently promoting x and thus promotion must be retried. On the other
hand, if x holds an even value, then its value is atomically incremented (to an odd value) to signal
the intention to promote. Moreover, b is set to 1 to indicate that the intention to promote has been
successfully registered and promotion can enter the next waiting phase. The implementation then
proceeds by spinning until all other readers have released their locks on x (i.e. x == 3), at which
point x is successfully promoted and the implementation terminates. Note that once a reader has
signalled its intention to promote x (by incrementing x to an odd value), any other such attempt to
promote the lock on x, as well as calls to acquire it in read mode will fail thereafter until such time
that x is released by its current promoter.

The implementation of rlock(x) is similar. It first checks whether x is odd (held in write mode or
being promoted). If so then the implementation spins until x is even (free or held in read mode), at
which point its value is incremented by two (to increase the number of readers by one) using the
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atomic fetch-add operation, and x is successfully acquired in read mode. Dually, the implementation
of runlock(x) atomically decrements the value of x by two to decrease the reader count by one.

Implementation Correctness. Let I denote the strong MRSW lock implementation in Fig. 8. To
show the soundness of I, we appeal to Thm. 1 and show that I is locally sound on L5?Y,

Pick an arbitrary A, f, G=(E, po, com, so), E”, po” such that G is A-consistent and A-well-formed
and abs;sew ;(f, (E, po), (E”, po”’)).

We must next find com”, so” such that (E”, po”’, com”,so”, lhb”) € LRV G, where |hb” is the
same as lhb’ in Def. 11.

For each location x, without loss of generality let us assume G contains n, read lock calls on x, n’,
read unlock calls on x, m, write lock calls on x, m’. write unlock calls on x and p, lock promotion
calls on x. Let us enumerate each of read lock calls, read unlock calls, write lock calls, write unlock
calls and lock promotion calls arbitrarily. Note that:

e the MRSW constructor at location x contains a single event ¢, where lab(c,) = alloc(x,0).

. . . Po‘imm polimm
e For each ith read lock operation on x, the G contains the trace Girl(x) =" > mr -

rl, where rf™ denotes the events of those iterations that failed to acquire the reader lock,
lab(rr) = load(rlx, x, rv;), lab(rl) = compare-set(acqrel, x, rv;, rv;+2), and rv; is an even
value.

for each ith read unlock operation on x, the G contains the trace 9;
ru, where lab(ru) = fetch-add(rel, x, v;, v;—2) for some v;.

u(x)

with a single event

. . . . " PO limm
for each ith write lock operation on x, the G contains the trace Hl.Wl(x) = wff S i

where wf™ denotes the events of those iterations that failed to acquire the writer lock and
lab(wl) = compare-set(acq, x, 0, 1).

for each ith write unlock operation on x, the G contains the trace 0
wu, where lab(wu) = store(rel, x, 0).

wu(x)
i

with a single event

. . . . PO limm
for each ith read lock promotion operation on x, the G contains the trace Hf M) pfl"  —

po ‘imm . o polimm

pr — pi L pf2* "= pl, where pfI" denotes the events of those iterations that failed to
indicate lock promotion, pf2* denotes the events of those iterations that failed to promote
the lock, lab(pr) = load(rlx, x, pv;), lab(pi) = compare-set(acqrel, x, pv;, pv;+1), pv; is
an even value, and lab(pl) = load(acq, x, 3).

Let imp(.) : E” — E be defined as:

Cx Jx. e = f(cx)

0" Ji,x. e = £(01.r)
Him(x).ru Jdi,x.e= f(9im(x).ru)
0" wl  Ji,x. e = £(6;".wi)
Hiwu(x).wu Jdi,x.e= f(9iwu(x).wu)
0" pl T, x.e= F(0".pl)

imp(e)

Let us define: so”” = com” with com” defined as follows:

(er,€]), x € Loc A (imp(e;), imp(e))) € com A Ji. imp(e]) € Q:I(X)
, | (e2,€9), A(imp(ez), imp(wly)) € com A Jj. imp(e}) € QJ.WI(X)
= I(x
(fa(€3)’f(9£( )-Pl))’ ATk, es. (Hil(x).pi, Hil(x).pl) € com A (es, Hgl(x).pi) € com

I
(falea) O D) | AT, 5. (es, 07 pl) € com A e # 07 pi

com
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To show that G’ = (E”, po”,com”,so”, Ihb”) € LRV G we are then required to show for all
x € Loc, G, is RW-consistent on x. Pick an arbitrary x € Loc and let G}, = (E’, po’, com’, so’, lhb’).
We then need to show:

(1) G contains at most one constructor event;

(2) com’ = com,, U com, U com,, with:
comy, € (C* UU*) x WLY; com, € (C* U WU URLY URU") x RL; and com, C
(RL* URU*) x PLX

com’~! is functional;

Parts (1), (5) and (6) follow immediately from the construction of G;.. For part (2), pick an arbitrary
(a,b) € com’. From the definition of com’ we then know that there exists i such that either a)
b = rl} and (imp(a), imp(rl})) € com;orb) b = wi¥ and (imp(a), imp(wi})) € com;or c) b = plF and
there exists e such that a = f,(e), (Gfl(x).pi, imp(pl¥)) € com and (e, Qfl(x).pi) € com; or d) b = pl¥
and there exists e such that a = f;(e), (e, imp(pl})) € com and e # Hfl(x).pi.

In case (a), since the value read by imp(rI}) is even, from the implementation encapsulation
er(x) eru(x)

J J

(Thm. 1) we know there exists j such that imp(a) = ¢, or imp(a) = .rl or imp(a) =

imp(a) = GJW"(X) .wu. As such, we know that either a € C* U RL* U RU* U WU, as required.

Similarly in case (b), since the value read by imp(wlI}) is zero, from the implementation en-
9_ru(x)
J

.ru or

capsulation (Thm. 1) we know there exists j such that imp(a) = ¢, or imp(a) = .ru or

imp(a) =0 Jw(x).wu. As such, we know that either a € C* U RU* U WU, as required.

In case (c) we then know that the value read by Qf 1= pi is 2; and thus from the implementation
encapsulation (Thm. 1) we know e is either a read unlock event or a read lock event. That is, there
exists j such that e = Gju(x) Qﬂ(x).rl, as required.
In case (d), since the value read by imp(pl¥) is 3, from the implementation encapsulation (Thm. 1)

we know there exists j such that e = HJTu(x)

.ruore =

.ru, as required.

For part (3) we proceed by contradiction. Let us assume there exists e, 1, e; such that (e, e1), (e, €2) €
com. We then know there exists i such that either a) e; = rI}; orb) e; = wl'; or ¢) e; = pl. Similarly,
we know there exists j such that either i) e; = rlj?‘ ; Orii) ey = wl]’f ; or iii) ey = pl]?‘ .

In case (a-i), from the definition of com’ we know (imp(e), imp(L})), (imp(e), rl]?‘) € com. How-
ever, since both rl} and rl]’.‘ are atomic update operations, from the C11 consistency we know that

there exists mo such that (imp(e), imp(rZ})), (imp(e), imp(rlj?()) € MO |imm, and that either imp(rl¥) —

imp(rlj?‘) or imp(rlj?‘) — imp(lY). In the former case we have imp(e) — imp(rlf) — imp(rlj’.c) and
thus (imp(e), imp(rl]?‘)) ¢ limm, leading to contradiction. Similarly, in the latter case we have

imp(e) — imp(rlj’.‘) — imp(rl¥) and thus (imp(e), imp(7L)) ¢ MO imm, leading to contradiction.
The proof of the remaining cases (a-ii)-(a-iii), (b-i)-(b-iii) and (c-i)-(c-iii) are analogous and are
omitted here.

