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Abstract

We introduce a strengthening of the release-acquire fragment of
the C11 memory model that (i) forbids dubious behaviors that are
not observed in any implementation; (ii) supports fence instructions
that restore sequential consistency; and (iii) admits an equivalent
intuitive operational semantics based on point-to-point communi-
cation. This strengthening has no additional implementation cost:
it allows the same local optimizations as C11 release and acquire
accesses, and has exactly the same compilation schemes to the x86-
TSO and Power architectures. In fact, the compilation to Power is
complete with respect to a recent axiomatic model of Power; that
is, the compiled program exhibits exactly the same behaviors as the
source one. Moreover, we provide criteria for placing enough fence
instructions to ensure sequential consistency, and apply them to an
efficient RCU implementation.

Categories and Subject Descriptors D.1.3 [Concurrent Pro-
gramming]: Parallel programming; D.3.1 [Programming Lan-
guages]: Formal Definitions and Theory; D.3.3 [Programming
Languages]: Language Constructs and Features; F.3.1 [Logics
and Meanings of Programs]: Specifying and Verifying and Rea-
soning about Programs

Keywords Weak memory model; release-acquire; C11; opera-
tional semantics

1. Introduction

Weak memory models for programming languages formalize the
set of behaviors that multithreaded programs may exhibit taking
into account the effect of both the hardware architectures and com-
piler optimizations. An important such model is the C11 model in-
troduced in the 2011 revisions of the C and C++ standards [[14}[15].

C11 provides several kinds of memory accesses, each having
a different implementation cost and providing different synchro-
nization guarantees. At one end of the spectrum, non-atomic ac-
cesses provide absolutely no guarantees in case of racy access (they
are considered programming errors). At the other end, sequentially
consistent accesses are globally synchronized following the simple
and well-known model of sequential consistency (SC) [19]. Be-
tween these two extremes, the most useful access kinds are release
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stores and acquire loads that strike a good balance between perfor-
mance and programmability.

While the full C11 model suffers from some problems (such
as “out-of-thin-air executions” [8l 138]), its release-acquire frag-
ment, obtained by restricting all writes and reads to be release
and acquire accesses respectively, constitutes a particularly useful
and (relatively) well-behaved model. This fragment, hereinafter re-
ferred to as RA, provides much weaker guarantees than SC, that
allow high performance implementations, and still suffice for fun-
damental concurrent algorithms (e.g., a variant of the read-copy-
update synchronization mechanism [13]] presented in the sequel).
To understand RA, consider the following two programs:

Store buffering (SB) Message passing (MP)
Initially, x = y = 0. Initially, x = y = 0.
z:=1 y:i=1 z:=1 | wait (y =1)
wait (y=0) || wait (z=0) y:=1 || wait (z = 0)

May terminate under RA. Never terminates under RA.

RA is designed to support “message passing”, a common idiom
for relatively cheap synchronization between threads. On the other
hand, to allow efficient implementations, a non-SC behavior is al-
lowed in the case of the “store buffering” program. An intuitive (but
incomplete) explanation of these examples can be given in terms of
reorderings (performed by the hardware and/or the compiler): con-
secutive write and read accesses may be arbitrarily reordered, but
reordering of two reads or two writes is disallowed. This easily ac-
counts for the non-SC result of the SB program, and explains why
MP does not expose undesirable behaviors.

The precise formulation of RA is declarative (also known as ax-
iomatic): the model associates a set of graphs (called: executions)
to every program, and filters out disallowed executions by imposing
certain formal restrictions. Roughly speaking, it requires that every
read is justified by a corresponding write, that cannot appear later
according to the program order. This induces a happens-before re-
lation on the memory accesses, that, assuming only release/acquire
accesses, is taken to be the union of the program order and the
reads-from justification edges. An additional condition is needed
to ensure that reads cannot observe overwritten values. For that,
the model asserts the existence of a per-location modification order
that orders write accesses, and requires that reads are justified only
by writes that happened before and are maximal according to the
modification order.

The RA model is appropriate as a rigorous foundation that is
not tied to a particular compiler and architecture. Further, C11 in
general, and RA in particular, has verified compilation schemes to
the x86-TSO and Power/ARM architectures [6, |7, 29]]. However,
RA suffers from three problems.

Problem 1: Unobservable relaxed behaviors. First, there is a
mismatch between the declarative model and the intuitive reorder-
ing account. The following program (again, assuming all accesses
are release/acquire) may terminate under the formal model if the
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z := 2 and y := 2 writes are placed before the z := landy := 1
writes in the respective modification orders.

r:=1y:=1
y:=2 | xz:=2
wait (z=1Ay=1)

(2+2W)

Disallowing reordering of consecutive writes should, however, for-
bid this behavior. Furthermore, this behavior is not observable on
any known hardware under any known sound compilation scheme
of the C11 release writes.

Problem 2: Overly weak SC fences. Cl11 provides a memory
fence construct, called SC fences, that enforces stronger ordering
guarantees among memory accesses. Despite their name, however,
C11’s semantics for these fences is overly weak and fails to en-
sure sequential consistency when used in conjunction with release-
acquire accesses. For example, consider the following program:

wait (x = 1)
wait (y =0)

wait (y = 1)

wait (z = 0) (IRIW)

w:ley:zl

Assuming that initially x = y = 0, this program may terminate
under RA. Furthermore, according to the C11 semantics, inserting
SC fence instructions between the two waits on the reader threads
does not rule out this weak behavior. Again, this is a result of
too liberal specification: the compilation of SC fences generates
hardware fence instructions (mfence on x86-TSO, sync on Power,
dmb on ARM, mf on Itanium) that forbid such weak behaviorsm

Problem 3: No intuitive operational semantics. The axiomatic
nature of RA is also a drawback: global restrictions on executions
do not allow the traditional understanding of programs that simu-
lates their step-by-step progress. Thus, both programming and de-
veloping techniques for reasoning about programs are substantially
more difficult with a purely declarative memory model. For these
tasks, a more operational approach can be very helpful. The most
well-known example is, of course, SC, that is naturally modeled
by a machine with one global shared memory and interleaved ac-
cesses.

For weak models, fotal store ordering (TSO) [25}133] provides
a good case in point. This weak memory model emerged from a
concrete operational model provided by the SPARC and x86 archi-
tectures. In addition to a main memory, TSO-machines have per-
processor store buffers, where write operations are enqueued, and
non-deterministically propagate to the main memory. Based on this
operational model, several reasoning methods and analysis tech-
niques have been developed for TSO. This includes some of the
most useful and well-studied verification techniques: model check-
ing and abstract interpretation (see, e.g., [1}15, 12} [17,120]), program
logics (see, e.g., [27,132]]), simulations for verifying program trans-
formations (see, e.g., [16l 22} [30} 137]), and reductions to SC (see,
e.g., [2,91 1101 24]).

In this paper, we attempt to overcome these drawbacks. We
propose a simple strengthening of RA that solves problems 1 and 3,
and an alternative modeling of SC fences to solve problem 2. Next,
we briefly overview each of these contributions.

Strong release-acquire. We introduce a model, called SRA (for
“Strong RA”), that strengthens RA by requiring the union of the
per-location modification orders and the happens-before relation
to be acyclic. As a result, SRA forbids behaviors that require
reordering of two writes as in the (2+2W) example, but coincides
with RA for programs containing no write-write races.

I'Specifically for the IRIW program, we note that on x86-TSO and
Itanium, its weak behavior is forbidden even without a fence. For Itanium,
see ftp://download.intel.com/design/Itanium/Downloads/
25142901 .pdf, §3.3.5.

More importantly, alongside the declarative definition, SRA has
an intuitive operational presentation, that, like the operational se-
mantics of TSO, does not refer at all to formal restrictions on graphs
and partial orders. Unlike TSO, SRA-machines are based on point-
to-point communication: processors have local memories and they
communicate with one another via ordered message buffers using
global timestamps to order different writes to the same location.
This operational model is not meant to mimic any real hardware im-
plementation, but to serve as a formal foundation for understanding
and reasoning about concurrent programs under SRA.

Moreover, we show that SRA allows the same program trans-
formations as RA and has the same implementation cost over x86-
TSO and Power. For the latter, we prove that the existing compi-
lation schemes for the C11 release-acquire accesses to TSO and
Power guarantee the stronger specification of SRA. In fact, under
the declarative Power/ARM memory model of Alglave et al. [4] the
compilation to Power corresponds exactly to SRA, which means
that SRA cannot further be strengthened without performance im-
plications. In contrast, TSO is strictly stronger than SRA (the dif-
ference can be observed even with two threads). Nevertheless, for a
restricted class of programs following a certain client-server com-
munication discipline, we prove that TSO and SRA coincide.

Stronger semantics for SC fences. To address problem 2 above,
we suggest a new semantics for SC fences. Our key idea is to
model SC fence commands using an existing mechanism: as if
they were atomic (acquire-release) update commands to a special,
otherwise unused, location with an arbitrary value. We show that
inserting fences between every two potentially racy RA accesses in
each thread restores SC. For a particular large and common class
of programs, it suffices to have a fence between every potentially
racy write and subsequent potentially racy read. To demonstrate
the usefulness of this criterion, we show how it can be utilized
to reduce reasoning about the correctness of an RA-based RCU
implementation down to SC.

Moreover, we show that this modeling of SC fences bears no
additional implementation cost, and again one can follow the ex-
isting compilation scheme used for SC fences to TSO and Power.
In fact, we prove that the semantics of Power’s sync instruction is
equivalent to our modeling of SC fences as acquire-release updates.

The rest of this paper is organized as follows: §2|reviews the RA
memory model, §3] presents our declarative SRA model, §4] pro-
vides an equivalent operational model for SRA, §3|discusses fences
and reduction theorems to SC, §6] shows that TSO is stronger than
SRA and presents conditions under which they are equivalent, §7]
proves that Power’s sync fences are equivalent to release-acquire
updates to a distinguished location and that SRA and its compi-
lation to Power are equivalent, §8] discusses related work, and §9]
concludes.

Supplementary material including full proofs as well as Coq
proof scripts is available at: http://plv.mpi-sws.org/sra/.
Except for the results in §4] all propositions and theorems of this
paper have been proved in Coq with minor presentational differ-
ences.

2. RA Memory Model

In this section, we present RA, the declarative model behind the
release-acquire fragment of C11’s memory model [6]. The basic
approach in the C11 formalization is to define the semantics of a
program P to be the set of consistent executions of P. For the sim-
plicity of the presentation, we employ a simplified programming
language. While our notations are slightly different, the declarative
semantics presented in this section corresponds exactly to the se-
mantics of C11 programs from [6] in which all reads are acquire
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Figure 1. Command steps.
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Figure 2. Program steps

reads, writes are release writes, and atomic updates are acquire-
release read-modify-writes (RMWs).

Basic notations. Given a relation R on a set A, R’, R", and R*
respectively denote its reflexive, transitive, and reflexive-transitive
closures. The inverse relation of R is denoted by R~*. When R is
a strict partial order, a pair (a,b) € R is called an immediate R-
edge if b immediately follows a in R, that is: no ¢ € A satisfies
both (a,c) € R and {(c,b) € R. We denote by Ri; Ry the
left composition of two relations R, Ro. Finally, Id4 denotes the
identity relation on the set A.

A simplified programming language. We assume a finite set
Loc of locations, a finite set Val of values with a distinguished
value 0 € Val, and any standard interpreted language for expres-
sions containing at least all locations and values. We use z,y, z as
metavariables for locations, v for values, e for expressions, and de-
note by fv[e] the set of locations that appear free in e. The sequential
fragment of the language is given by the following grammar:

¢ :=skip | if e then c else ¢ | repeat cuntil e | wait € |
cic|lz:=e|{x:=e(x)) | when e(z) do z := €'(x)

All commands are standard. The command wait e is a syntactic
sugar for repeat skip until e. The command (z := e(z))
is an atomic assignment corresponding to a primitive RMW in-
struction and, as such, mentions only one location. The command
when e(z) do x := €'(z) corresponds to a compare-and-swap
loop, that loops until the value v of z satisfies [e]](v) # 0, and then
atomically assigns [e'] (v) to x.

To define multithreaded programs, we assume a constant num-
ber N of threads with thread identifiers being 1, ..., N, and take
a program P to be a function that assigns a command c to every
thread identifier. We use ¢, j as metavariables for thread identifiers.

Executions. We employ the following terminology:
* A type is either R (“Read”), W (“Write”), or U (“Update”). We
use T as a metavariable for types.

* A label is either a triple of the form (R, x, v,), a triple of the
form (W, z, vy, ), or a quadruple of the form (U, z, v,, vy ). We
denote by Lab the set of all labels.

* An event is a tuple of the form (k,,1), where k is an event

identifier (natural number), ¢ is a thread identifier (natural num-
ber), and [ is a label. The functions id, tid, lab, typ, loc, val,,

Figure 3. Execution steps

Figure 4. Program and execution combined steps

and val,, respectively return (when applicable) the £, ¢, [, T, x,
v, and v,, components of an event (or its label). We denote by
A the set of all events, while R, W, and U respectively denote
the set of events a € A with typ(a) being R, W, or U.

* A reads-from edge is a pair (a,b) € W UU) x (RUU)
satisfying loc(a) = loc(b) and valy (a) = val(b).

An execution G is a triple (A, po, rf) where:

* A C Ais a finite set of events. We denote by G.T,, the set of
events a € A for which typ(a) = T and loc(a) = z, while G.T
denotes the set | J, G.T,.

* po, called program order, is a strict partial order on A.

* rf is a set of reads-from edges in A x A.

Note that the program order of an execution may not respect
the thread identifiers assigned to its events. This cannot happen in
executions that are generated by programs (see Prop. [T|below).

Relating programs and executions. Figure[I|presents the seman-
tics of sequential programs (commands in our language) as a la-
beled transition system. The system associates (some) command
steps with labels in Lab. Note that in this stage the values of reads
are completely arbitrary. Given the command steps, program steps
are also labeled transitions, as presented in Fig.[2] These are asso-
ciated with pairs of the form (/,4) € Lab x {1,..., N}.

To relate programs with executions, we combine the program
steps with execution steps. The definition of execution steps, given
in Fig.[3] employs the following notation:

Notation 1. Given two executions G1 = (A1, po,,rf1) and
G2 = (As, poy, rf2), with A1 N Az = ), we denote by G1; G2
the execution (A1 U Az, po; U po, U po, rf1 U rf2), where po =
{{a1,a2) € A1 x Az | tid(a1) = tid(a2)}. We identify an event a
with the execution ({a}, @, ) when writing expressions like G; a.

Thus, each execution step labeled with [, ¢ augments an execu-
tion G with an event a, whose label is [ and thread identifier is ¢.
Fig. @] presents the combined semantics, where steps are either a la-
beled program step combined with an execution step with the same
label, or an internal program step that does not affect the execution.

Definition 1. We say that G is an execution of a program P if
(P,Gp) =" (Pina, G), where G denotes the empty execution
(i.e., Gy = (0,0,0)), and Pina is the program given by Ai. skip.
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W, z,1) W,y,1)
v v

zi=1 yi=1 W,y,2)  (W,z,2)
y:=2 T:=2 ¥ ¥

zZ1 = 1 zo = 1 <W, z1, 1> <w, zZ2, 1>
wait (z2 =1) || wait (21 =1) ¥ ¥

wait (x = 1) wait (y = 1) (R,22,1) (R,21,1)
v v

(R,x, 1) (R,y,1)

Figure 5. A program together with one of its executions. Arrows
denote immediate program order edges.

Figure[5|provides an example of a program (a thread-partitioned
version of the example from §T) and one of its executions.
Note that if G is an execution of some program P then it does not
include any reads-from edges, and it is well-structured with respect
to tid. We refer to such executions as plain:

Definition 2. An execution G = (A, po, rf) is called plain if
rf =0,1 < tid(a) < N forevery a € A, and tid(a) = tid(b) iff
{a,b) € poUpo~" for every two different events a, b € A.

The last condition guarantees that po consists of a disjoint union
of N strict total orders, one for each thread.

Proposition 1. If (P, Gy) —* (P’, G) then G is plain.

Consistency. Many of the executions associated with a program
P are nonsensical as they can, for instance, read values never
written in the program. Thus, the model restricts the attention to
consistent executions. For the purpose of this paper, following [18],
we find it technically convenient to define consistency using two
properties, that we call completeness and coherence.

Definition 3. An execution G = (A, po, rf) is called complete if
for every b € G.R U G.U, we have (a,b) € rf for some a € A.

Completeness of an execution guarantees that every read/update
event is justified by a corresponding write/update (recall that, by
definition, reads-from edges are only from a write/update event to
a read/update event with the same location and value). Obviously,
not all reads-from edges are allowed. Roughly speaking, the model
has to ensure that overwritten values are not read. RA does this by
asserting the existence of a modification order on write accesses to
the same location, as defined next.

Definition 4. Given x € Loc, a relation mo, is an x-modification
order in an execution G = (A, po, rf) if the following hold:

* mo, is a strict total order on G.W, U G.U,.

* moy; (po U rf)7 is irreflexive.

« If {a,c) € rf and (b,c) € (po U rf)" U moy, then {a,b) &
MO

Figure [f]illustrates the conditions on mo, imposed by this def-
inition. First, (po U 7f)" (that corresponds to C11’s “happens-
before” relation) between two write accesses enforces mo, in
the same direction. The second forbidden case corresponds to
C11’s coherence write-read axiom, that ensures that read/update
events cannot read from an overwritten write/update event. The
third case is needed to assert that update events read from the
mo-latest event. Note that program order always appears together
with the reads-from relation. This follows the basic principle of
release/acquire consistency according to which reads-from edges
induce synchronizations between events.

The following alternative more compact definition of an -
modification order is useful in some of the proofs below.

Moy "
W /Us W /Us > We /Us W /Us - Wy /Us
mo: ! Yourfyt N foumt e
. »
Wa /Us Rz /Us *UI

Figure 6. Illustration of forbidden cases according to Def.
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/ v v
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Figure 7. Evidence for RA-consistency of the execution in Fig.[3

Proposition 2. A relation mo, is an xz-modification order in an ex-
ecution G = (A, po, rf) iff it is a strict total order on G .W; UG .Uy,
and poUrfUmo,Ufr, is acyclic, where fr, = (rf ~'; mo,) \ Ida.

Next, RA-coherent executions are those that never read “over-
written” values, and RA-consistent executions are defined by com-
bining completeness and RA-coherence.

Definition 5. An execution G = (A, po, rf) is called RA-coherent
if po U rf is acyclic (i.e., (po U rf)™ is irreflexive) and for every
x € Loc, there exists an z-modification order in G.

Definition 6. A plain execution G = (A, po, ) is called RA-
consistent if G' = (A, po, rf) is complete and RA-coherent for
some set rf C A x A of reads-from edges.

Figure[7] presents four reads-from edges whose addition to the
execution in Fig. ] results in an RA-coherent execution. In the
same figure, we also depict modification orders for each location,
witnessing RA-coherence.

Finally, we define the semantics of programs under RA. The
idea is to filter out the non-consistent executions among all execu-
tions of a given program. If we are left with at least one execution,
then the program may terminate under RA. In the formal defini-
tion, we also support initialized locations. Thus, we assume some
initial state, taken to be a function o from Loc to Val U {_L}, where
o(z) = L means that x is uninitialized. To attach an initialization
part to program executions we employ the following notation.

Notation 2. Given an initial state o, A, denotes the set of events
{as | o(x) # L}, where each a; is the event defined by id(a.) =
tid(az) = 0 and lab(az) = (W,z,0(z)). Given an initial state o
and a plain execution G = (A, po, 0}, o; G denotes the execution
(AU Ay, poU (As x A), D).

Definition 7. A program P may terminate under RA from an initial
state o if o; G is RA-consistent for some execution G of P.

In particular, the program in Fig. 5] may terminate under RA
from the initial state Az.l (no location is initialized), since its
execution presented in the figure is RA-consistent.

3. SRA Memory Model

In this section we present the SRA model, a strengthening of RA.
The main idea is simple: under RA, no condition relates modifica-
tion orders of different locations. However, there are cases in which
the behavior for each individual location follows the release/acquire
paradigm, whereas the combination of the behaviors over all loca-
tions should be disallowed. More specifically, executions as the one
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in Fig. include acycle in poU rf UJ, mo,. Forbidding such cy-
cles is the only additional condition in SRA.

Definition 8. An execution G = (A, po,rf) is called SRA-
coherent if there exist relations {mog }zcLoc, such that:

* For every « € Loc, mo, is an z-modification order in G.
* po U rf UlJ, mo, is acyclic.

SRA-consistency is defined like RA-consistency (see Def. [6)),
but refers to SRA-coherence instead of RA-coherence. Similarly,
termination under SRA is defined as under RA (see Def. [7)), re-
ferring to SRA-consistency. (The same applies for the other model
definitions that appear in this paper: we define X-coherence, and
X-consistency and termination under X are defined as for RA.)

Clearly, we have that RA < SRA, i.e., if G is SRA-coherent
then it is also RA-coherent. The execution in Fig. [] is RA-
consistent but not SRA-consistent, and hence, SRA is strictly
stronger than RA. Next, we show that the two models coincide
for executions that do not have any write-write races.

Definition 9. Let G = (A, po, rf) be an execution. We say that
two events a,b € A race in G if loc(a) = loc(b), a # b, neither
{a,b) € (poUrf)t nor (b,a) € (poUrf)T, and eithera € WUU
orb € W UU. The execution G is called WW-race free if no two
write/update events race in G.

Proposition 3. WW-race free RA-coherent executions are also
SRA-coherent.

Proof. Let G = (A, po, rf) be an RA-coherent WW-race free ex-
ecution, and for every x € Loc, let mo, be an x-modification
order in G. Since (po U rf)" is total on G.W, U G.U, and
moy; (po U rf) 7T is irreflexive, we have that mo, C (po U rf)™
for every = € Loc. Hence, po U rf U, mo. is acyclic. O

The simplest syntactic way to enforce WW-race freedom in all
possible executions of a given program is to disallow commands
modifying the same location in different threads. All executions
of programs obeying this discipline are WW-race free, and so are
their extensions with reads-from edges. Except for the
program, the examples above meet this criterion, and hence, for
these programs RA and SRA exhibit exactly the same behaviors.

Furthermore, a common approach to ensure WW-race freedom
when such a split does not exist is to use critical sections. More
specifically, given a distinguished lock location [ that is accessed by
separate lock () and unlock() pairs of commands (implemented
respectively by when (I = 0) do ! := 1 and [ := 0), we refer to
commands between consecutive lock and unlock commands as pro-
tected. Assuming that every command in a program P that modifies
alocation also modified in another thread, is protected, we have that
any complete execution G’ = (A, po, rf) that extends a plain exe-
cution G = (A, po, 0) of P is WW-race free. Consequently, SRA
and RA coincide for such programs.

3.1 Validity of Local Program Transformations

We now show that SRA does not harm compiler optimizations. We
follow the development of Vafeiadis et al. [38]], who studied the va-
lidity of common source-to-source program transformations under
C11, and identified the set of valid reorderings of adjacent com-
mands and eliminations of redundant commands. Here we show
that SRA allows the same transformations that were proven to be
sound for release/acquire accesses. The basic soundness claim is
that a local transformation does not introduce new behaviors. Thus,
showing correctness of such transformations amounts to providing
a corresponding SRA-consistent execution of the source program
for every SRA-consistent execution of the target. First, we consider
the elimination of redundant adjacent accesses.

Notation 3. Given a plain execution G = (A, po, ), and an
event a € A, we denote by G \ {a} the plain execution given
by (A", po N (A" x A"), D), where A’ = A\ {a}.

Proposition 4. Let (a,b) be an immediate po-edge of a plain
execution G = (A, po, 0). Suppose that loc(a) = loc(b), and one
of the following holds:

* a,b € Wand G\ {a} is SRA-consistent.
*a,b € R,val-(a) =val.(b), and G \ {a} is SRA-consistent.
*a € W,b € R, valw(a) = val,(b), and G \ {b} is SRA-
consistent.
Then, G is SRA-coherent.

On the program level, Prop. ] ensures the soundness of simpli-
fications like:

r:=1,x:=2 ~ x =2
ifx =1theny:=xelsec ~» ifx=1theny:=1lelsec
rz:=lLy:=x ~ rz:=1y:=1

The second kind of sound transformations under RA are re-
ordering of adjacent accesses. First, reordering of two accesses of
different locations, such that at least one of them is local, is safe.
Second, a write access and a consecutive read access to a different
location can be safely reordered. The next proposition ensures that
these transformations are sound also for SRA.

Proposition 5. Let (a, b) be an immediate po-edge of a plain ex-
ecution G = (A, po, (). Suppose that loc(a) # loc(b), the execu-
tion (A, (po \ {{a,b)}) U{(b,a)}, D) is SRA-consistent, and one
of the following holds:

* Either loc(a) or loc(b) is local in G (a location x is local in G
if po is totalon {a € A | loc(a) = x}).
ca€WandbeR.

Then, G is SRA-consistent.

This allows basic reorderings, and they can be combined with
the previous eliminations. For example, x := 1;y := 1; 2z := x can
be simplified to x := 1;y := 1; z := 1 under any context. Indeed,
the resulting program executions will have three consecutive events
a, b, c with labels (W, z, 1), (W, y, 1), (W, z, 1) (respectively). By the
third part of Prop. 4] its consistency implies the consistency of the
same execution with a new node a’ between a and b whose label is
(R, z, 1). Then, by the second part of Prop. we have that the same
execution with a reversed immediate po-edge between a’ and b is
also consistent. The last execution is an execution of the original
program, and hence the transformation is sound.

Finally, note that from the definition of SRA (similarly to RA) it
is clear that removing po-edges preserves SRA-consistency. There-
fore, the basic sequentialization transformation “c1 || c2 ~ c1;¢2”
is sound. Surprisingly, this transformation is unsound under the
TSO model (see §@ Indeed, the (IRIW) program does not termi-
nate under TSO, while its transformation that puts the two writes
before the corresponding reads may terminate.