Part (4) follows from the definition of com’ and the functionality of com™! for C11 registers. O
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wlock(x) &
fori=0to Kdo

new-MSRW() & loop

let x = alloc(K) in x if compare-set(x[i],0,1,acq) then

break; ()

rlock(x) £ N

let t = get-tid() in plock(x) = o

Loop let t = get-tid() in .

if compare-sel(x[t],0, 2, acq) then Z.Let ¢ = load(x[t], rlx) in
break; () if .c == 2 then
if t == 0 then store(x[t], 1, rlx)

runlock(x) = else

let t = get-tid() in loop

strore(x[t],0, rel) if compare-se(x[0],0, 1, acq) then

store(x[t], 1, rel); break; ()

wunlock(x) & fori=1to Kdo

fori=0to Kdo if (i # t) then

store(x[i], 0, rel); loop
if compare-set(x[i],0,1,acq) then
break; ()

Fig. 9. An implementation of weak MRSW locks (for K threads) using a K-array of C11 registers

E.2 A Sound Weak MRSW Lock Implementation

Our second MRSW lock implementation is similarly implemented using C11 registers and is given
in Fig. 9. In this implementation, a lock at location x is represented as an ordered map of size K
at location x. The map at x contains one entry per thread (when there are K threads present) as
follows. For each thread with identifier 7, the x[r] map entry records the current locking privileges
of 7 on x. More concretely, when x[z] = 0, then 7 does not hold the x lock; when x[7] = 2, then
7 holds x in read mode; and when x[7] = 1; then some thread (either 7 or another thread) either
holds x in write mode, or it is in the process of acquiring x in write mode. The x lock is held in
write mode only when all entries in x are mapped to one. As we describe shortly, for thread 7 to
acquire x in write mode, it must inspect each entry in x (in order), wait for it be free (zero) and
then set it to one. In our implementation, we assume that the thread identifier can be obtained by
calling get-tid(). We identify the top-most thread by = = 0; as such, the entry of top-most thread in
each map is ordered before all other threads.

We proceed with a more detailed explanation of our implementation after introducing our map
notation.

Map notation. We write 1 to denote a map where all entries have value 1; similarly, we write 0
to denote a map where all entries have value 0. Lastly, we write S C x, to denote that the values
held in map x are a superset of S. The lock map x associated with location x can be in one of the
following states:

e x = 0 when x is free;
e x = 1 when x is held in write mode;
e {2} C x when x is held in read mode (by those threads r where x[z] = 2).
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When thread 7 calls rlock(x), it simply spins until the lock is free (x = 0 and thus x[r] = 0), at
which point it acquires it in read mode by setting x[7] to two. Dually, when 7 calls runlock(x) it
simply sets x[7] to zero.

Analogously, when 7 calls wlock(x), it traverses the x map in order, spinning on each entry until
it is free (0) and subsequently acquiring it (by setting it to 1). Conversely, when 7 calls wunlock(x),
it releases x by traversing x in order and setting each entry to one.

Recall that in order to promote a reader lock, the calling thread must already hold a reader lock
on x. As such, the implementation of plock(x) first check whether the calling thread 7 currently
holds a reader lock on x, i.e. x[r] = 2. If this is not the case then the implementation simply returns.
To understand the remainder of the implementation, first consider the case where plock(x) is called
by r # 0, i.e. a thread other than the top-most thread. The implementation of plock(x) then inspects
the first entry in the map (x[0]), i.e. that of the top-most thread. If x[0] = 1, then x is currently
being acquired by another thread; the promotion must thus be retried. If on the other hand x[0] # 1
(i.e. x[0] = 0 or x[0] = 2), the implementation spins until it is zero and atomically updates it to
one, signalling its intention to promote x. This pre-empts the promotion of x by other threads: any
such attempt would fail as now x[0] = 1. The implementation then sets its own entry (x[z]) to
one, traverses the map in order, and spins on each entry until they too can be set to one. At this
point the lock is successfully promoted and the implementation returns. Note that it is safe for 7 to
update its own entry x[7] to one: at this point in execution no thread holds the writer lock on x, no
thread can promote its lock on x, and those threads with a reader lock on x never access the x[7]
entry — the read lock calls of another thread 7’ solely accesses x[z”].

Let us now consider the case when the top-most thread with r = 0 calls can-promote x. Since
prior to a plock(x) call T owns a reader lock on x, i.e. x[7] = 2, no other thread can promote its x
lock. As such, 7 successfully sets x[7] to one, signalling its intention to promote x. In other words,
the promotion is skewed in favour of the top-most thread: if a thread races against the top-most
thread to promote x, the top-most thread always wins. With the exception of the top-most thread,
promotion is done on a ‘first-come-first-served’ basis. The rest of the implementation is then carried
out as before: the map x is traversed in turn and each entry is set to one.

Implementation Correctness. Let I denote the weak MRSW lock implementation in Fig. 9. To
show the soundness of I, we appeal to Thm. 1 and show that I is locally sound on LSRY.

Pick an arbitrary A, f, G=(E, po, com, so), E”, po”” such that G is A-consistent and A-well-formed
and absyrw ((f, (E, po), (E”, po”)).

We must next find com”, so’”” such that (E”, po”, com”,so”, lhb”) € LRY . G., where lhb”’ is the
same as lhb’ in Def. 11.

For each location x, without loss of generality let us assume G contains n, read lock calls on x, n’,
read unlock calls on x, m, write lock calls on x, m/. write unlock calls on x and p, lock promotion
calls on x. Let us enumerate each of read lock calls, read unlock calls, write lock calls, write unlock
calls and lock promotion calls arbitrarily. Note that:

e the MRSW constructor at location x contains a single event ¢, where lab(c,) = alloc(x,0).

e For each ith read lock operation on x, the G contains the trace 0 rl,
where rf” denotes the events of those iterations that failed to acquire the reader lock (failed
CAS), lab(t) = get-tid(r) for some 7, lab(rl) = compare-set(acgrel, x[7], 0, 2).

. . . p0|hnm
e for each ith read unlock operation on x, the G contains the trace Giru(x) =t — ru, where

lab(t) = get-tid(r) for some 7 and lab(ru) = store(rel, x[r],0).

rl(x) _ PO limm % POlimm
=t > >
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e for each ith write lock operation on x, the G contains the trace 9;”l<x) = wf, poljfm wly — A
wf poll?m wlg, where for each j € {0--- K}, the wfj denotes the events for which
the CAS on x[j] failed, and lab(wl;) = compare-set(acq, x[/], 0, 1).
e for each ith write unlock operation on x, the G contains the trace OWH(X) = wiy 2.5 wug,

where for each j € {0--- K}, lab(wu;) = store(rel, x[j], 0).

e for each ith read lock promotion operation on x the G contains either the trace 0,
0! hpl(x), 91'71(96).

bpl(x)

the trace ; or the trace

The Gfpl(x) trace is of the form ¢ polj;m cp with lab(t) = get-tid(r) for some 7, and 1lab()cp =
load(rlx, x[7], v) for some v # 2.

po |lmm polimm pollmm * pollmm * pollmm

The thl(x) is of the form: ¢ cp — - pf] ﬂ LY ofx — Pl
where lab(t) = get-tid(0) and lab(pi) = store(rlx x[0], 1)

»if* p0|£>nm i pOIImm of! pO\:)nm E’) ok
Pfra Pl Pl Pl Pf e Pl Pl 5.5 pfx Pl pl, where lab(t) =
get-tid(r) and 7 # 0. The pif™ denotes the sequence of events failing to indicate lock
promotion by setting x[0] to 1; and lab(pi) = compare-set(acq, x[0], 0, 1).

In both cases, lab()cp = load(rlx, x[z],2) and for j € {1,--- ,K}, the pf;k denotes the events
for which the CAS on x[/] failed, and lab(pl;) = compare-set(aca, x[J], 0, 1).

polimm polimm
e

The Gf 1) is of the form: ¢t

Let us define: so”” = com’, with com”” defined as follows:

Cco

m” 2 {(ful@. fua®) | (@,5) € com A Bi,j,x, 7. b=0") wwl, A a=0]"" rul

(a,b) € com A3, j,x
U (fal@), fa®) | 5=0"" wly A a=02" wu
AVk,c.0 <k < K A(c, Oin(x).wlk) € com = —-dh.c= qu(x).ru
(a,b) € com A i, j,x,T. b=9.Wl(x>.wlo A a=cy
a a b '
{(f (@). fa(0)) AVk,c.0 <k <K A(c, Oin(x).wlk) € com = =3h. ¢ = 0™ ru

U {( a(a), fa(b))

(a,b) € com A Ji,j, x, 1.
b:9irl(x).rl Aa=ceV azQJW"(x).wuf)}
de,i,j, k,x, 1.
(c,b) € com A b= Hﬂ(x).rl A c=9jm(x).ru
U (fu(@), fa®))| Ala=ceVa= 9W"<X> wir) A (a,c) €
AVd.a—>d—>c=>
~3h. (d=6," wl, v d=6," wu, v d=0""" pl, v d=0,""" pl.)