3.2 An Alternative Formulation

An equivalent definition of SRA can be obtained by requiring that
there is a single modification order over all locations satisfying
similar conditions to those of an z-modification order. In particular,
this definition will be used to relate SRA and TSO in §6

Definition 10. A relation mo is called a modification order in an
execution G = (A, po, rf) if the following hold:
* mo is a strict total order on G.W U G.U.
* mo; (po U rf) T is irreflexive.
« If {a,c) € rf, (b,c) € (poUrf)" Umo,and loc(a) = loc(b),
then (a, b) & mo.
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Proposition 6. If mo is a modification order in G, then for every
z € Loc, mo; = mo N ((GWz UG.U;) x (GW, UG.Uy)) is an
z-modification order.

Proposition 7. An execution G = (A, po, rf) is SRA-coherent iff
po U rf is acyclic and there exists a modification order in G.

4. An Equivalent Operational Model

In this section we develop a simple and intuitive operational seman-
tics for our programming language that precisely corresponds to the
SRA model. In other words, we propose a particular machine, de-
fine how it executes programs, and show that a program P may ter-
minate under SRA iff it can be fully executed in the machine. The
machine consists of N processors, each of which is running a par-
ticular program thread. Unlike program executions, machine exe-
cutions are ordinary sequentially consistent executions, where steps
are taken non-deterministically by different processors. In addition,
the machine transitions do not refer at all to formal consistency re-
quirements on graphs. We believe that these properties make this
semantics easy to grasp by practitioners, as well as a solid founda-
tion for adapting existing formal verification and testing methods
for the SRA weak memory model.

There are two main ideas in the proposed machine structure.
First, it is based on point-to-point communication. Each proces-
sor has a local memory and an outgoing message buffer, that con-
sists of write instructions performed or observed by that processor.
The processors non-deterministically choose between performing
their own instructions or processing messages from other proces-
sors’ buffers. When performing a read, while following some pro-
gram instruction, the processor obtains the read value by inspecting
its local memory. When performing a write, either when following
a program instruction or when processing a message, the proces-
sor writes to its local memory and reports this write to the other
processors by putting a corresponding message in its buffer. Ev-
ery message can be processed at most once by every other proces-
sor, and messages should be processed in the same order in which
they were issued. Thus, message buffers are taken to be lists, and
each processor maintains a set of indices storing its current location
in every other buffer, and constantly progressing while processing
messages. Naturally, a message can be removed from a buffer when
all processors have processed it.

This already gives intuitive account for the possible non-SC
behavior in the store buffering example, that cannot occur in the
message passing example (see §I). In a terminating run of the (SB)
program, both processors follow their own instructions, ignoring
the other message buffer. On the other hand, in every run of the
(MP) program, for the first wait command to terminate, the second
processor must process the message from the first processor that
sets y to 1. Since outgoing messages are ordered, it will first process
the message that sets = to 1, assigning 1 to x in its local memory.
Thus, the second wait will never terminate.

Nevertheless, so far, the proposed machine fails to explain the
following example (litmus test CoRR2 in [23])):

wait (z =1)
wait (x = 2)

wait (z = 2)

zi=2 wait (x = 1)

z:=1 (CoRR2)

Assuming that initially all variables are 0, under SRA (or, similarly,
under RA or SC, as they coincide on programs with a single vari-
able) this program cannot terminate. Indeed, in its executions, the
z-modification order must order the two writes, forcing one par-
ticular order in which the two values can be observed. However,
according to the description above, nothing forbids the two readers
to process the messages from the two buffers in opposite orders.
To address this mismatch, the second main idea in the machine
is the use of global timestamps counting the number of writes

to every location. Whenever some local write is performed to a
location z, the global timestamp for x is increased, and attached
both to the local stored value and to the message reporting this
write. When processing a write message to location  from another
buffer, the processor compares the timestamp stored in its local
memory for x with the timestamp of the message, and performs
the write only if the message has a greater timestamp. Otherwise,
the processor skips the message. For the example above, assuming
that the first reader terminated, it must be the case that the  := 2
was performed after the x := 1 write (otherwise, this reader would
skip the message for x := 2). Hence, the second reader can either
process the x := 1 message first, and then the x := 2 one (exactly
as the first reader), or process first the x := 2 message, but then it
is forced to skip the older message, and cannot observe the value 1.

As shown below, a machine based on these two simple ideas
provides a precise account for SRA. Note that this operational
model is too strong for RA. Indeed, getting back to the (2+2W)
example (see Fig. [5), assuming that the first processor terminated
and the second arrived just before the last wait, note that before
processing the z2 := 1 message, the first processor must have
processed the x := 2 message before its own x := 1 instruction, or
skipped the « := 2 message. Thus, x := 2 had a smaller timestamp
than z := 1, and so, y := 1 had a smaller timestamp than y := 2.

This implies, however, that between performing the local y := 1
write instruction and processing the z; := 1 message, the second
processor must have processed the y := 2 message, and replace

the value locally stored for y from 1 to 2. Thus, the last wait of the
second processor cannot terminate.

Next, we turn to the formal development of the operational
semantics and its soundness and completeness proof. We define
the machine as a labeled transition system: a set of states and a
labeled transition relation. A machine state takes the form of a pair
[S, T, where S assigns a processor state to every processor, and T’
is the global timestamps table. In turn, a processor state consists of
alocal memory M, an outgoing message buffer L, and a function /
that records the current location in every other message buffer. For
every 1 <14 < N, I(i) is the index of the first message in the buffer
of processor ¢ which was not yet observed by the current processor.

Definition 11. A processor state is a tuple (M, L, I), where:

* M : Loc — ((Val x N) U {(L,0)}) is the local memory. We
write M (x) = vQ@t for M(z) = (v,t), and M(z) = 1L Q0
means that x is uninitialized.

L is an outgoing message buffer that takes the form of a list of
messages, where a message m has the form |z:=v@t|, where
z € Loc, v € Val, and t € N. We use “;” for concatenation
of such lists (and write, e.g., m; L or L; m), and often refer to
L as an array. L[k] denotes the kth message in L (starting from
1), and |L| is the number of messages in L.

I:{1,...,N} — N* is a function assigning an index in every
other message list.

Definition 12. A machine state is a pair of the form [S, T'], where
S is a function assigning a processor state to every processor
1 <4< N,and T : Loc — N assigns a timestamp to every
location. Given an initial state o, the initial machine state [Ss, Ty]
is given by S, = Xi. (My, Ly, Ip) and Ty = Az. 0, where
My = Ax. 0(2)@0, Ly =€, and Iy = Ai. 1.

The machine semantics is given in Fig. [§] Its steps follow the
informal description above: (READ) steps read from the local mem-
ory; (WRITE) steps write to the local memory, add a corresponding
message, and increment the global stored timestamp for the specific
location; (PROCESS) steps pull a message from some buffer with a
timestamp that is greater than the local stored one, perform the local
write, and increment the current location in the buffer; (SKIP) steps
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(WRITE) (UPDATE)
(READ) S@) = (ML, 1) T(x)=t S@) = (M,L,I) T@) =t M()=v@t
S() = (M,—,—) M' = M[z — v@Qt + 1] L' = L;|z:=vQt + 1] M’ = M[z + vy, @t + 1] L' = L;|z:=v,Qt + 1]
M(z) = v@— T =Tz t+1] T =Tz t+1]
|5, 7] L2 (5,7 15, 7] S5 [(i s (M7, 1, 1)), T) (8, 1) SE e (S s (M, I, 1)), T
IG)=k k<|L;|  Lj[k] = [z:=v@t;] IG) =k k<|Lj| Lkl = [o:=—Qt;]
M(z) = -Qt;  t; <ty M(z)=~Qt; t; <t
(PROCESS) M’ =Mz —0Qt;] L' =Ljle:=v0t;] I'=1Ij—k+1] (SKIP) I'=1I[j—k+1]

[S,T] — [S[i — (M', L', I)], T [S,T] — [S[i — (M, L, I')],T]

S(i) =(M,m; L,I)  Vj#i.S(j) = (Mj, Lj, I;)
Vi # i 8'(5) = (Mj, Lj, Ij[i = I; (i) — 1])
[S,T] — [S',T)

(CLEAN)

Figure 8. Machine steps

1,i

PP (ST 8T
(P,[S,T]) — (P',[S",T"])
PP [S,T) — [S',T"]
(P,[S,T]) = (P, [S,T]) (P,[S,T]) = (P,[S",T"])

Figure 9. Program and machine combined steps

pull a message from some buffer with a timestamp that is less than
or equal to the local stored one, and skips the message by just incre-
menting the current location in the buffer; and (CLEAN) steps re-
move the first message in a buffer, provided that all processors have
already processed or skipped it. Finally, (UPDATE) steps (which
were not explained above) naturally combine reads and writes. In
addition, for performing (UPDATE) the processor should have the
most recent value of the updated location x. Thus, it verifies that the
timestamp ¢ stored in its memory for z (M (xz) = v,@Qt) is equal
to the global timestamp of x (T'(z) = ¢). Otherwise, the processor
cannot continue and is forced to pull messages from other proces-
sors. This corresponds to the fact that SRA update events (exactly
as RA ones, and unlike plain read events) should read from their
immediate predecessor in the relevant modification order.

The combined machine and program semantics is given in
Fig. P Note that it is defined exactly as the combined execution
and program semantics (see Fig.[d), using machine steps instead of
execution steps, and including internal machine steps that do not
affect the program ((PROCESS), (SKIP), and (CLEAN) steps).

Theorem 1 (Soundness and Completeness). A program P may
terminate under SRA from an initial state o iff (P, [S,, Ty]) —"
(Pinal, [S, T')) for some machine state [S, T7].

A straightforward application of this theorem is to provide al-
ternative accounts for the soundness of the source-to-source trans-
formations mentioned in Using the operational model, prov-
ing validity of such transformations becomes a more ordinary task:
one should show that the behavior of the machine on the result-
ing program is also possible when running the original one. For
example, we give an informal argument for the soundness of the
transformation that eliminates the first assignment command in a
pair of the form z := v;x := v’. To simulate an execution of the
resulting program, the machine running the original program can
perform the two writes in two consecutive steps when the resulting
program performs the second write, and pulls the two correspond-

ing messages in consecutive steps whenever the machine running
the resulting program pulls the 2 := v’ message.

Note that two possible variants of the machine are equivalent
to our definition. First, if we omit the (CLEAN) rule, then the local
memory is uniquely defined by the message buffer, and instead of
inspecting the value (and timestamp) of a location x in the memory,
each processor can check for the last message modifying « that
appears in its buffer. The second alternative is to have one message
queue between every (ordered) pair of processors. In this case,
there is no need for pointers in message lists. Instead, every write
message is enqueued to all outgoing queues, and the processors
asynchronously dequeue messages from their incoming queues.

Soundness and completeness proof. As the main tool in the
proof of Thm. [I] we introduce the notion of a history, that intu-
itively correspond to a log of a machine execution. Formally, a his-
tory is a totally ordered set of actions — expressions of the form a@s
where a is an event and 7 is a thread identifier, such that a € WUU
whenever tid(a) # 4. An action a@j is standing for “processor &
observes event a”. The event a can either be an event originated
by thread 7 (tid(a) = %), or a write/update event of another thread
(as reads are not reported in message buffers). Obviously, not every
order of actions is possible. Next, we define legal histories.

Definition 13. A history H = (B, <) induces the following
functions:

1. H.before : RUU — P(W UU) is given by H.before(a) =
{beWUU | b@tid(a) < a@Qtid(a),loc(b) = loc(a)}.

2. Hlast : RUU — W UU is a partial function assigning
a write/update event b to every read/update event a such that
bQtid(b) = max<{cQi € B | ¢ € H.before(a),i = tid(c)}.
If H.before(a) is empty, then H.last(a) is undefined.

Definition 14. A history H = (B, <) is called legal if the follow-
ing hold:

1. valy(a) = valy (H.last(a)) for every a € dom(H.last).

2. Forevery a € WU U and bQ: € B, if a@Qtid(b) < bQtid(b),
then a@¢ € B and a@s < b@s.

3.Forevery a € WUU and b € U, if loc(a) = loc(b)
and a@tid(a) < bQtid(b), then b € dom(H.last) and
aQtid(a) < H.last(b)Qtid(H.last(b)).

4. aQtid(a) < a@Qi for every a@i € B.

The first condition ensures that the performed reads/updates
obtain the values of the latest write/update (to the relevant location)
that was observed by the current thread. The second condition

2015/11/6



corresponds to the fact that message buffers are ordered—before
thread 4 observes an event b originated by thread j, it must observe
every event a that was observed by j before it originated b. The
third requirement guarantees that updates are performed only while
having the latest value. The last condition ensures that events are
observed by other threads only after their origination. Next, we
relate histories to a given plain execution and initial state.

Definition 15. Let G = (A, po, () be a plain execution, and o be
an initial state. A history H = (B, <) is called:

* G-suitable if the following hold:
1. For every a@i € B, we have a € A.
2. For every a € A, we have a@tid(a) € B.
3. For every (a,b) € po, we have a@tid(a) < bQtid(b).
* o-suitable if val,(a) = o(loc(a)) whenever a@tid(a) € B
anda € (RUU) \ dom(H.last).
* (G, 0)-legal if it is legal, G-suitable and o-suitable.

The next key theorem is the formal correspondence between
SRA-consistency and legal histories.

Theorem 2. Let GG be a plain execution, and o be an initial state.
Then, o; G is SRA-consistent iff there exists a (G, o)-legal history.

Proof sketch. We consider here the case that o = Az. L. Assuming
G = (A, po,0) is SRA-consistent, choose rf such that G' =
(A, po, rf) is a complete and SRA-coherent execution, and let mo
be a modification order in G’ (see Prop. . Forevery 1 <i < N,
let A, = {a € A | tid(a) = i}, A] = A; UGWUG.U, and
<i= ((hb N (A x AD) U ((A; x (AL \ A:)) \ kb~ )T, where
hb = (po U rf)*. In addition, let B = {a@i | 1 <i < N,a €
A}, B = {aQi € B | tid(a) = i,a € W UU}, and define the
following relations:

1. Ty = {{a@i,bQj) € B x B | i = j,a <i b}.
2. Ty = {(a@z,b@y) € B’ x (B \ B/) ‘ a = b}
3. Ts = {(a@3,bQj) € B’ x B'| {a,b) € mo}.

We show that 77 U T5 U T3 is acyclic, take < to be a total order on
B extending (T1 U T> U T3) ™", and prove that H is (G, o')-legal.
For the converse, given a (G, o)-legal history H = (B, <),
we show that G’ = (A, po, H.rf) is a complete execution, where
H.rf = {{a,b) € Ax A | H.last(b) = a}. To prove that it is also
SRA-coherent, we choose mo = {{a,b) € (GWUG.U) x (G.WU
G.U) | a@tid(a) < bQtid(b)}, and use Prop.[7} O

Roughly speaking, using Theorem [2] the soundness proof pro-
ceeds by showing that a log of a terminating execution of the ma-
chine from an initial state [S5, Tp] of a program P forms a (G, 0)-
legal history, where G is an execution of P. The completeness
proof makes use of the other direction of Theorem[2] and shows that
histories are “executable”, i.e., every (G, o)-legal history, where G
is an execution of a program P, can be followed by the machine
executing P starting from [S,, Tp].

5. Fence Commands

In this section, we extend our programming language with a mem-
ory fence command, denoted by fence(), and show that these
commands can be used to enforce sequential consistency under RA
(or SRA). Our semantics for fence commands is as if they were
atomic assignments (RMWs) to a particular otherwise unused lo-
cation. In other words, fence () is simply syntactic sugar for the
atomic assignment (f := 0), where f is a distinguished loca-
tion that is not mentioned in any non-fence command. As a result,
fence () instructions induce fence events, that is events with labels
(U, f,0,0). We further require that any initial state o has o(f) = 0.

Accordingly, executions of programs (together with the initializa-
tion part) are all well-formed, as defined next:

Definition 16. An execution G = (A, po, rf) is well-formed if the
set Ay = {a € A | loc(a) = f} consists only of fence events,
except for one event a with lab(a) = (W, f,0) that initializes f
(i.e., (a,b) € po forevery b € As \ {a}).

The fundamental property, that allows the reduction to SC,
is that fence events are totally ordered by rf* as shown by the
following proposition.

Proposition 8. Given a well-formed complete RA-coherent exe-
cution G = (A, po, rf), the relation rf * is total on the set of fence
events in G.

Based on this property, we show that our fences are sufficient for
restoring SC. More specifically, we call an event G-racy if it races
with some other event in an execution G (see Def.[9)), and show that
having a fence event between every two (po U rf) " -related racy
events in a well-formed complete RA-coherent execution means
that the execution is also SC-coherent. Following Shasha and Snir
[31]], we employ the following definition of SC-coherence:

Definition 17. An execution G = (A, po,rf) is called SC-
coherent if there exist relations {mog }zcLoc, such that:

* For every « € Loc, mo, is an z-modification order in G.
* The relation po U rf U |J, mo, U |, fre is acyclic, where
fre = (rf " moy) \ Ida.

Theorem 3. Let G = (A, po, rf) be a well-formed complete RA-
coherent execution. Suppose that for every two G-racy events a, b,
if loc(a) # loc(b), and {(a,b) € po U (po; (po U rf)*; po), then
{a,c), {c,b) € (po U rf)* for some fence event c. Then, G is SC-
coherent.

A simple corollary of this theorem is a per-execution data race
freedom (DRF) property:

Corollary 1. Well-formed complete RA-coherent executions that
have no racy events are also SC-coherent.

The simplest way to enforce executions that satisfy the condi-
tion of Thm. [3]in a given program is for each thread to include
a fence command between every two accesses of different shared
variables. In general, all these fences are necessary: the SB program
shows fences may be needed between writes and subsequent reads,
IRIW shows that fences are needed between two reads, and the fol-
lowing two programs show that fences are required between two
writes, and between a read and a subsequent write. Assuming all
variables are initialized to 0, these programs (without the crossed
out fences) may terminate under RA (or SRA) but not under SC.

z:=1 yi=2 wait (y =1)
Teres] || fence() fence()
y:=1 wait (x = 0) || wait (y = 2)
wait (z=1) || y:=2 wait (y = 1)
z:=1 | Iswesl] fence() fence()
y:=1 wait (z =0) || wait (y = 2)

It is worth contrasting Thm. [3] with the corresponding one for
TSO. Under TSO, fences between every shared variable write and
every subsequent shared variable read suffice to restore SC [24].
For a particular common class of programs, however, we can get a
reduction to SC that requires fewer fences similar to those required
for TSO. This is based on the following theorem:

Theorem 4. Let G = (A, po,rf) be a well-formed complete
RA-coherent execution. Assume that G' is WW-race free and there
exists a set B C A of protected events such that the following hold:
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1. (po U rf)™ is total on B.

2. If a races with b in G, then eithera € Borb € B.

3. For every G-racy write/update event a € B and G-racy read
event b € B, if loc(a) # loc(b) and {(a, b) € (po U rf)T, then
{a,¢), (c,b) € (poU rf)* for some fence event c.

4. For every G-racy write/update event a ¢ B and G-racy read
event b € B, if loc(a) # loc(b) and (a, b) € (po U rf)™T, then
{a,¢), (c,b) € (poUrf)™ for some fence or protected event c.

Then, GG is SC-coherent.

Theorem [4] can be applied in various cases, e.g., two-threaded
programs (by taking B to consist of the events of one of the
threads), and concurrent data structures with a single writer and
multiple readers (by taking B to consist of the writer events).

A direct use of Thm. [4]is for programs that include critical sec-
tions (see the discussion after Prop. B]in §3). First, we lift the def-
initions of racy events to the program level by over-approximating
the set of racy events: Say that two commands race on x if they
both mention x, appear on different threads, at least one of them
modifies x, and at least one of them is unprotected (appears out-
side a critical section). In addition, we say that a command is an
x-racy read command if it reads x and races on x with some other
command; and similarly, a command is an z-racy write command
if it modifies x and races on x with some other command. Then,
obeying the following conditions suffice to guarantee SC behavior:

(1) Every command modifying a location also modified in an-
other thread, is protected.

(i) No two unprotected commands race (on some location).
(iii) There exist fence commands:

* Outside critical sections, between every x-racy write com-
mand and subsequent y-racy read command for x # y.

* Inside critical sections, between every x-racy write com-
mand and subsequent y-racy read command for x # y.

* Either after the last racy write command or before the first
racy read command inside all critical sections.

Indeed, suppose that a program P obeying this discipline may
terminate under RA. Let G’ = (A, po, rf) be an RA-coherent
complete execution that extends a plain execution G' = (A4, po, 0)
of P. Condition (i) ensures that G’ is WW-race free. We take the
set B of protected events to be the set of all events induced by the
commands in the critical sections. Then, (po U rf)™" is total on B.
Further, we can assume that all lock() commands immediately
succeed and induce a single update event in G’ (otherwise, remove
the read events that correspond to failed attempts to acquire the
lock, and G’ remains an RA-coherent complete execution that
extends an execution of P). Condition (ii) ensures no races between
two events outside B. Additionally, conditions (ii)-(iii) guarantee
that conditions 3 and 4 of Thm. ] are met. The theorem implies
that G’ is SC-coherent, and hence P may terminate under SC.

5.1 Verifying a Read-Copy-Update Implementation

We demonstrate the application of Thm.[]to a practical weak mem-
ory algorithm, the user-mode read-copy-update (RCU) implemen-
tation of Desnoyers et al. [13].

RCU is a mechanism, deployed heavily in the Linux kernel,
that allows a single writer to manipulate a data structure, such as
a linked list or a binary search tree, while multiple readers are con-
currently accessing it. To ensure that a single writer updates the
data structure at any given time, a global lock is used to protect the
writes. To ensure correctness of the concurrent readers, the writer
instead of directly modifying a piece of the structure, first copies
that piece, modifies the copy, and then makes the new copy acces-

rcu_quiescent_state():
Ll: Toweelly // fence removed
L2: rc[getmy tid()] := gc;
L3: fence();
rcu_thread offline():
L4: Teweelll // fence removed
L5: rclgetmy tid()] := 0;
L6: fence(); // fence inserted
rcu_thread_online():
L7: rclgetmy tid()] := gc;
L8: fence();
synchronize _rcu():
L10: local was_online := (rc[getmy_tid()] # 0);
L11l: Ieweell // fence removed
L12: if was_online then rclgetmy_tid()] := 0;
L13: lock();
L14: gc = gc + 1;

L15: barrextI; fence(); // barrier replaced by fence
Li6: for i := 1 to N do

L17: wait (rcli]l € {0,gc});

L18: unlock();

L19:  if was_online then rc[getmy_tid()] := gc;

L20: fence();

Figure 10. A user-mode read-copy-update implementation based
on [13], where all variable accesses are release/acquire accesses.
The fences are shown as in the original program: fence() is
a memory fence, while barrier() is a compiler fence. In our
variant, we replace the compiler fence with a (stronger) memory
fence, insert a fence on line 6, and remove the unnecessary fences.

sible and the old one inaccessible. To deallocate the inaccessible
piece, it invokes the synchronize _rcu() procedure, which waits
for all the readers to stop accessing the old copy.

The readers, on the other hand, do not acquire any locks. They
only need to periodically call rcu_quiescent_state () when they
are not accessing the data structure and not keep any internal point-
ers to the data structure across calls to rcu_quiescent_state().
Alternatively, the readers may also call rcu_thread offline()
when they have stopped accessing the data structure and call
rcu_thread online() before accessing it again. The second al-
ternative is slightly more expensive but avoids the need of having
to call rcu_quiescent_state () every once in a while.

Figure [I0] shows the implementations of the four aforemen-
tioned synchronization methods. The threads synchronize via two
variables: the global counter, gc, and an array of read counters, rc,
with one entry for each thread, and use a global lock to serialize
accesses to the synchronize_rcu method.

RCU programs, based on the implementation in Fig. [T0} follow
the syntactic discipline that allows us to apply Thm. 4]

(i) The only commands that modify a location also modified in
another thread, are the assignment to gc on line 14, and the
writer’s updates of the RCU-protected data structure, which
are all protected by the lock.

(ii) Restricting attention to unprotected commands (lines 2, 5,
7, 10, 12, 19), the only locations that are modified are the
rc[i]’s and was_online, but each of them is accessed only
by one particular thread. The RCU-protected data structure
itself is modified only by protected commands.

(iii) Outside the critical sections, there is a fence immediately
after every racy write command (namely, the assignments to
rc[getmy_tid()] on lines 2,5,7,19).

(iv) Within the critical section of synchronize rcu() (lines
14-17), there is a fence immediately after every assignment
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Figure 11. Illustration of the additional forbidden cases under
TSO according to Thm. [3]

(namely, the assignment to gc on line 14), and before the first
racy read (line 17).

(v) The critical section modifying the RCU-protected data struc-
ture has no racy reads.

Therefore, by Thm.[d RCU programs have the same behaviors
under SC as under RA (and SRA).

6. Relation to TSO

In this section we study the relationship between SRA and TSO,
the total store ordering memory model provided by the x86 and
SPARC architectures. TSO is known to be stronger than RA. We
show that it is also (strictly) stronger than SRA. This entails that
the ordinary compilation of C11 release/acquire accesses to TSO
actually also guarantees SRA consistency.

To relate SRA and TSO, we use the declarative model of TSO
of Owens et al. [25] that was used to prove correctness of the
compilation of RA to x86-TSO.

Definition 18. A relation tso is called a fotal store order for an
execution G = (A, po, rf) if it satisfies the following:

* tso is a strict partial order on A, that is total on G.W U G.U.

* po C tso U (G.W x G.R) and rf C tso U po.

* If (a,c) € rf, (b,c) € poUtso,b € WUU, and loc(a) =
loc(b), then (a, b) & tso.

G is called TSO-coherent if there exists a total store order for it.

Note that unlike modification orders, the total store order relates
also read events. Next, we provide an equivalent characterization
that is based on a modification order and has a similar nature to the
formulation of SRA given in Prop. [7](see also Fig.[TT).

Theorem 5. An execution G = (A, po, rf) is TSO-coherent iff
po U rf is acyclic, and there exists a modification order mo in G
(see Def. [T0) that satisfies the following additional condition:

* If (a,c) € rf, (b,c) € ((mo; (rf \ po)) U (mo N (A xU)));
po, and loc(a) = loc(b), then {(a, b) & mo.