U {(fa(a), o) | (a.b) € com A 3, jx, . (b=6" pl. v b=0]""" pl.) A aze;“<x).ru}

(a,b) € com A 3i, j,x
_pPlx) _pwu(x)
U { (fa(a), fa(b))| b=0;"".plo A a=0,""".wuo
AVk,c.0 <k < K A(c, Hfl(x).plk) € com = —3Jh.c = Qzu(x).ru
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(a,b) € com A 3i, j, x.
UL (fal@) ful®)) | 5=07"".ply A a=0;" 2w
AVk,c. 0 <k <K A(c, HI.hpl(x).plk) € com = —3h. c = qu(x).ru

.. I(x)
(a,b) € com A i, j,x,T. b=6P plo A a=cy
U 2(a), fa(b L
{(f (@), fa(6)) AVk,c.0 <k <K A (e, Hfl(x).plk) € com = -3dh.c = GZM(X).ru
. )
(a,b) € com A 3, j,x, 7. p=g"PIx Plo N a=cy
U a), fo(b Ly .
{(fa( )» fa(b)) AVk,c. 0 <k < K A (c, Hihpl( ).plk) € com = —3dh.c = Qhu(x).ru

To show that G’ = (E”, po”’,com”,so”,lhb”") € LRV G., we are then required to show for all
x € Loc, G, is RW-consistent on x. Pick an arbitrary x € Loc and let G’ = (E’, po’, com’, so’, lhb’).
We then need to show:

(1) G’ contains at most one constructor event;
(2) com” = com,, U com, U com,, with:
comy, C(C¥UU*) X WL com, C(CXUWU)XRLY com, C(C*¥UU*)XPL”
(3) for all e, eg, e5:
e1#es A(e,e1), (e,e)€com’ = (e, e, € RLY)V (e ERL  Ney € PLY)V (e € PLY Ney e RLY)
(4) com’™! is functional;
(5) EN L* = rng(com’); and
(6) so’ = com’.
Parts (1), (5) and (6) follow immediately from the construction of G. For part (2), pick an arbitrary
(a,b) € com’. From the definition of com’ we then know that there exists i, j such that either:
)b=wll,a= wu]’.‘ Va= ruj’.‘ V a=cony; or
ii) b = rll?‘, a = wutV a= cony; or
iii) b = plf, a = wu]’.‘ Va= ruJ’F V a=cony
In case (i), we thus have (a,b) € (C* U U*) x WL”, as required. In case (ii) we have (a,b) €
(C*UWU*) x RL", as required. In case (iii), we have (a, b) € (C* U U¥) x WL*, as required.

For part (3) we proceed by contradiction. Let us assume there exists e, e, e, such that e; # e,
(e, e1), (e, e3) € com and either: i) ey, e, € WLY; orii) e; € WL and e, € RL; or iii) e; € WL
and e, € PL ; oriv) eq,e; € PL”.

In case (i), we know there exits a, by, b, such thate = f;(a),e1 = f4(b1), e2 = fa(b2), (a, b1), (a, by) €
com and b; and b, are both atomic CAS operations. As such, from the C11 consistency we
know (a, by),(a,b;) € limm- Moreover, from C11 consistency we have either (b, b;) €
or (by,by) € . In the former case we then have a — b; — b, and thus (a, b,) ¢ |imm, leading
to a contradiction. Similarly, in the latter case we then have a — b, — b; and thus (a, by) ¢ M0 |imm,
leading to a contradiction.

The proof of cases (ii) and (iii) are analogous to that of (i) and are omitted here.

In case (ii) we then know there exists a, by, bz, ¢ such that e = f;(a), e1 = fa(b1), e2 = fa(b2), by
and b, are both atomic CAS operations, (a, b;) € com, and either a) (a, bz) € com; b) (a,c) € mo,

(c,by) € com and =(a — by — c). The proof of case (a) is analogous to the proof of case (1)

above. For part (b), as b, is an atomic CAS from the C11 consistency we have (¢, b) € |imm-
Moreover, from C11 consistency we have either (b, c) € or (¢, b;) € mo. However, as we have
=(a — b; — c¢) and (a, b;) € mo, we then have (c, b;) € mo. As such, we have a — ¢ — b; and

thus (a, b;) ¢ limm, leading to a contradiction.
Part (4) follows from the definition of com’ and the functionality of com™! for C11 registers. O
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new-queue() = N

let | = new-mutex() in deq(q) =

let g = alloc(+0) in let | = load(q,rlx) in

store(q, I, r1x); store(g+1, 2, rlx); lock(l); 1et range = load(q+1,rlx) in
for i=1to rangedo

enq(q, v) £ let x = load(q + i,r1lx) in
let [ = load(q, rlx) in if x # 0 then
lock(l); 1et i = load(g+1,rlx) in unlock(l); break, x
store(q+i, v, rlx); store(q+1, i+1, rlx); unlock(l); L
unlock(l)

Fig. 10. The locking queue implementation

F A SOUND STRONG QUEUE IMPLEMENTATION

In Fig. 10 we present a simple implementation of a strong queue using release-acquire registers
and the mutex library. As we formalise in Thm. 9, this implementation is sound with respect to the
strong queue library L5Q.

Theorem 9. The queue implementation in Fig. 7 is a sound implementation of the strong queue
library L°Q.

Proor. The full proof is mechanised in the Coq proof assistant and is available as auxiliary
material. O

G THE SOUNDNESS OF EXCHANGER IMPLEMENTATION

Let I denote the exchanger implementation in Fig. 5. To show the soundness of I, we appeal to
Thm. 1 and show that I is locally sound on LX.

Pick an arbitrary A, f, G=(E, po, com, so), E’, po” such that G is A-consistent and A-well-formed
and absx ;(f, (E, po), (E’, po’)). We must next find com’, so’ such that (E’, po’, com’,so’, lhb") €
LX.G., where |hb’ is as defined in Def. 11.

Note that each exchange operation exchange(g, v) either:

(1) offers a value at index g+k (for some k € N* where k is an odd number) and returns
unmatched due to a timeout; or

(2) offers a value at index g+k (for some k € N* where k is an odd number) and matches with
value v’ at index g+k+1; or

(3) tries to offer a value at index g+k (for some k € N* where i is an even number) and returns
unmatched as the slot at index g+k is already taken; or

(4) offers a value at index g+k (for some k € N* where k is an even number) and matches with
value v’ at index g+k—1.

Without loss of generality, let us assume e contains n exchange calls. For each i" exchange
operation of the form exchange(g, v;), the G; contains a trace of one of the following forms depending
which of the four categories above it falls into:

. Gf(g) is of the form s polj)‘m 0 polj)"m t, with 1ab(s) = load(rlx, g, j;), lab(o) = CAS(rel, g+j;, 0, v;),

and lab(t) = CAS(rlx, g+j;+1,0, 1), for some j; and v; where j; is odd;

PO limm PO limm PO limm

. 9?(9) is of the foorms — o — a — r, with lab(s) = load(rlx,g,j;), lab(o) =
CAS(rel, g+ji, 0,v;), lab(a) = load(rlx, g+j;+1,v;) withv] # 0,1ab(r) = load(acq, g+j;+1,v;),
for some j;, v; and v] where j; is odd;
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2393 . Gf(g) is of the form s pol—“)"m f poll?m 0 poll;‘m ¢, with lab(s) = load(rlx,g,j;), lab(f) =
4 load(rlx, g+ji, w;) with w; # 0, lab(o) = load(rlx, g+j;+1, w/) with w/ # 0, and lab(c) =
2355

CAS(rlx,g,j;,ji+2) or lab(c;) = load(rlx, g,u;) with u; # j;, for some j; and v; where j; is
2356
odd;

2357 e(g) . Polimm Polimm Polimm polimm .