Proof sketch. For one direction, we take mo = tso N (W UU) x
(W UU)), and show that mo satisfies the required conditions. For
the converse, we show that (mo U (po \ (W x A)) U (rf \ po))™
is a total store order for G. O

Intuitively speaking, the modification order of Thm. [3] is the
order in which the writes propagate to the main memory of the
TSO-machine. When a processor of a TSO-machine reads from
a location x, it obtains the value of the last write instruction to
x that appears in its local store buffer, and if no such instruction
exists, it obtains the value of the write to x that was the last to
propagate to the memory. The condition on the pair (b, c) in the
theorem ensures that the reads-from edge (a,c) corresponds to
reading from the main memory, rather than from the local buffer.
Note that taking just (b,c¢) € ((mo;rf) U mo);po instead of
(b,¢) € ((mo; (rf \ po)) U (mo N (A x U))); po in the condition
given in Thm. [5|results in another formulation of SC.

Using this theorem and Prop. the relation to SRA is an
immediate corollary: We have that SRA < TSO, i.e., if G is TSO-
coherent then it is also SRA-coherent. Note that SRA is strictly
weaker than TSO (even for WW-race free executions): the IRIW
program (presented in §T)) may terminate under SRA but not under
TSO. In addition, as the following example shows, two threads
suffice for observing the difference between SRA and TSO.

z:=1 y:=1
(fr:=1) (f2:=1) (SBU)
wait (y =0) || wait (z = 0)

This program may terminate under SRA but not under TSO (where
initially all variables are 0). However, if we restrict our attention
to executions without update events, then SRA and TSO coincide
for two threaded executions. To see this, it suffices to note that
mo; (rf \ po) C (po U rf)™ for such executions.

An important consequence of the relation to SRA is that the
same compilation scheme for RA (that maps writes, reads, and up-
dates to plain TSO write, read, and RMW instructions [6]]) guaran-
tees SRA. Therefore, SRA has no additional implementation cost
over RA on TSO-machines. Additionally, note that our fence in-
structions (updates to an unused location, see §3)) can be compiled
directly to an mfence instruction on x86-TSO. The correctness is
obvious: Compiling the atomic assignment (f := 0) to a suitable
x86-TSO RMW instruction (such as lock xchg) is sound. But
then, according to the operational x86-TSO model, if we ignore
the value of location f, the effect of an mfence and a RMW on f
is identical: they wait for the store buffer to be flushed.

Next, we identify a condition that ensures that RA and TSO
coincide.

Theorem 6. Let G = (A, po, rf) be a WW-race free RA-coherent
execution. Suppose that G.U = (), and there exists a set B C A of
protected events such that the following hold:

* (poU rf)* is total on B.
* If a races with b in G, then eithera € Borb € B.
* If {a,b) € rf \ po, then eithera € Borb € B.

Then, G is TSO-coherent.

Remark 1. As the following example shows, the claim of Thm. [§]
does not hold if we allow even a single update to an otherwise
unused location:

z:=1 —1
z1:=1 wait (z1 = 1) g{f_— 1)
wait (22 =1) || 22:=1 wa:i:;(m 0)
wait (y = 0) a

This program may terminate under RA but not under TSO (where
initially all variables are 0). In fact, under RA (or SRA), adding one
update event to an otherwise unused location has no effect (whereas
in the TSO-machine it forces the buffer to be flushed). This may
indicate that the current semantics of updates in TSO is too strong,
and weaker update instructions, as studied in [26], can be useful.

A consequence of Thm. [f] is that TSO and RA coincide for
update-free “client-server programs”. We say that a program fol-
lows the client-server discipline iff its locations can be partitioned
into disjoint sets X1,..., Xn such that thread S (“the server”)
writes only to variables in Xg, and each (“client”) thread i # S
reads only from variables in Xs U X; and writes only to vari-
ables in X;. In other words, client threads cannot communicate di-
rectly with other client threads, but only via the distinguished server
thread. By taking the set B to be the set of events generated by the
server, we can apply Thm.[6]for executions of such programs. As an
example, Thm.[6]can be applied to a fence-free implementation of a
simple version of the RCU mechanism (presented in Fig. [I2)). This
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synchronize rcu():
rcu_quiescent_state(): gc :=gc + 1;
rclgetmy_tid()] := gc; for i := 1 to N do
wait (rcl[i] = gc);

Figure 12. Simple RCU implementation

G.isync = {(a,b) | Ic € G.isync. (a,c) € deps A (c,b) € po}
G.lwsync = {(a,b) | Ic € G.lusync. {(a,c) € po A {c,b) € po}
G.sync = {(a,b) | Ic € G.sync. {a,c) € po A {c,b) € po}
G.ppo = (deps U G.isync) N ((R x (RUW))
G.fence = G.sync U (G.lwsync N ((R x (RUW))U (W x W))
G.rfe = rf \ po
G.hb = G.ppo U G.fence U G.rfe
G.base = G.rfe’; G.fence; G.hb*
G.po-aa = poN ((AtNW) x (AtNW))
G.rmw = ipo N ((AtNR) x (At NW))

Figure 13. Auxiliary notations for a Power execution G =
(A, po, deps, rf, At). ipo denotes the set of immediate po-edges.

(z|) = 1wz ro,x - cmpw 9,70 - beq L - L: - isync
(z :==wv|) =1irg,v - lusync- stwrg,x

lwsync - Loop: -
({z := x + 1)|) = 1lwarx r9, 0, x - addi ro, 70, 1 - stwecx. 70,0, -
bne Loop - cmpw 70,10 - beq L - L: - isync

(fence()|) = sync

Figure 14. Compilation of reads, writes, atomic increments and
fences to Power

version does not support readers going offline (and thus, requires
them to constantly periodically call rcu_quiescent_state()),
and assumes that one particular thread serves as the writer (that
calls synchronize_rcu()). This allows reasoning about correct-
ness under RA using existing techniques for TSO.

7. Relation to Power

In this section, we show that the SRA memory model is equivalent
to the Power memory model of Alglave et al. [4] when following
the standard compilation scheme of C11 release/acquire atomics to
Power [7, 129, i.e., inserting an 1lwsync (lightweight synchroniza-
tion) fence before every write and a conditional branch followed by
an isync fence after every read. Atomic updates are compiled into
two consecutive ‘atomic’ accesses: a load reserve (lwarx) instruc-
tion followed by a store conditional (stwcx) instruction, wrapped
inside an “update loop” because the store-conditional may fail to
perform the update. Fence commands are compiled to a single
Power sync fence instruction. Figure [T4]depicts some examples.

The Power model. To make our presentation self-contained, we
briefly recall the definition of Alglave et al. [4]. The reader is
referred to this paper for further explanations and details. A Power
execution is taken to be a tuple G = (A, po, deps, rf , At) where:

* A C A,, where A, is the set of Power events. A, includes read
and write events (R and W, see , but no updates (G.U = ().
In addition, it includes events for the different Power fence

instructions (whose types are sync, lwsync, or isync). We
denote by S the set of all events with type sync.

po and rf are program order and reads from edges (as before).

deps C po denotes the set of data, address and control depen-
dency edges between instructions that Power implementations
are guaranteed to preserve. In particular, the compilation of the
acquire read induces a (control) dependency edge between the
read and the isync events by introducing a “fake” compare-
and-branch sequence.

At C A records the set of atomic events in G (i.e., the loads
and stores belonging to an update).

A Power execution G induces a number of relations, defined
in Fig. [I3} instruction fence order (G.isync), lightweight fence
order (G.lwsync), strong fence order (G.sync), preserved pro-
gram order (G.ppo), fence order (G.fence), external reads-from
(G.rfe), happens-before (G.hb), basic propagation (G.base), pro-
gram order between atomic events (G.po-aa), and read-modify-
write (G.rmw). For all these notations, we omit the “G.” prefix
when it is clear from the context.

Definition 19. A Power execution G = (A, po, deps, rf, At) is
called Power-coherent if hb is acyclic (No-thin-air) and there exist
relations {cox }zeLoc, such that each co, is a total strict order on
G.W; and the following hold:

* SC-per-loc: polz U rf U fr U co is acyclic for every = € Loc,
where pol, = {{(a,b) € po | loc(a) = loc(b) = z}.

* Atomicity: rmw N (fre; coe) = 0.

* Observation: fre; prop; hb™ is irreflexive.

* Propagation: co U po-aa U prop is acyclic.

where co = |, cos, coe = co\ po, fr = rf ~'; co, fre = fr \ po,
prop = (base N (W x W)) U (chapo”; base*; sync; hb*), and
chapo = coe U fre U rfe U (coe; rfe) U (fre; rfe).

The relation co, called coherence order, is used instead of the
modification order in the SRA model (see Prop. [7). The SC-per-
loc property is similar to the xz-modification order definition (see
Prop. [2), but weaker as it rules out cycles with accesses of only
one location. Nevertheless, it suffices to rule out the weak behavior
of the example. The Atomicity property basically corre-
sponds to the third case of Fig. [6] The Observation property rules
out the weak behavior of the MP example, making use of the rela-
tion prop, called propagation order. Finally, Propagation rules out
the weak behavior of the example.

Alternative semantics for sync fences. We first prove a gen-
eral property of the Power model: its sync fences are equiva-
lent to release-acquire RMWs to a distinguished location. This
entails that sync instructions (and events) are redundant in the
Power model, and justifies our treatment of fences as syntactic
sugar for the atomic assignment (f := 0). To prove this property,
we define a correspondence between Power executions with sync
events and those obtained from them by replacing these events
with release-acquire updates. Given plain Power executions G5 =
(As, pos, deps,, 0, Ats) and G, = (A,, po,., deps,., D, At.), we
write Gs ~ G, if no event in G accesses location f and G, is
obtained from G5 by (1) adding an initialization event with label
(W, f,0) and (2) splitting each sync event of G into a sequence
of four po,-consecutive events with labels (lwsync), (R, f,0),
(W, £,0) and (isync), (3) adding a deps, edge between each
(R, f,0) event and its corresponding (W, f,0) and isync events,
and (4) including the introduced read and write events in At,.

Theorem 7. Let G,,G, be plain Power executions, such that
G s ~ G,.Then, G is Power-consistent iff G, is Power-consistent.
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Proof sketch. We write as =~ a, for corresponding events as in G
and a, in G,. Let rfs, such that G, = (A, pos, deps,, rfs, Ats)
is complete and Power-coherent, and let {cos}zcroc\{s} be the
coherence orders for G, that satisfy the conditions of Def. We
construct rf, and coy, such that G;. = (A, por, deps,., f., At,)
is complete and {coy }zeloc satisfy the conditions of Def. for
G".. We note that Propagation entails that the relation

(pos; hb*; (co U po-aa U (base N (W x W)))*,) NS % 8)

chapo”; base™; pos
is acyclic (using the notations of Fig.[T3|and Def. [T9|for G). Take
T to be a strict total order on G,.sync X Gs.sync extending this
relation. We set coy = {{ar,b,) € G, Wy x Gy Wy | Ias,bs) €
T. as = arAbs = b.} and rf, = rf;U(ico; rmw™"), where ico
consists of the immediate co y-edges, and show that the conditions
of Def. [[9 are satisfied.

For the converse, we pick 7fs = {(a,b) € rf. | loc(a) # f}
and show that the conditions of Def.[[9are satisfied for the relations

{coz}eeLoc\{}- O

An interesting consequence of this theorem is that a Power pro-
gram with just one sync fence is equivalent to the program where
that sync fence is replaced with an lwsync fence. Indeed, the ef-
fect of a release-acquire RMW to an otherwise unused location is
equivalent to the effect of a single 1wsync fence.

Compilation soundness and completeness. To relate the SRA
and Power models, we first define a correspondence between ex-
ecutions defined in (that we refer to as SRA executions) and
Power executions. Here, we consider only Power executions that
result from the standard compilation scheme of C11 release-acquire
accesses to Power (see Fig. [[4). Further, observing that a program
may terminate under Power iff it has a Power-consistent execution
in which all update loops succeed immediately, we assume that up-
date commands generate just one read event.

Definition 20. Given an SRA execution G = (A, po,rf) and a
Power execution G, = (Ap, po,, deps, rf,, At) with G,.sync =
0, we write G ~ G,, if there exist bijections:

w:GWUGU = G W fu,: GWUGU — Gp.lusync
r:GRUGU = GpR fr : GRUG.U = Gp.isync

such that the following hold, where g :
function w™t U fat Ur U £l

Ap — A denotes the

* locow = loc, valy ow = valy, locor = loc, val.or = val,
{(a,b) € Ay x Ay | (g(a),g(b)) € po}\ *
U{{fw(a),w(a)) | a € GW}

U
* pop = !

* deps 2 {(r(a),w(a)) | a € G.U}

* deps 2 {(r(a), fr(a)) | a € GUUGR}

* 1fp = {{w(a),r()) | {a,b) € 1f}

* At ={r(a) | a € GU}U{w(a) | a € G.U}

Informally, one can easily see that for every SRA execution G of

a program P, there exists a Power execution GG, of the compilation
of P such that G ~ G, and vice versa. For Power executions that
relate to SRA ones, we can simplify the Power model as follows:

Proposition 9. Let G, = (A, po, deps, f , At) be a Power execu-
tion that is ~-related to some SRA execution. Then:

s ppo=poN (R x (RUW)).
. fence — (<<p0 \ rmw) N (RUW) x w));)
(po N (W x (RUW)))’ :

Next, we prove that for related executions, SRA-coherence co-
incides with Power-coherence.