2358 e 07 is of the forms — f — o — ¢ — r, with lab(s) = load(rlx,g,j),
2350 lab(f) = load(rlx,g+j;, w;) with w; # 0, lab(o) = CAS(rel,g+j;+1,0,v;), lab(c) =
2360 CAS(rlx, g, ji, ji+2) or lab(c) = load(rlx,g,u;) with u; # j;, lab(r) = load(acq, g+j;, v;),
2361 for some j;, v; and v] where j; is odd.

2362 Let so’ = com’ with

2363 ' 2 L(a.b).(b,a) i, j,g. f(ef(g).o)za/\f(e;(g).o)zb

5 com’ = {(a,b),(b,a

2ot /\(9?(9).0, Qje(g).r) € com A (9;(9).0, Hf(g).r) € com

2365

2366 To show that G’ = (E’, po’, com’, so’, lhb’) € LX.G., we are then required to show for all g € Loc,
2367 Gy is exchanger-consistent on g. Pick an arbitrary g € Loc, we then need to show:
2368

2369 1)E°=0v3ceCI.E°={c}

2370 2) com’ is symmetric, irreflexive and com’ C U, 4, eval X990 X X992 \ id;

2371 3) com’ is functional;

2372 4) E' N X9\ dom(com’) € Uy eva X9 *; and

2373 5) so’ = com’.

2374

2375 Parts (1), (2), and (5) follow immediately from the construction of G, and the consistency of the

2376 C library. The proof of parts (3) and (4) follows from the definition of com’, the consistency of G;
2377 and the definition of the C library.
2378
2379
2380
2381
2382
2383
2384
2385
2386
2387
2388
2389
2390
2391
2392
2393
2394
2395
2396
2397
2398
2399
2400
2401

Proceedings of the ACM on Programming Languages, Vol. 1, No. CONF, Article 1. Publication date: January 2018.



1:50 Azalea Raad, Marko Doko, Lovro Rozi¢, Ori Lahav, and Viktor Vafeiadis

242 H CORRECTNESS OF THE HERLIHY-WING QUEUE IMPLEMENTATIONS

#0° H.1 Soundness of the Strong Herlihy-Wing Queue Implementation
2404
Let I denote the strong Herlihy-Wing implementation in Fig. 2. To show the soundness of I, we

appeal to Thm. 1 and show that I is locally sound on L32.
Pick an arbitrary A, f, G=(E, po, com, so), E”, po’ such that G is A-consistent and A-well-formed
and absysa ;(f, (E, po), (E”, po”’)). We must next find com”’, so’” such that (E”, po”’, com”, so”’, Ihb”’) €

2405
2406
2407

2408
2400 152 G, where lhb” is the same as |hb’ in Def. 11.
2410 For each queue at g, let us enumerate the enqueue operations on g by their insertion index. For
,4,, instance, the very first enqueue operation is that which inserts the new value at index g+1. That is,
.4, the ith enqueue operation is that which inserts its value at index g+i. Similarly, let us enumerate
.43 the dequeue operations by their removal index. That is, the jth dequeue operation is that which
,4, Temoves the element at index g+j. When program e contains n, enqueue operations on g and mg
.45 dequeue operations on g then:
2416 e the constructor of the queue at location g contains a trace with a single event ¢, where
9417 lab(c,) = alloc(q, 0);
2418 e for each ith enqueue operation eng(q,v;) with v; # L1, G contains a trace of the form
Z;Z Gf(q) =e! Pokgm e?, where lab(e] )=FAA(rel, ¢, i—1, 1) and lab(e?)=store(rel, g+i,v;);

o o 0 0
Vi1 e for each jth dequeue operation, G contains a trace of the form 9](1 =6 L d} L fi LS
2422 fij_1 poll;‘m diz, such that all events of@f are read events: Va € 6{ lab(a) = load(—, —, —)—;
2423 lab(d;)=1oad(acq, g, len;); lab(fx) = load(acgrel,g+k,0) for all k € {1---j-1}; and
2424 lab(d;)=AX(acgrel, g+j, w;, 0), for some w; # L, range len; € N* and 1 < j < len;.
24 Let us define: imp(.) : E”” — E as follows:
2426
2427 Cq Hq f(Cq) =e
2428 imp(e) £ Qf(q).el? Ji,q. f(@f(q).eiz) =e
2429 eld(q)dlz Hl,q f(eld(q)dlZ) —e
2430
bu3 Letso” =com” with
2432 com” & {(e, d) ‘ Ji, q. f(@f(q).eiz) =eA f(@fi(q).diz) =dA (Qf(q).el?, 9?(q).di2) € com}
2433
o3 Lethb=G.hb = (po U so)*. Note that from the definition of [hb”, hb and the construction of so’
.35 above we know the (6) below holds. As such, from the irreflexivity of hb, we also know (7) holds.
2436 Va,b. (a,b) € hb” © a # b A (imp(a), imp(b)) € hb (6)
2437 Va. (a,a) ¢ Ihb”’ (7)
2438
2430 Moreover, it is straightforward to demonstrate that given the C11 memory model and the values
,uo  Written, the (8) property below holds. Consequently, since the “range” value read by each dequeue
4y  Operation is greater than or equal the slot acquired by its matching enqueuing thread, the rel mode
o4, Of fetch-and-add operations in enqueue and the acq mode of “range” reads in dequeue operations,
,u43  thanks to the release sequences of C11 the (9) property below holds.
2444 VYa,b € {1-~~n}.a<b=>(e(1l,ellj)€ (8)
2445
» V. (e4,d%) € com = (e, d}) € so ©)

,147  Given the encapsulation of G and the definition of I, we know that for all # € N and all queue
2445 locations ¢, G.EN {e ‘ loc(e) = q+7r} = W,, where W, £ E. N ({e2} U W,j: U w), with W,{ =S
2149 {f7|1<k <m}and W £ {d%}.

2450
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2451 Given the definition of the C11 library, we then know that for each 7 € N*, the W, is totally

2452 ordered by a strict total order mo. Consequently, given the release-acquire (acqrel) mode of update
2453 eyents in W,{ U W,f , it is straightforward to demonstrate that:

2454

pass V€ N. Vwy, wy € WL UWe,

2456 (w1, w2) € (so N mo) U (so™' N mo™) V (wr, k), (€, wa) € mo V (wy, €3), (eh, wi) €

2457 (10)
2458 We next demonstrate that:

2459 2 2

pico Va,b.a < b= (e, e,) ¢ hb (11)
) 1, hb

2401 Vi e Nt d2 S 2 B2 g2 g2 IS g2 (12)
2462

2463 For part (11) we proceed by contradiction. Let us assume there exists a, b such that a < b and
si6s (ei, eZ) € hb. Since G is consistent and 6127, eZ are write events, we know that they do not have any

. . . hb  po
2465 incoming so edges. As such, as hb = (poUso)", we know that there exists e such that e2 —e— e

2466
1 Polim o el) € hb. On the other

Moreover, since e, — e, we also know that e L e . That is, we have (e?

2467 b’ €q

2468 hand, from (8) we know that (ea, eb) S . We then have: ea — eb L eb — ea. That is, we have
2469 hb . . . .
yi e, — e, — e, contradicting the assumption that G is consistent.
A 2 hb o / 2 g2
0479 For part (12), as e; — eZ,, from (11) we know that 7 < 7’. Moreover, as (e, d;) € com, from
,475  the consistency of the C library we know that (e%,d%) € molimm. As such, from (10) we know that
b4 €ither i) ) (d% . ) € so; orii) (f7 e,zr) €
. hb .

2475 In case (i) we have d2 =3 fz L d?,;ie. d% — d?,, as required.
2476 In case (ii),Since G is consistent and efr, ei, are write events, we know that they do not have
2477 any incoming so edges. As such, as hb = (po U so)", we know that there exists e such that
2478 5 hb po POlimm po .
g € T € e2,. Moreover, since e, " —" €2, we also know that e — e;,. That is, we have
2450 (e, ﬂ,) € hb. Moreover, from (9) we have (e »d 1)) € so C hb. As such from the assumption of

hb -
2451 the case we have €2 — ¢!, — d., L S — €. That is, we have €2 n fZ — €%, contradicting
2452 the assumption that G is consistent.
2483 (]
2484
2485 To show that G’ = (E”, po”,com”, so”, Ihb”) € L5Q.G., we are then required to show that for all

2486 locations g, Gy is queue consistent on g. Pick an arbitrary location g and let G, = (E’, po’, com’, so’, [hb”).
2457 We then need to show:

2488 1) E° =0V 3dceCl EF°={c};

2189 2) com” € Ugyevan (1} 6F° X DT?

2490 3) com’, (com’)™! are functional

2091 4) E'N DT\ rng(com’) € DT+

2492 5) [E9\ dom(com’)]; Ihb’; [DT+]=0

2493 6) so’ = com’

2494 7) there exists a sequential enumeration S of the events in E’ such that: (i) S respects |hb’; and
2495 (ii) fifo(e, S) holds.

2496 Parts (1), (2) and (6) follow simply from the construction of G’. Part (5) holds trivially as D%+ = 0.
2497 For part (4), we demonstrate that E’ N D9 \ rng(com’) = 0. We proceed by contradiction. Let us
2498 assume there exists d € E'ND? such thatd ¢ rng(com’). From the construction of G’ we then know
2499
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there exists 0;.1([1) and d]? such that df € Gf(q) and lab(djz.) = AX(acgq, g+s;, w;, 0) for some s;, w;
such that s; > 0 and w; # L. From the definition of consistency for the C library we know there
exists a write event a such that (a, djz) € com. Given the assumption of the case (A), and the shape

of the 6¢ and 6 traces, we then know that there exists 0; @ and e? such that e? € 0] @, 5= e?;
and lab(e?) = store(rel, g+s;, w;). As such, from the construction of G’ we know there exists
e € §7"i such that (e, d) € com’. This however contradicts our assumption that d ¢ rng(com’).
For part (3) we proceed by contradiction. Let us assume that (com’)™! is not functional and there
exist e], e; € &7 and d’ € DT such that e] # e; and (e],d’), (e;,d’) € com’. From the construction

of G’ we then know there exist 9f<q), 92(‘7), 9}1((1) such that Gie(q) # 92((1) (e2, djz.), (612(, df) € com. That

is, (¢Z, djz.), (ei, d]?) € comjc. This however contradicts the assumption that G is consistent with
respect to the C library, i.e. the assumption comzé is functional.
Let us next assume that com’ is not functional and there exist e’ € &9 and d,d; € DY such

that d] # dj and (e’,d;), (¢’,d;) € comisQ. From the construction of G’ we then know there exist

01? 0%P 05D such that 07 % 07?) (e2,d?), (€2, d2) € com. That is (7, d2), (¢, d?) € comjc. As
sz, dlzC are atomic update events, from the definition of the C library and the consistency of G we
know they are ordered by a total modification order mo. Without loss of generality, let us assume
that (djz., di) € mo. From the definition of the C library and the consistency of G, we then also have
(el?, sz) € . As such, we have (dlzc’ dJZ) € com™!; mo. Consequently, we have d,zC Com—1>; ng — dlzc’
contradicting the assumption that G is consistent.

For part (7), in what follows we demonstrate that for all n € N*, the irreflexive(C™™) holds for
G’. The desired property of (7) then follows immediately from Thm. 7.
To demonstrate that Yn € N*. irreflexive(C™™) holds, we proceed by induction on n.

Basecasen=1

We proceed by contradiction. Let us assume there exist dj, da, ey, e, such that d; Coi;il e it e o
d, ™ d,. From the definition of com’, the definition of imp(.) and (6) we then have imp(d;) ‘%
imp(e;) L3 imp(ey) = imp(dy) L3 imp(d, ). From (12) we then have imp(d;) L3 imp(ds) L3 imp(d,).

hb
As such, from the transitivity of hb we have imp(d;) — imp(d;), contradicting the assumption that
G is consistent.

Inductive case n = m+1
Vk € N*. k < m = irreflexive(C*F) (LH.)

We proceed by contradiction. Let us assume that there exist a C™" cycle. As n > 0, we know there is

at least one adjacent pair of com’ ~!; hb’ and com’; hb” edges. That is, there exist a, b such that and
com’ ~L;hb’;com’;hb’ b cm.m
_)

a — a. As such, from (6), (12), the transitivity of hb and the functionality of

imp(.) we have imp(a) Lis imp(b) and a # b. Consequently, from (6) we have (a, b) € hb’. Moreover,
since by definition the C™™ edge ends with hb’ and a el b, from the transitivity of hb” and since

cm.m

cm.m
b — awehaveb — b.This however contradicts our assumption in (I.H.).
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2549 H.2 Soundness of the Weak Herlihy-Wing Queue Implementation

#%0° Let I denote the weak Herlihy-Wing implementation in Fig. 2. To show the soundness of I, we

appeal to Thm. 1 and show that I is locally sound on L.

Pick an arbitrary A, f, G=(E, po, com, so), E”, po”” such that G is A-consistent and A-well-formed
%% and abs;a j(f, (E, po), (E”, po”)).
2% YWe must next find com”, so” such that (E"”,po”,com” so”, lhb"”) € L5Q.G., where |hb” is the
same as lhb’ in Def. 11.

In the remainder of this proof, we assume all identically-named definitions (e.g. G’, com’, so’

2551
2552

2555
2556

7 and imp(.) and so forth) are as defined for the strong Herlihy-Wing queue implementation unless
?558 otherwise stated.

2999 Note that due to the encapsulation of G and the definition of I, we know that for all 7 € N:
2560

2561 G.En{e|loc(e) = g+r} = W,

2562
2563 As such, given the consistency of the C library LC, we then know that for each 7 € N*, the W,, is

2564 totally ordered by a strict total order
2565 Observe that the (6), (7) (8), (9) and (11) properties also hold for the weak implementation.

2566 We next demonstrate that:
2567
hb
2568 Vr,n' e N*. d2 oy 2 5et, B d? = (d2,,d2) ¢ hb (13)
2569

2570 We proceed by contradiction. Let us assume there exist r, 7’ such that (%, d%) € com, (¢, €%,) € hb,

V24
2571 hb
(¢2,,d2,) € com and (d%,,d%) € hb. As €4 — €%, from (11) we know that 7 < 7’. Moreover, as
(e2,d%) € com, from the consistency of the C hbrary we know that (e2,d%) € limm. As such,
since the writes in W, are totally ordered by mo (see above), we know that either i) (d%, f7) € mo;

2572
2573

2574 PP
ys7s O i) (fF.ez) € N N
. po . -
2576 In case (i) we then have d% — f7, — d?, — d2. That is, we have d2 — f7 — d2, contradicting
2577 the assumption that G is consistent.
2578 In case (ii), since G is consistent and ejzr, ei, are write events, we know that they do not have
2579 any incoming so edges. As such, as hb = (po U so)*, we know that there exists e such that
2580 hb po PO limm po .
e,ZT — e — ez, Moreover, since el, — ejzf,, we also know that e — e}f,. That is, we have
2581 ;
yes2 (¢2,el,) € hb. Moreover, from (9) we have (el,,d},) € so C hb. As such, from the assumption of
hb hb C .
2583 the case we have €2 — e, by dl, L fF — €. That is, we have e2 — f7, — eZ, contradicting
2584 the assumption that G is con31stent.
2585 O
2586
2587 To show that G’ = (E”, po”, com”’, so”, Ihb”’) € [5Q.G., we are then required to show that for all

2588 locations g, Gé is queue consistent on g. Pick an arbitrary location g and let G; = (E’, po’,com’, so’, lhb’).
2539 We then need to show:

2500 1) com” € Upevan (1) ET7 X DY

2501 2) com’, (com’)™! are functional

2502 3)E'N DI\ rng(com’) € DT+

2503 4) [E1\ dom(com’)]; Ihb’;[D%1]=0

2504  5)so’ = com’

2505 6) com™1; lhb; com; lhb is irreflexive.