Theorem 8. Let G ~ G, be related SRA and Power executions.
Then, G is SRA-coherent iff G, is Power-coherent.

Proof sketch. For one direction, we show that any total order ex-
tending {(w™"(ap), w™ " (by)) | {ap,bp) € (coUprop)*}isa
modification order in GG. For the converse, we satisfy the conditions
of Def.[I9|by taking co. = {(w(a),w(b)) | (a,b) € mo,}. O

The exact correspondence between SRA and Power entails that
SRA cannot be further strengthened without modifying the existing
compilation scheme. Note that for RA only the right-to-left impli-
cation holds because SRA is strictly stronger than RA.

8. Related Work

Steinke and Nutt [34] developed a hierarchy of memory models ex-
pressed in terms of per-thread view order, that uniformly accounts
for several classical consistency models (such as causal consistency
[3] and PRAM consistency [21]]). Except for SC, all these classical
models are strictly weaker than RA. Roughly speaking, the reason
is that a per-thread view induces a per-thread modification order,
while RA assumes a global modification order for each location.

There are some other recent operational memory models. Many
of these (e.g., [4}, 13, 136]) are essentially wrappers around a declar-
ative model: they build an execution graph in a stepwise fashion
and check for consistency as new events are added to the execu-
tion. In contrast, our operational semantics for SRA does not refer
to graphs and consistency axioms. An operational memory model
for Power was defined by Sarkar et al. [28]], and it is stronger than
the model of [4]]. Their operational model attempts to cover the en-
tire Power architecture and is thus substantially more complex than
ours. In addition, Zhang and Feng [40]] present an operational weak
memory model for Java that models weak behaviors by allowing
event replay. The resulting model is much weaker than RA.

Wickerson et al. [39] proposed a new simpler semantics for SC
accesses, including SC fences. While their semantics of SC fences
is stronger than the C11’s semantics, it is weaker than ours, and
still allows weak behaviors for RA programs even when fences are
placed between every two commands.

Weak consistency models appear also in the context of dis-
tributed systems, and more specifically, for replicated databases.
These models include an additional construct of a transaction,
which can be seen as an atomic block of instructions. Recently,
Cerone et al. [11] proposed a framework for specifying such mod-
els, and studied several important ones in this framework. Among
those, the closest to SRA is PSI (“Parallel Snapshot Isolation”).
Stripping compound transactions out, and adapting to our termi-
nology, PSI-coherence can be seen as a strengthening of SRA with
the condition asserting that po U rf U | , Moy U fry is acyclic for

every x € Loc (where, as above, fr, = (rf~';mo,) \ Ida). The
next example shows that PSI is strictly stronger than SRA:

z:=1]y:=2

z:=2 || wait (z = 1)
y:=1 | wait (z=1)
z:=1 || wait (y = 2)

This program may terminate under SRA (and, hence, also under
Power), but not under PSI. In addition, it may terminate under TSO.
Hence, we believe that PSI is too strong as a high-performance
memory model for a programming language. Note, however, that
PSI coincides with SRA for WW-race free executions.

Regarding the verification of RCU, Tassarotti et al. [35] and
Lahav and Vafeiadis [18] use program logics (called GPS and
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OGRA, respectively) to verify an RCU implementation under RA.
However, their RCU implementation is based on the simple one
shown in Fig. [[2} while the more advanced implementation of
Fig. [I0] was not considered.

9. Conclusion

We have presented a new memory model, SRA, a slight strength-
ening of RA with many nice properties: (1) it is equivalent to RA
in the absence of write-write races, (2) it has the same implementa-
tion cost on TSO and Power, (3) it allows the same local program
transformations, and (4) it has an intuitive operational characteri-
zation. Moreover, we provided a simple notion of a strong memory
fence that suffices for restoring sequential consistency assuming all
(racy) accesses are RA, and presented reduction theorems to SC
and TSO for particular classes of programs.

Practically speaking, the results of this paper suggest two in-
dependent strengthenings of the C11 memory model that do not
incur any performance penalty: (1) adopting SRA instead of RA
as the semantics of release-acquire accesses, and (2) modeling SC
fences as release-acquire RMWs to a special location. Of course,
a prerequisite for employing (1) in C11 is the investigation of our
results in the broader context of the full C11 memory model, which
includes more access kinds: non-atomic, SC atomic, relaxed atomic
and consume atomic accesses. The most important of these are the
non-atomic accesses because they avoid the synchronization over-
head on Power, ARM, and Itanium. For them, the extension of our
results is mostly straightforward (as sketched in the supplementary
materiel). In fact, we believe that a programming language that has
only release/acquire accesses (with SRA semantics) alongside non-
atomic accesses (that should not be racy) should provide a reason-
able balance between performance and programmability.

In addition, the simple operational model for SRA may pave
the way for better understanding of programs running under weak
memory, and development of essential verification methods and
tools for these programs (e.g., model checking and program log-
ics). Another theoretically interesting question is whether basic RA
admits a similar machine semantics.
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A. Extension with Non-Atomics

In this appendix, we explain how our results can be incorporated
in a programming language that allows also non-atomic accesses
in the style of C11. Such accesses provide no guarantees in case of
data races, and these are considered programming errors.

Programming language. Programs annotate every memory ac-
cess as atomic or non-atomic. For the simple programming lan-
guage presented above, this can be done by requiring that every
variable x mentioned in a command is annotated either by ** or
2™, In update commands (z := e(z)) and when e(z) do z :=
€' (x), all accesses should be annotated as atomic.

Executions. Events should include an additional boolean entry
that can be either at or na. The set of plain executions of a given
program is defined just as in §2] where atomic and non-atomic
accesses naturally generate corresponding atomic and non-atomic
events. For every model X that we consider (RA, SRA, SC, TSO),
all of the properties of executions (completeness, X-coherence,
X-consistency) are defined without any change, and they do not
depend at all on the new at /na entry. These only affect the X-safery
of a program, as defined next:

Definition 21. A program P is called X-safe if every complete
and X-coherent execution G’ = (A, po, rf), that extends a plain
execution G = (A, po, 0) of P with a set rf of reads-from edges,
has no G’-racy non-atomic events (recall that an event is called G'-
racy if it races with some other event in G’ according to Def. E])

Note that if X-coherence of a complete execution implies its Y-
coherence for two models X and Y (i.e., X is not weaker than Y),
then Y-safety guarantees X-safety. In particular, RA-safety implies
SRA-safety, and SRA-safety implies SC-safety.

Now, following the C11 approach according to which unsafe
programs may behave arbitrarily, we adapt Def. [/| as follows (for
simplicity, we do not consider initialized locations here):

Definition 22. A program may terminate under X if either it has
some X-consistent execution or it is not X-safe.

SRA. Note that all definitions and results that speak only about
executions remain exactly the same.

To see that SRA and RA coincide for WW-protected programs,
it remains to show that such programs are safe under RA if they
are safe under SRA. This follows from the fact that extensions of
executions of WW-protected programs are WW-race free, and for
them SRA-coherence and RA-coherence coincide. Of course, the
accesses to [ used for the lock variable should be all atomic.

To see that the transformations described in are valid also
in this context, it remains to show that they preserve SRA-safety
of programs, i.e., these transformations cannot introduce races on
non-atomic accesses. Since we use exactly the same construction of
[38], this follows from their results. In addition, the “strengthening”
transformation, that changes a non-atomic access to an atomic one,
is trivially valid.

Fences. Itis easy to see that addition of fence commands in a pro-
gram P preserves X-safety (for every model X that we consider).
Thus, if we start with an RA-safe program, and add fences as de-
scribed in §5] we obtain an RA-safe program. Hence, as in §5] we
obtain that if a RA-safe program P may terminate under RA, then
P’, obtained from P by adding fences as described, may terminate
under SC. Similarly, our reduction to SC given in ] works out just
the same, assuming the original program is RA-safe (or SRA-safe,
as these coincide for WW-protected programs). A simple syntactic
condition ensuring RA-safety (in the class of programs described
after Prop. [3) is that each thread may non-atomically access loca-
tions that are not mentioned in commands of other threads and loca-
tions mentioned only in protected commands, non-atomically read

from locations that are not modified by commands of other threads,
and non-atomically read within critical sections from locations that
are modified only by protected commands. The other accesses it
can perform should be atomic. In the RCU implementation given
in Fig.[T0] we can make the reads of rc [get my tid()] atline 10
and the reads of gc at lines 14 and 17 non-atomic. The remaining
accesses to shared variables must remain atomic.

Relation to TSO. Since TSO primitive instructions already guar-
antee SRA, the correctness of compilation of non-atomic access to
TSO is trivial. For client-server programs, as shown in §6 TSO
and RA coincide, but now we should also require that the program
is RA-safe (otherwise, it might be TSO-safe and have undefined be-
havior under RA). This is obvious if non-atomic accesses are used
only for local variables and for reads of Xg by the server. For ex-
ample, in Fig.[12] the two reads of gc in rcu_synchronize() can
be non-atomic; the remaining accesses have to be atomic.

Further work. To complete the extension with non-atomics, the
following are left for a future work:

* The SRA-machine described inH should be used to detect races
on non-atomic accesses. For example, before performing an
atomic instruction the processor could check that there are no
pending messages for the same location that are marked as non-
atomic, and before performing a non-atomic one the processor
could check that there are no pending messages for the same
location of any kind. We conjecture that this would ensure that
aprogram is SRA-safe iff all its executions in the SRA-machine
do not detect a race.

The correctness of the compilation to Power should be verified.
We believe that this can be done along the lines of our current
proof, although some of our technical developments should be
adjusted. In particular, assuming that non-atomic accesses are
compiled without Power fence instructions (otherwise, such
accesses are useless), the simplifications in Prop.[§]do not hold.
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B. General Useful Lemmas

Lemma 1. Let R be an acyclic relation on a set A. Suppose that
R contains some strict total order Rp on some subset B of A.
LetC = A\B,Rc =RN(C xC),Rpc = RN (B x C), and
Rcs = RN (C x B). Then, the following hold:

* RT C R¢; Rép, R Rpes RE.

*R"N(Ax B)C R:; RLE, RE.

* R" N (B x A) C Rp; Ric; RE.
Lemma 2. Let R be a relation on a set A. Suppose that R
contains some strict total order Rp on some subset B of A. Let
C = A\B,Rc = RQ(CXC),RBC = Rﬂ(BxC),and
Rcs = RN (C x B). Then, R is acyclic iff the following hold:

1. Risirreflexive.

2. Rc¢ is acyclic.

3. Re; Rpo; RE is irreflexive.

4. Rcp; RB; Ree; Re is irreflexive.
5. Rp; R is irreflexive.

Lemma 3. Let R be an acyclic relation on a set A, and T" be a
strict total order on some subset B of A. If T'; R is irreflexive,
then R U T is acyclic.

Lemma 4. Let R be a strict partial order on a set A, that is
total on some subset B of A. Let R C B x (A \ B), and let
7= RU(R' \ R™'). Then, 7 is acyclic, and {(a, b) € R whenever
{a,b) € 7" and b € B.

Proof. We first show that 7 is acyclic. Let 78 = 7 N (B x B),
C = A\ B,and 7¢ = 7w N (C x C). Note that ¢ C R, and
since R is transitive, wg C R as well. We also clearly have that
7 and my; 7 are irreflexive. Since 7p is a strict total order on B,
by Lemma[2] to show that 7 is acyclic it remains to prove that the
following hold:

1. mc is cyclic. Indeed, 1c C R, and R is acyclic.

2. There do not exist b € B and ¢1, ¢c2 € C, such that (¢1,b) € ,
(b,c2) € mand (c2,c1) € mg. Suppose otherwise. Then, we
must have {(c1,b) € R, and so (c2,b) € R. It follows that
(b,c2) € R, and (b,c2) ¢ R\ R™'. This contradicts the fact
that (b, c2) € 7.

3. There do not exist b1,b2 € B and c1,c2 € C, such that
(c1,b1), (ba,c2) € m, (bi,b2) € mp, and (c2,c1) € 7.
Suppose otherwise. Then, we have (c2, b2) € R. It follows that
(b2, c2) € Rand (b, ca) € R\ R™". This contradicts the fact
that <b27 CQ> c .

Next, suppose that (a,b) € 7+ and b € B. By Lemmal we have
(a,b) € (wﬂ(OxC )5 (mN(C x B))"; (wN (B x B))”. Since
7N (BxB), 7tN(C x ),7r (C'x B) C R, and R is transitive,
it follows that (a,b) € R O

Lemma 5. Let Ry and R be two strict partial orders on a set A.
Let B C A, such that R; C B x A. Then, R; U Ry is acyclic iff
(R2; R1) N (B x B) is acyclic.

C. Proofs for §2| (RA Memory Model)

Proof (of Prop.[2). Assuming that po U rf U mog U fry is acyclic,
we clearly have that mo,; (po U rf )t is irreflexive. In addition, a
violation of the third requirement in Def. ] immediately entails a
cycle in po U rf Umo, U fr,. For the converse, suppose that mo,; is
an z-modification order in G. By definition, it is a strict total order
on G.W; U G.U,. It remains to show that po U rf U mo, U fry is
acyclic.

Claim 1: po U rf U mo, is acyclic.
Proof: By Lemma since po U rf is acyclic and mo,; (po U rf) ™
is irreflexive.