2596

2597
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Proof of parts (1-5) are as in the case of the strong implementation. For part (6) we proceed
by contradiction. Let us assume there exist di, dy, €1, e; such that d; Coﬂ;ﬂ e @; e Cﬁ;, ds @; d;.
From the definition of com’, the definition of imp(.) and (6) we then have imp(d) Coﬁ;l imp(ep) bh
imp(ez) o imp(d,) hb imp(d;). From (13) we then have imp(d;) b imp(d,) hb imp(d;). As such,

hb
from the transitivity of hb we have imp(d;) — imp(d;), contradicting the assumption that G is
consistent.
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I THE SOUNDNESS OF THE WEAK STACK IMPLEMENTATION

Let I denote the weak stack implementation in Fig. 6. To show the soundness of I, we appeal to
Thm. 1 and show that I is locally sound on LY.

Pick an arbitrary A, f, G=(E, po, com, so), E”, po”” such that G is A-consistent and A-well-formed
and absyws ;(f, (E, po), (E”, po”’)).

We must next find com”, so” such that (E”, po”’,com”,so”,lhb"") € LVS.G., where |hb” is the
same as [hb” in Def. 11.

Let us assume without loss of generality that for each location s, the G contains n, push operations
and m; pop operations. We will shortly enumerate these operations in order of their lock acquisition.
Note that for each i € {1---n}, the i'" push operation try-push(s, v;) either:

e pushes v; on the stack at s and thus G contains the events in the trace: Gias(s) = g Pligm

po'imm po'imm po'imm

rr — a — w; — u,wherelab(l) = CAS(acqgrel,s,0, 1), lab(r;) = load(rlx,s+1,t)
for some top value ¢, 1lab(a) = store(rlx,s+t+1,v;), lab(w;) = store(rlx,s+1,t+1), and
lab(u) = store(rel, s, 0); or

e fails to push v; on the stack as it fails to acquire the lock at s, and thus G contains the
single-event trace: Hl.af(s) = f, where lab(f) = load(acq,s, 1).

Similarly, for each i € {1---m;}, the i pop operation try-pop(s) either:

as(s) _ I Poll;lm Poll)"m
i = It

e pops w; from the stack at s and thus G contains the events in the trace: 0

polimm polimm po‘imm

r — p — w; — u,where lab(l) = CAS(acqrel,s,0,1), lab(r;) = load(rlx,s+1,t)
for some top value t, 1lab(r) = load(rlx,s+t,v;), lab(p) = store(rlx,s+t,0), lab(w;) =
store(rlx,s+1,t—1), and lab(u) = store(rel, s, 0); or

o fails to pop from the stack as it fails to acquire the lock at s and thus G contains the single-event
trace: GI.Fﬂ(s) = f, where lab(f) = load(acg, s, 1).

o fails to pop from the stack array as it is empty, and thus G contains the events in the trace:
9;f2($) =1 Polipm f pOlipm u, where 1ab(l) = CAS(acqrel, s, 0, 1), 1ab(f)=1oad(r1x, s+1, 1), and
lab(u) = store(rel, s, 0).

po Iimm

Moreover, the constructor of the stack at location s contains a trace of the form 6¢¢) = ¢, ~ 5

v pollfm ¢; where lab(c;) = alloc(s, 0), lab(c;)=store(rel,s, 0), and lab(c¢;)=store(rel, s+1, 1).

Let us define imp(.) : E” — E as:

0 ¢, Is. G ¢, = e

0°Ca  Jis. f(0a)=e

. P AN = (CRARN S

1mp(e) - ers(s) r Tis f(ers(s) r) —e
o), 5. f(07°°).

07 f Fis. 07 f) = e

0% r Fiys. fO7V f) = e

Let so”” = com” with
"o .o as(s) _ rs(s) _ as(s) rs(s)
com” £ {(a, r) ‘ 3i,j,s. f(6,7.a) = af(Gj r)=rnA0;"".a, 0; .r) € com}
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2696 It is straightforward to demonstrate that given the acqrel mode of the lock acquisitions, the
2697 rel mode of lock releases, and the specification of the C library we have:

o Vs. Vi j € {1---nem). (071,07 .0) € hb v (0., 07°C).1) € hb)

00 AVs. Vij € {1+ nem}. (00w, 00 1) € hb v (07 u, 07°Y.1) € hb

2701 AVij € {1 n+m}. ((07°).u, 0701 € hb v (070, 07°¢).1) € hb)

;sz For each location s, let us then enumerate the successful push and pop operations (i.e. those with
yos @ 8256) or 85) trace) in order of their lock acquisition. That is, the first operation is either i) a

hb
2705 successful push operation associated with trace 91‘1 $) such that for all i # 1, 91a S©) gy 5 Gia ) I and

) hb

2706 Gfs(s).u - 9:8(3).1; or ii) a successful pop operation associated with trace 91”(3) such that for all
2707 hb hb

s 1E L0 w508 Tand 070 . 5 00 1.

2700 Let us write isPush(s, i) when the i operation on s (as ordered above) is a successful push

2710 operation with trace ;' s, Similarly, let us write isPop(s, i) when the i™ operation on s (as ordered

2711 above) is a successful pop operation with trace 6; () We can then demonstrate that:

e Vs.Vi,je{l---ng+ms}. i<j=

2713
- isPush(s, i) A isPop(s, j) A (9?3(5).14, ers(s).l) € hb

s v isPush(s, i) A isPush(s, /) A (0%).u, 6%°C) 1) € hb (14)
2716 V isPop(s, i) A isPop(s, j) A (Hirs(s).u, 9;5 s).l) € hb

2717

2718 Let us write match(s, i, j) when isPush(s, i) A isPop(s, j) A (9?3(5).(,1, G;S(S).r) € com. Let us write

as(s)

2719 top(s, i) for t when either: 1) isPush(s, i) and 1ab(0;

2720 and lab(Girs(s).r,) = load(rlx,s+1,t). It is then straightforward to demonstrate that for all i, j:
2721

.wy) = store(rlx,s+1,t); or 2) isPop(s, i)

J— isPush(s, i) A isPush(s, i+1) = top(s, i+1) = top(s,i)+1

9723 isPush(s, i) A isPop(s, i+1) = match(s, i, i+1) (15)
— match(s, i, j) = top(s, j) = top(s, i)

2725 It is then straightforward to demonstrate by induction that for all i, j:

2726

i < j AisPush(s,i) A isPush(s, j) = top(s,i) < top(s,j) V 3k. i < k < j AisPop(s, k) A match(s, i, k)

T < J AisPush(s, i) A isPop(s, j) = top(s,i) < top(s,j) V k. i < k < j AisPop(s, k) A match(s, i, k)
2728

(16)
2729

2730 Let hb = G.hb = (po U so)*. Note that from the definition of lhb”, hb and the construction of so’
2731 above we know the (17) below holds. As such, from the irreflexivity of hb, we also know (18) holds.

2732 Va,b. (a,b) € hb” = (im(a), im(b)) € hb (17)
2733 ,

s Va. (a,a) ¢ hb (18)
2735 To show that G’ = (E”, po”,com”,so”, lhb") € LW3.G., we are then required to show that

2736 for all locations s, G; is weak-stack consistent on s. Pick an arbitrary location s and let G; =
2737 (E’,po’,com’,so’, Ihb”). We then need to show:

2738

2739 1)E°=0Vv3dceCl. E° ={c};

2740

2741 2) com’ € Ugevan (1) A>T X RT;
2742 3) com’, com’™! are functional;

2743 4) E' N R\ rng(com’) € RS+~

2744
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5) so’ = com’; and
6) Yay, az, r1,rz. (a1,11), (az, r2) € com’ A (ay, az), (r1,r2) € lhb” = (az, 1) ¢ Ihb’.

Parts (1), (2) and (5) follow immediately from the construction of G’. Part (3) follows from the
definition of com’, the consistency of G and the definition of the C library and the fact that com™!
is functional for LC.

For part (4), we proceed by contradiction. Let us assume there exists r € E’ N R® such that
r ¢ rng(com’) and r ¢ R+ Let lab(r) = try-pop(s, v, —). From the construction of G’ we then

know that there exists i and r” such that r’ = imp(r) and either: i) r’ = Girs(s).r andr = rl.rs(s>; or

i)r’ = Qirfl(s).f andr = rl.rfl(s); oriii) r’ = Gl.rfz(s).f andr = rirfz(s). In cases (ii) and (iii) from the
construction of G’ we then know lab(r) = try-pop(s, L, L) and thus r € R®*, contradicting the
assumption that r ¢ R**+*. In case (i), from the shape of the 6] *() e know there exists t such

that lab(@;s(s).rt) = load(rlx,s+1,t), lab(r’) = load(rlx, s+t,v). Moreover, from the consistency
of the C library we know there exists w such that (w,r’) € com and lab(w) = store(—,s+t,v).
As such, from the well-formedness of G and the shape of the implementation traces we know

that there exists j such that w = §°¢°)

j
of G’ we know that (a;”(s) , rirs(s)) € com’. Since r = rirs(s), this contradicts our assumption that

r ¢ rng(com’).
For part (6), we proceed by contradiction. Let us assume there exist aj, az, 1,2 such that
(a1, r1),(az, ry) € com’, (ay, az), (r,r2) € Ihb” and (ay, r1) € lhb’.
From the construction of G’ we then know there exist i, j, k, [ such that imp(a;) = 0

imp(ry) = G;S(S).r, imp(ay) = GZS(S).a, imp(ry) = Glrs(s).r, and (imp(a,), imp(r)), (imp(ay), imp(ry)) €
com. That is we have match(s, i, j) and match(s, j, k).

From (19) we then know (imp(a;), imp(az)), (imp(r1), imp(rz)), (imp(az), imp(r;)) € hb. From (14)
we then have i < k, k < jand j < [, since otherwise we would get an hb cycle contradicting the
assumption that G is consistent. As such, since we also have match(s, i, j) and match(s, k, I), and
match(s, ., .) is uniquely determined (due to the functionality of com and com™), from (16) we
have top(s, i) < top(s, k) and top(s, k) < top(s,j). That is, we have top(s,i) < top(s,j). On the
other hand, since match(s, i, j) holds, from (15) we have top(s, i) = top(s, j). This however leads
to a contradiction as we both have top(s, i) < top(s, ) and top(s, i) = top(s, j)-

.a. Consequently, since (w, r’)’incom, from the construction

as(s)
i %
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J THE SOUNDNESS OF THE ELIMINATION STACK IMPLEMENTATION

Let I denote the elimination stack implementation in Fig. 6. To show the soundness of I, we appeal
to Thm. 1 and show that I is locally sound on LS.

Pick an arbitrary A, f, G=(E, po, com, so), E”, po”” such that G is A-consistent and A-well-formed
and abss ;(f, (E, po), (E"”, po”)).
We must next find com”, so”” such that (E”, po”’, com”,so”,lhb"") € L5.G., where |hb” is the same
as lhb’ in Def. 11.

Note that the constructor of the stack at s contains a trace of the following form in G: ) = ¢ L
Cos 3 Coq > 0y 55 Bkt B ow S ow where 1ab(cy) = alloc(s, 0), 1ab(cys)=alloc(ws, 0),
lab(ceq)=alloc(ea, 0), lab(c} )=store(rlx,s, ws), lab(cl,) = store(rlx,s+1, ea), and for each

i . |imm
j€{0---k—-1}, c, is of the form n; P wj, where lab(n;) = new-exchanger(x;) for some x;,

and lab(w;) = store(rlx, ea+j, x;).
When G contains ng push operations on the stack at s and mg pop operations, let us enumerate
them arbitrarily. Note that for each i € {1---ny}, the i" push operation push(s, v;) either:

po Iimm
as(s) =7,

e pushes v; on the weak stack at s and thus G contains the events in the trace: 0, —

POlimm PO limm

re — f* —  a, where lab(rs) = load(rlx,s, ws), lab(r.) = load(rlx,s+1,ea), f*
denotes the loop iterations that fail to push v;, 1ab(a) = try-push(ws, v;, 1); or
e fails to push v; on the weak stack and thus pushes it on the elimination array at s+1; as

. . polimm  POlimm PO limm po
such G contains the events in the trace: 9? o) = rs — re — f° — af — a, where

lab(rs) = load(rlx,s, ws), lab(r.) = load(rlx,s+1, ea), f* denotes the loop iterations that
fail to push v, lab(ar) = try-push(ws,v;,0), lab(a) = exchange(ea[j],v;, POP) for some
je{0---k-1}.

Similarly, for each i € {1---m;}, the i pop operation pop(s) either:

po Iimm

e pops w; from the weak stack and thus G contains the events in the trace: 0]° = rg

Te po‘l)"m r* pog"m r, where lab(r;)=1oad(rlx, s, ws), lab(r.) = load(rlx, s+1, ea), f* denotes

loop iterations that fail to pop, and lab(r) = try-pop(ws, w;, 1); or
e fails to pop from the weak stack and thus pops w; from the elimination array at s+1;

po‘imm polimm polimm

as such, G contains the events in the trace: 0/ = r, — r. — f* — re L r,
where lab(rs)=1oad(rlx,s, ws), lab(r.)=1load(rlx,s+1, ea), f* denotes the iterations that
fail to pop, lab(ry)=try-pop(ws, L,0), and lab(r)=exchange(eal[;], POP, w;), for some j €
{0 k-1}.

Let us define imp(.) : E” — E as:

00(5).0‘;2 s. GC(S).c;‘; =e
0°.a  Jis. fOa)=e

1
imp(e) £ er(s).a i, s. f(G?e(s).a) =e
07 r Jiys. fO ) =e

07O r  Jiys. fO7Cr) =
Let so”” = com” with
com” & {(a, r) ‘ 3i,j,s. f(Gfs(s).a) = af(ers(s).r) =rA (Ql.as(s).a, G;S(S).r) € com}

U {(a, r) ‘ 3i,j,s. f(@fe(s).a) = af(ere(S).r) =rA (Ql.ae(s).a, Q;e(s).r) € com}
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Let hb = G.hb = (po U so)*. Note that from the definition of [hb”, hb and the construction of so’
above we know the (19) below holds. As such, from the irreflexivity of hb, we also know (20) holds.
Let hb’ = (po’ U so’)*. We next demonstrate that:

Va,b. (a,b) € hb" = (im(a), im(b)) € hb (19)
Va. (a,a) ¢ hb’ (20)

To show that G’ = (E”, po”’, com”,s0”, lhb"’) € L5.G., we are then required to show that for all lo-
cations s, G}, is stack consistent on s. Pick an arbitrary location s and let G = (E’, po’, com’, so’, [hb’).
We then need to show:

1)E°=0Vv3dceCl. E° ={c};

2) com’ € Uyevan (1) A% X RS;

3) com’, com’~! are functional;

4) E' N RS\ rng(com’) € RS+
)
)
)

5]

[AS \ dom(com’)]; hb’; [R>1]=0;
6) so’ = com’; and
7)Yaq, as, ri,rs. (a1, 1), (az, r2) € com’ A (ay, az), (r1,r2) € hb” = (az,ry) € hb'.

Parts (1), (2) and (6) follow immediately from the construction of G’. Part (3) follows from the
construction of G’ and the fact that com and com™! are functional for LWS and LX. Part (5) follows
trivially as R®+ = 0.

For part (4), we demonstrate that E’ N R* \ rng(com”) = 0. We proceed by contradiction. Let
us assume there exists r € E’ N R such that r ¢ rng(com’). Let 1ab(r) = pop(s, v) for some value
v. From the construction of G’ we then know that there exists i and r” such that r’ = imp(r) and
either: i) r’ = 9;5(3)1; orii) r’ = Oire(s).r.

In case (i) we then know that lab(r’) = try-pop(ws, v, 1). As such, from the consistency of
G and the specification of the weak stack library we know there exist w’ such that lab(w)’ =
try-push(ws, v, 1) and (w’,r’) € com. Moreover, given the well-formedness of G and the shape of

G traces we know that there exist j such that w’ = §%©

.a. Consequently, from the construction of
G’ we know there exist w such that imp(w) = w’ and (w, r) € com’, contradicting our assumption
that r ¢ rng(com’).