Claim 2: fry; (po U rf U mog)™ is irreflexive.

Proof: Let a,b € A such that (a,b) € fry, and (b,a) € (po U
rf U mos)*. Then, a # b, and there exists a1 € A such that
(a1,a) € rf, and (a1,b) € mo,. Since mo, is an z-modification
order in_G, we cannot have (b,a) € (po U rf)* U mo,. By
Lemma it follows that (b, a) € moy; (po U rf)*. Letas € A
such that (b, a2) € mo,, and {az,a) € (po U rf)". Since mo,
is transitive, we have (a1,a2) € mos. Since (a1,a) € rf and
{a2,a) € (po U rf)*, this contradicts the fact that mo, is an -
modification order in G.

Claim 3: If (a,b) € fr; and (c,d) € fr,, then either (a,d) € fry
or (¢, by € fry.

Proof: Let a, b, c,d € A such that (a,b) € fry, and {c,d) € fry.
Then, a # b, ¢ # d, and there exist aj,a2 € A such that
(a1,a) € rf, (a1,b) € mog, (az,c) € rf and {(az,d) € mo,.
Suppose first that a = d. Since mo, is an x-modification order in
G, (a1, a) € rf,and (a1,b) € mo,, we cannot have (b, a) € mo.
Hence, since mo, is total on G.W, U G .Uy, we have (a, b) € mo,.
Since mo; is transitive, we have (a2, b) € mog. Since mo, is an z-
modification order in G, we cannot have b = ¢, and so (¢, b) € fry.
Symmetrically, if b = ¢, we obtain (a,d) € fry. Now, suppose
that a # dand b # c. If a1 = ao, then (a,d) € fr., and we
are done. Otherwise, since mo, is total on G.W, U G.U,, we have
either (a1,a2) € mo, or (az,a1) € mo,. In the first case, we
obtain (a1, d) € mo, (since mo; is transitive), and so {a, d) € fry.
Symmetrically, if (a2,a1) € mo., then (az,b) € mo,, and so
(c,b) € fry.

Finally, note that the fact that po U rf U mo, U fr; is acyclic
follows from the previous claims. Indeed, using Claim 3, a cycle
with a minimal number of fr, edges contains at most one such edge,
which is not possible according to Claims 1 and 2. O

D. Proofs for §3] (SRA Memory Model)
D.1

Proof sketch (of Prop. E|) In all cases, we use exactly the same
construction used in the corresponding proof in [38], and it remains
to show that the additional condition of SRA is also preserved.

|Validity of Local Program Transformations|

s Let A = A\{ }opo, = pon (A" x A", and G, =
G\A{a} = (A Pog; (0). Let rf be a set of reads-from edges
such that G, = (A’ po,, rf) is complete and SRA-coherent.
For every z € Loc, let mo, be an z-modification order in
G, such that po, U rf U |J, mo. is acyclic. We show that
G’ = (A, po, rf) is SRA-coherent. Let y = loc(a). For every
x € Loc\ {y}, we take mo,’ to be identical to mo,, and define
mo, = moy, U{(a,c) | (b,¢) € mo,"} U{{c,a} | {c,b) €
moy }. To see that po U rf U |J, mo,’ is acyclic, it suffices to
note that any cycle that goes through a implies a cycle through
b in po, U rf U, mos. Indeed (?) {c,a) € po implies
(c,b) € poy; (i7) (c a) € mo,’ 1mplles (c,b) € moy; (m)
(a,c) € po implies (b,c) € po’; and (iv) {(a,c) € mo,’
implies (b, ¢) € mo,”.

Let A’ = A\ {a}, po, = poN(A’x A’),and G, = G\{a} =
(A, po,,0). Let 7f, be a set of reads-from edges such that
G, = (A’ po,, rf) is complete and SRA-coherent. Since G,
is complete, there exists some d € A’, such that (d,b) € rf,.
Since loc(a) = loc(b) and val,(a) = val,(b), we have that
(d, a) is also a reads-from edge. Let rf = rf,U{(d, a)}. Then,
G’ = (A, po, rf) is complete. We show that it is also SRA-
coherent. For every x € Loc, let mo, be an x-modification
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order in Gy, such that po, U rf, U |J, mo, is acyclic. By
the same proof for RA, we have that each mo, is also an x-
modification order in G'. To see that po U rf U |J, mo, is
acyclic, it suffices to note that any cycle that goes through a
implies a cycle through b in po, U rf4 U |J, mo.. Indeed, (4)
(c,a) € po implies (c,b) € po,; (i3) (c,a) € rf implies
(¢, b) € 1fq;and (i) (a,c) € po implies (b, c) € po’.

cLet A = A\ {b}, po, = pon (A x A'), and Gy =
G\ {b} = (A, po,, D). Let 7f, be a set of reads-from edges
such that Gy, = (A’, po,, rfs) is complete and SRA-coherent.
Since loc(a) = loc(b) and valy(a) = wval-(b), we have that
(a,b) is a reads-from edge. Let rf = 7f, U {(a,b)}. Then,
G’ = (A, po, rf) is complete. We show that it is also SRA-
coherent. For every x € Loc, let mo, be an x-modification
order in Gy, such that po, U rfy U |J, mo. is acyclic. By
the same proof for RA, we have that each mo, is also an -
modification order in G'. To see that po U rf U |J, mo. is
acyclic, it suffices to note that any cycle that goes through b
implies a cycle through a in po, U 7fy U J, mo,. Indeed, (%)
(c,b) € po implies {c,a) € poy; (ii) {c,b) € rf implies
¢ = a; and (4it) (b, c) € po implies (a, c) € po,. O

Proof sketch (of Prop.P)). Let poy = (po U {(b,a)}) \ {{a,b)},
and Go = (A, poy, D). Let 7f be a set of reads-from edges such
that GG = (A, poy, rf) is complete and SRA-coherent. Then,
G’ = (A, po, rf) is also complete. For every z € Loc, let mo,
be an x-modification order in Gg, such that po, U rf U |J » MOz
is acyclic. We claim that each mo, is also an x-modification order
in G', and we also have that po U rf U |J, mo, is acyclic. Since
we use exactly the same construction in the corresponding proof in
[38] (for local accesses we use the construction given in [38] for
non-atomics), we only show here that po U nf UlJ,_ mo. is acyclic.
Consider the two possible cases:

* Suppose that loc(a) is local in G (the case that loc(b) is sym-
metric). To see that po U rf U |J, mo, is acyclic, it suffices to
note that the fact that loc(a) is local implies that (c,a) € po
whenever (c,a) € po U rf UJ, mo,. Hence, any cycle that
uses the po-edge (a, b) induces a cycle in po, U rf U J, mos
that skips this edge, and goes directly from the event c before a
to b.

Suppose that a € G.W and b € G .R. In this case, to see that
po U rf UJ, mo. is acyclic, it suffices to note that any cycle
that uses the po-edge (a, b) must continue with a po-edge (b, c).
Then, a corresponding cycle in po, U rf UJ, mo. can use the
po-edge (a, c) instead. O

D.2 |An Alternative Formulationl

Proof (of Prop.[7). Suppose that there exists a relation mo that
is a modification order in G. For every xz € Loc, let mo, =
mo N ((GWz U GUz) x (GW, U G.U;)). By Prop. [l mo, is
an z-modification order for every € Loc. By Lemma [3] since
poUrf is acyclic, the fact that mo; (po U rf)™ is irreflexive entails
that po U rf U mo is acyclic. Hence, po U 7f U, mo. is acyclic.

For the converse, assume an z-modification order mo, in G for
every € Loc, such that R = poUrfUl]J, mo. is acyclic. Clearly,
po U rf is acyclic. Let mo be any strict total order on G.W U G.U
extending R N ((G.WU G.U) x (G.WU G.U)). It is easy to verify
that mo is a modification order in G. O

E. Proofs for §4 (An Equivalent Operational |
Model)

Notation 4. Given a history H = (B, <), we denote the set
{{a,b) € Ax A| H.last(b) = a} by H.rf.

To prove Thm. 2] we use the following lemma:

Lemma 6. Let H = (B, <) be a legal and G-suitable history for
some plain execution G = (A, po, ). Then, for every a € WU U
and b@i € B, if {a,b) € (po U H.rf)T, then a@i € B and
a@i < b@j.

Proof. We use induction on the length of the po U H.rf path from
a to b. For the base case, let a € W U U and b@Qi € B, such
that (a,b) € po U H.rf. Since H is legal, to prove that @i € B
and a@i < bQy, it suffices to show that a@tid(b) < bQtid(b).
First, if (a,b) € po, we have a@tid(b) < bQtid(b) since H is
G-suitable. Otherwise, (a,b) € H.rf, and by definition, we have
a@tid(b) < batid(b).

For the induction step, suppose the claim holds for paths of
size < n, letar € W UU and a,,Qi € B, such that there exist
events ag, ..., an—1 satisfying (ax, ar+1) € po U H.rf for every
1 < k <n—1. We show that a;@Q7 € B and a1@Qi < a,Qj.
Consider two cases:

*arp € WUU for some 1 < k < n. In this case, by the
induction hypothesis, ax@i € B and ax@Qi < a,@i. Again,
by the induction hypothesis, we obtain that a1@i € B and
a1@i < ar@ji. It follows that a1 Qi < a, Q3.

ar € R forevery 1 < k < n. In this case, we must have
(a2, an) € po. Now, if (a1, a2) € po, then we are done using
the base case. Otherwise, (a1,a2) € H.rf. Let j = tid(az2).
Using the base case, we have that a1@Qj < a2@j. Since H
is G-suitable, we have that a2@Qj < a,@j. It follows that
a1@Qj < a,@j. Since H is legal, we obtain that a1@Qi € B
and a1 @i < a,@;s. O

Proof (of Thm.[2). Let G = (A,po,0), and Go = o;G =
(Ao, poy, ). For every x € Loc with o(x) # L, let ap =
(0,0, (W, z,o(x))) (that is, the event in Ay that initializes x). Let
As ={as | o(x) # L}, and po, = A, x A. Then, Ag = A, WA
and po, = po, W po.

(=) Suppose that G is SRA-consistent. Let rfo C Ag X Ao
such that G = (Ao, pog, 7fo) is a complete and SRA-coherent
execution. Let f = rfo N (A X A) and rf, = rfo N (As X A)
(note that fo = 7f, W 7f). By Proposition [/] there exists a
relation mog that is a modification order in Gj. Let mo =
mog N (A x A) and mo, = moo N (As X Ao). It is easy
to verify that mog = mo, W mo (since mo; po is irreflexive);
(az,a) € mo, for every x € Loc and a € G.WU G.U; and
mo is a modification order in G’ = (A, po, rf). We construct a
(G, o)-legal history H = (B, <).

First, forevery 1 < i < N, let A; = {a € A | tid(a) = i},
Ai = AJUGWUG.U, and <, = ((hdN( A x A7))U((As x (Aj\
AN)\Rb™))T, where hb = (poUrf)™". Forevery 1 <i < N,
hbN (Af x Aj) is a strict partial order on Aj, that is total on A;.
Hence, by Lemmafd] for every 1 < i < N, <; is a strict partial
order, and (a, by € hb whenever a <; band b € A;.
Now, let B = {a@i | 1 < i < N,a € A} (note that
for every a@Qi € B, if tid(a) # 4, then a € W U U). Let
B’ ={a@i € B | tid(a) =i,a € GWUG.U}, C = B\ B,
and define the following relations:

1. Ty = {{a@i,b@j) € B x B |i=j,a <; b}.

2. Ty = {{a@i,bQ@j) € B’ x C' | a = b}.

3. Ts = {(a@3,bQj) € B’ x B'| {a,b) € mo}.
We take < to be any total order on B extending (77 UT> UT3)+.
To show that such an order exists, we prove that 77 UT> UT5 is
acyclic. Note that since mo is a strict total order on G.WU G.U,
T3 is a strict total order on B’. By Lemma [2| to show that
T1 UT> U T3 is acyclic it suffices to prove the following:
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1. Th U T5 U T3 is irreflexive. Indeed, T4, 15, and T3 are all
irreflexive.

2. (M UT> UT3) N (C x C) is acyclic. Indeed, (77 U T U
T3) N (C x C) C T, and acyclicity of Ty follows directly
from the fact that <; is acyclic forevery 1 <7 < N.

3. For every a@i € B’ and b;@j1,b2@j> € C, it is not the
case that (b1@j1,a@i), (a@i, boQjo) € T1 U T5 U T3 and
<b2@j2, b1@]1> € ((T1 JUTs UT3)ﬂ(C X C))* Otherwise,
we must have (b1@j1,a@i) € T1, and (b2@jo, b1@Qj1) €
T7, and since T7 is transitive, we obtain (b2@j2, a@i) € Ty
Hence, j2 = 4, and so (a@i, bo@Qjs) & T5. It follows that
(a@i, b2@j2) € Ti, which contradicts the fact that Ty is
acyclic.