Similarly, in case (ii) we then know that 1ab(r’) = exchange(ea[j], POP, v) for some j. As such,
from the consistency of G and the specification of the exchanger library we know there exist
w’ such that lab(w)’ = exchange(ea[j], v, POP) and (w’, ), (r’,w’) € com. Moreover, given the
well-formedness of G and the shape of G traces we know that there exist j such that w’ = 9;“3(3).
Consequently, from the construction of G’ we know there exist w such that imp(w) = w’ and

(w,r) € com’, contradicting our assumption that r ¢ rng(com’).

For part (7) we proceed by contradiction. Let us assume there exist ay,az, r1,r, such that
(ai, r1),(ag,r2) € com’, (a1, az), (r1,rz) € Ihb’, and (ay, r1) € Ihb’. From (19) and the construction of
G’ we know (imp(a;), imp(ry)), (imp(ay), imp(r2)) € com, (imp(a;), imp(ay)), (imp(ry), imp(r2)) €

hb, and (imp(a,), imp(r;)) € hb. There are now three cases to consider: i) imp(a;) = Gfs(s).a,
ae(s)
i

imp(ry) = 9}.’3(3), imp(a;) = st(s).a, imp(ry) = 91”(5) for some i, j, k, [; or ii)imp(az) = 67°*".a and

imp(ry) = 9;e(s> for some i, j; or iii) imp(a;) = 9?8(5).41 and imp(r;) = ere(s) for some i, j.s

Case (i) however leads to contradiction as it contradicts the LWS-consistency of (G);ws. In case

(ii) from the definition of the LX library and the symmetry of its com relation we know that
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520 hb hb
2892 (imp(ry), imp(az)) € com. As such, we have imp(a;) — imp(r;) — imp(r;) = imp(ay). That is,

2893 hb
imp(ay) — imp(rz) = imp(a,), contradicting the assumption that G is consistent.

2894
Similarly, in case (iii) from the definition of the LX library and the symmetry of its com relation we

2895
hb hb

2806 know that (imp(ry), imp(a;)) € com. As such, we have imp(a;) — imp(ay) — imp(r;) = imp(ay).

. hb

2897 That is, imp(a;) — imp(r;) o imp(ay), contradicting the assumption that G is consistent.

2898

2899 K THE SOUNDNESS OF EXCHANGER IMPLEMENTATION

2900 Let I denote the exchanger implementation in Fig. 5. To show the soundness of I, we appeal to

2901 Thm. 1 and show that I is locally sound on LX.

2902 Pick an arbitrary A, f, G=(E, po, com, so, E’, po’ such that G is A-consistent and A-well-formed
#05 and absx ;(f, (E, po), (E’, po’)). We must next find com’, so’ such that (E’, po’, com’, so’, Ihb’) €
2904 X G., where |hb’ is as defined in Def. 11.

2905 Note that each exchange operation exchange(g, v) either:

322: (1) offers a value at index g+k (for some k € N* where k is an odd number) and returns
Jo0s unmatched due to a timeout; or

2000 (2) offers a value at index g+k (for some k € N* where k is an odd number) and matches with
210 value v’ at index g+k+1; or

Yo (3) tries to offer a value at index g+k (for some k € N* where i is an even number) and returns
Jo1s unmatched as the slot at index g+k is already taken; or

yors (4) offers a value at index g+k (for some k € N* where k is an even number) and matches with
yors value v’ at index g+k—1.

2015 Without loss of generality, let us assume e contains n exchange calls. For each i" exchange

2016 operation of the form exchange(g, v;), the G; contains a trace of one of the following forms depending
45917 which of the four categories above it falls into:

2918 t(g) . POlimm  POlimm . B . 3 )
e 0, isoftheforms — o — t,withlab(s) = load(rlx,g,j;),lab(o) = CAS(rel, g+j;, 0, v;),

21 and lab(t) = CAS(rlx, g+j;+1,0, L), for some j; and v; where j; is odd;

2920 : . .

9921 o 0°9 is of the form s pollfm 0 pollfm a poll;‘m r, with lab(s) = load(rlx,g,j;), lab(o) =
2922 CAS(rel, g+ji, 0,v;),lab(a) = load(rlx, g+j;+1,v;) withv] # 0,1ab(r) = load(acq, g+j;+1,v;),
2923 for some j;, v; and v] where j; is odd;

2924 . 6{(9) is of the form s Poligm f poligm 0 Poligm ¢, with lab(s) = load(rlx,g,j;), lab(f) =
2925 load(rlx, g+ji, w;) with w; # 0, lab(o) = load(rlx, g+j;+1, w!) with w/ # 0, and lab(c) =
2926

CAS(rlx,g,ji,ji+2) or lab(c;) = load(rlx, g,u;) with u; # j;, for some j; and v; where j; is
2927 Odd;

2928 e(g) . PO limm PO limm PO limm PO limm . .
2920 0,7 is of the forms —" f — o — ¢ —  r, with lab(s) = load(rlx,g,j:),

lab(f) = load(rlx,g+j;, w;) with w; # 0, lab(o) = CAS(rel,g+j;+1,0,v;), lab(c) =

2930
yo31 CAS(rlx, g, ji, ji+2) or lab(c) = load(rlx,g,u;) with u; # j;, lab(r) = load(acq, g+ji, v;),
yo3 for some j;, v; and v] where j; is odd.

2933 Let so’ = com’ with

Do . (9) (9)

s com’ & (@b, (bay | 209 Sl " 0)=an fle; 0)=b

- A0 0,09 r) € com A (670,077 .r) € com

2937 To show that G’ = (E’, po’, com’, so’, |hb’) € IX.G., we are then required to show for all g € Loc,
2938 Gy is exchanger-consistent on g. Pick an arbitrary g € Loc, we then need to show:

2939

2940
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DE =0Vv3ceCI.E°={c}

2) com’ is symmetric, irreflexive and com’ C U, 4, eva X990 X X992 \ id;
3) com’ is functional;

4) E' N X9\ dom(com’) C Uy eva X9 *; and

5) so’ = com’.

Parts (1), (2), and (5) follow immediately from the construction of G, and the consistency of the

C library. The proof of parts (3) and (4) follows from the definition of com’, the consistency of G;
and the definition of the C library.

Proceedings of the ACM on Programming Languages, Vol. 1, No. CONF, Article 1. Publication date: January 2018.



	Abstract
	1 Introduction
	2 Overview of Main Ideas
	3 Semantics
	4 Library Specification and Verification Framework
	4.1 Specifying Concurrent Libraries
	4.2 Verifying Library Implementations

	5 Specifying concurrent libraries in our framework
	5.1 Mutual Exclusion Lock (Mutex) Library Specification
	5.2 Exchanger Library Specification
	5.3 Queue Library Specification
	5.4 Stack Library Specification
	5.5 Weak Stack Library Specification

	6 Verifying Concurrent Library Clients
	6.1 Exchanger Implementation
	6.2 Herlihy-Wing Queue Implementations
	6.3 Elimination Stack Implementation

	7 Related Work
	Acknowledgments
	References
	A Other looping constructs
	B Proofs of §5 Theorems
	B.1 Correctness of Theorem 2
	B.2 Correctness of Theorem 3

	C Additional Specifications
	C.1 Multiple-Readers-Single-Writer Lock Library Specification
	C.2 Set Library Specification

	D A Sound Mutex Implementation
	E Sound MRSW Lock Implementations
	E.1 A Sound Strong MRSW Lock Implementation
	E.2 A Sound Weak MRSW Lock Implementation

	F A Sound Strong Queue Implementation
	G The Soundness of Exchanger Implementation
	H Correctness of the Herlihy-Wing Queue Implementations
	H.1 Soundness of the Strong Herlihy-Wing Queue Implementation
	H.2 Soundness of the Weak Herlihy-Wing Queue Implementation

	I The Soundness of the Weak Stack Implementation
	J The Soundness of the Elimination Stack Implementation
	K The Soundness of Exchanger Implementation