4. For every a1@i1,a2@is € B’ and b;Qj1,b0,Qj2 € C,
it is not the case that (b1@Qj1,a1@i1), (a2@is, ba@js) €
TiUTyUT3, <a1@’i1, az@’i2> € T3, and (bz@jz, b1@]1> S
(T UT> UTs) N (C x C))*. Assume otherwise. Then,
(bl@j1,a1@i1> c T, and <b2@j2,b1@j1> c T, and
hence, (b2@j2, a1@iq) € T7. Since (a1@i1, a2Qiz) € T3,
we have (a1,a2) € mo. We show that (az2,a1) € hb.
This contradicts the fact that mo; hb is irreflexive. Since
a1@Qi; € B’, we have tid(a1) = 12, and it suffices to
prove that az <;, ai. First, if (a2@is, b2@j2) € T,
then since 74 is transitive, we have (a2@iz, a1@Qii) €
T1. Hence, i1 = 142 and as <; ai. Otherwise, we
have (a2@ig, b2@Qjz) € To. Hence, az = bs, and so
(a2@j2,a1@iq) € Ti. In this case we have jo = 41 and
a2 <i, ai.

5. For every a1@ii,a2@i; € B’, it is not the case that
<a1@i1,a2@i2> € T3 and <a2@i2,a1@i1> e Ty U
T» U T3. Since T3 is acyclic and a1@iy ¢ C, we have
<a2@i2,a1@i1> € Ti. Hence, i1 = 42 and a2 <;, ai.
Since a1@i; € B’, we have tid(a;) = 12, and so,
(az2,a1) € hb. Since (a1Qi1,a2@is) € T3, we also have
(a1,a2) € mo. Again, this contradicts the fact that mo; hb
is irreflexive.

Next, note that H is G-suitable. Indeed, for every a@i € B,

we have that a € A}, and so a € A. In addition, for every

a € A, wehave a € A}y, and so aQtid(a) € B. Finally,

for every a,b € A, if (a,b) € po, then a <y;q(a) b, and so

a@Qtid(a) < bQtid(b).

To show that H is also legal and o-suitable, we first prove the

following properties:

* For every a@i, bQi € B, if (a,b) € po then a@i < bQj.
Indeed, in this case we have a,b € A}, and a <; b. Hence,
(a@i, bQi) € Ti, and so a@i < bQs.

* For every a € GRU G, if a € dom(H.last) then
(H.last(a),a) € 7f, and otherwise (@oc(a),a) € 7fo.
Indeed, leta € G.RUG.U. Let i = tid(a) and x = loc(a).
Since G is complete, we have (b,a) € rfo for some
b € Ap. We show that b = H.last(a) if a € dom(H.last),
and b = a, otherwise. Note that (c,a) € hb for every
¢ € H.before(a). Indeed, if tid(c) = i, then c@Qi < a@j
entails that (c,a) € po C hb. Otherwise, ¢ ¢ A;, and if
(c,a) &€ hb, we have that a <; ¢, and so a@i < c@i. Next,
consider the two possible cases:

* (b,a) € 7rf,. In this case, we must have b = a,,
and it remains to show that H.before(a) is empty, and
so a & dom(H.last). Suppose for contradiction that
there exists some ¢ € H.before(a). Then, we have
(c,a) € hb. Since mog is a modification order in G§,
we have (c, az) € moo. However, since (az,a) € mo,
for every a € G.WU G.U, we have (a.,c) € moo, and
this contradicts the fact that mo is acyclic.

* (b,a) € rf.Inthiscase, b € H.before(a). Indeed, since
(b,a) € rf, we have b € W U U and loc(b) = loc(a).
Since (b, a) € rf C hb, we have (bQi, a@i) € T4, and
so b@Qi < a@i. To see that b@tid(b) is the <-maximal
action in {c@Qtid(c) | ¢ € H.before(a)}, consider any
action cQtid(c) # bQtid(b) with ¢ € H.before(a).
As shown above, we also have (c,a) € hb. Since
{c,a) € hb and mo is a modification order in G, we
have (c,b) € mo. Hence, (cQtid(c), bQtid(b)) € T3,
and so c@tid(c) < b@Qtid(b).

Next, we show that H is o-suitable. Let a@tid(a) € B such
thata € R UU, and a ¢ dom(H.last). By the claim above,
we have (ajoc(a), @) € 7fo. Thus, (aioc(a), @) is a reads-from
edge, and so val,(a) = o(loc(a)).

Finally, we show that H is legal:

* As shown above, for every a € dom(H.last), we have
(H.last(a),a) € rf. Thus, (H.last(a),a) is a reads-from
edge, and so val,(a) = valy (H.last(a)).

Let a € W UU and bQi € B, such that a@j < bQj,
where j = tid(b). By definition, we have a@i € B .
We show that a@i < b@i. If tid(a) = j, then we must
have (a,b) € po, and so, a@i < bQ@ji. Assume now that
tid(a) # j, and suppose for contradiction that a@i £ b@i.
Then, (a@i, bQ3s) & Ty. Hence, a 4; b, and so {(a, b) & hb.
Hence, (b,a) € (A; x (A;\ A;))\hb~', andso b <; a.It
follows that (b@Qj, a@j) € T, and so bQj < a@j, which
contradicts our assumption.

Leta € W UU and b € U, such that loc(a) = loc(b) and
aQtid(a) < bQtid(b). We show that b € dom(H.last),
and a@tid(a) < H.last(b)Qtid(H.last(b)). Since we
have a@tid(a) < bQtid(b), it follows that (a,b) € mo.
To see that b € dom(H.last), note that otherwise we have
(@1oc(a), 0) € 7f0, (Gioc(a), @) € Moo, and (a,b) € moo,
and this contradicts the fact that mog is a modification or-
der in Gg. Let ¢ = H.last(b). Then, (c,b) € rf. There-
fore, since mo is a modification order in G’, we have
(c,a) € mo. It follows that a = c or {(a,c) € mo, and
so aQtid(a) < cQtid(c).

Let a@i € B. If i = tid(a), we clearly have a@Qtid(a) <
a@jq. Otherwise, we have a € G.W U G.U. Hence, we have
(a@Qtid(a),a@i) € Ty, and so a@tid(a) < a@si.

(<) Let H = (B,<) be a (G,o)-legal history. Let nf =

H.rf = {(H.last(a),a) | a € dom(H.last)}. Since H is
legal and G-suitable, for every a € dom(H.last), we have
that H.last(a) € G.WU G.U, loc(H.last(a)) = loc(a), and
valy(a) = waly(H.last(a)). Hence, rf is a set of reads-
from edges. Let 7fo = {(@ioc(a),a) | @ € GRUG.U \
dom(H.last)}. Since H is o-suitable and G-suitable, for ev-
ery a € GRU G.U\ dom(H.last), we have that val,(a) =
o(loc(a)) = valw(aec(a))- Hence, 7f 5 is also a set of reads-
from edges. Let rfo = 7f U rf,. Then, Gy = (Ao, pog, 7fo)
is a complete execution.

Next, we show that G, is SRA-coherent. First, we prove that
poy U rfo is acyclic. Since the events in A, have no incoming
po, or rfo edges, a cycle in poy, U rfo cannot involve any
rfs or po, edges. Hence, it suffices to show that po U rf is
acyclic. Since both po and rf are strict partial orders on A, and
rf C (GWUG.U) x A, by Lemmalj] it suffices to show that
(rf;po) N ((GWU G.U) x (G.WU G.U)) is acyclic. Indeed,
if there exists a € G.W U G.U, such that {a,a) € (rf;po)™,
then by Lemma [6] we obtain a@tid(a) < a@tid(a), which
contradicts the fact that < is irreflexive.

Next, we show that there exists a modification order mog in Gj,.
Let mo = {{a,b) € (GWUG.U) x (GWUG.U) | a@Qtid(a) <
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bQtid(b)}, and mo, = mol U (A, X (G.W U G.U)) where
mo?’, is an arbitrary strict total order on A,. We take mog =
mo U mo,, and show that mog is a modification order in G}
(and hence, by Proposition G is SRA-coherent):

* Clearly, mog is a strict total order on Go.W U Go.U.

* We prove that moo; (po,Urfo)™ is irreflexive. Let (b, a) €

(poy U rfo)". This entails that a € A. Now, if a ¢
GWUG.Uorb ¢ G.WUG.U, then obviously (a, b) & mog.
Assume otherwise. Then, (b, a) € (poUrf)". By Lemma
we have bQtid(a) < a@tid(a). Since H is legal, we
have b@tid(b) < bQtid(a). It follows that bQtid(b) <
a@Qtid(a), and so {(a, b) & moog.
Let a,b,c € Ag, such that (a,c) € 7fo, (b,c) € (poy U
o)™ U moo, and loc(a) = loc(b). We show that (a, b) &
moo. First, if b ¢ G.WUG.U, then, by construction, (a, b) &
moo. Otherwise, it follows that (b, ¢) € (po U rf)" U mo.
Let z = loc(a) and ¢ = tid(c). Consider two cases:

= (b, c) € (poU rf)*T. In this case, by LemmaJEk we have
b@¢ < c@q. It follows that b € H.before(c). Hence,
¢ € dom(H.last), and since (a,c) € rfo, we have
H.last(c) = a. Hence, bQtid(b) < a@tid(a), and so
(a,b) & mog.

* (b,c) € mo. Then, bQtid(b) < cQtid(c) and ¢ € U.
Since H is legal, ¢ € dom(H.last) and bQtid(b) <
H.last(c)@Qtid(H.last(c)). Since (a,c) € rfo, we
have H.last(c) = a. Hence, bQtid(b) < aQtid(a),
and so (a, b) € moo. O

E.1 Soundness and Completeness Proof

Notation 5. For a message buffer L, L[k...] denotes the set
{LI[k], ..., L[n]} of messages.

E.1.1 Soundness Proof

Suppose that (P, [Sy, Tp]) — (Pina, [S,T]) for some machine
state [S, 7. By contracting internal program steps together with
program and machine steps, it easily follows that (P, [S,, Ty]) ="
(Piinal, [S, T']), where = is given by:

P1 —)* P2 P2 li) P3
[S1,T1] 25 [S2, T3]
(P1, [S1, Th]) = (P4, [S2, T2])

P3 -~ Py

[Sl,T1] — [SQ,TQ}
<P17 [Sl7T1]> = <P17 [527T2]>

Thus, there exist (P, [So, T0]), ---, (Pn, [Sn, Tn]), such that
(Po, [SO7T0]> = <P7 [SWTV)])’ (Pr, [S"7Tn]> = <Pﬁﬂﬂlv [57 T]>v
and (P, [Sk, Tk]) = (Prt1, [Sk+1, Tr+1]) forevery 0 < k <
n—1 Letli : {1,...,n} — Lab x {1,..., N}, such that for

every 1 < k < n, either li(k) = (l,4) and [Sk—1,Tk-1] L,
[Sk, Tk], or k & dom(li) and [Sk—1,Tk—1] — [Sk, Tk]. For every
1 < k < nsuch that li(k) = (l,4), let ar, = (k,1,1), i.e., ak
is the event with id(a) = k, tid(a) = i, and lab(a) = I. Let
Go = Gy, and forevery 0 < k < n — 1, let Gyy1 = Gi; ar+1
if k € dom(li), or Gx+1 = Gy otherwise. By definition, we have
(Pr, Gk) =" (Pit1, Gry1) forevery 0 < k < n — 1. We obtain
that (P,Gy) —" (Pina, Grn). It remains to show that o; G, is
SRA-consistent. By Thm. [2] it suffices to provide a (G, o)-legal
history.

Note first that our construction ensures that: (1) {id(a) | a €
Gr} C {1,...,k}; and (2) id(a) # id(b) for every a # b
in some Gy. For every a € G,.WU G,.U, let #(a) denote the
number of events b € G, .W U G,.U such that loc(b) = loc(a) and

1d(b) < id(a). Additionally, for every x € Loc and ¢t € N, let
al denote the event ¢ € Gp.W U G,,.U such that loc(a) = x and
#(a) = t (if such an event does not exist, let a’, be an arbitrary
event that is not in o; G,). We inductively construct a sequence
Ho = (Bo,<0),..., Hy = (Bn,<y) of histories, such that for
every 0 < k < n, Hy is (G, o)-legal (and, in particular, H, is
(Gn, o)-legal), and valid for stage k, as defined next:

Definition. We say that a history H = (B, <) is valid for stage
0 < k < n if the following hold, where Sy (i) = (M;, L;, I;) for
every 1 <i¢ < N:

[valid order] If a@Qtid(a) < bQtid(b), a,b € W U U, and
loc(a) = loc(b), then #(a) < #(b).

[valid count] For every x € Loc, Tx(x) is the number of actions
a@Qi € B satisfying a € W UU, loc(a) = z, and tid(a) = i.

[valid memory a] If M;(x) = v@t then either ¢ = 0 and v =
o(x),ort >0, a,@i € B, and v = val,(a).

[valid memory b] If M;(x) = v@t then af,; @i ¢ B for every
t' >t

[valid messages] If | x:=v@t| appears in L; then a,@i € B and
v = valy(a).

[valid message order] If |zi:=v1@t;| appears in L; before
|22 :=v2@t3 ], then aill Qi < afﬁz Qq.

[valid cleans] If a@: € B, a € W UU, and a@j ¢ B for some j,
then |loc(a) :=val., (a)@#(a)| appears in L;.

[valid indices] For every i # j, if I;(j) < |L;| and L;[L;(j)] =
|z:=v@t], then a@i € B for every event a € W U U such
that a@j < al@j.

[valid overflow] For every ¢ # j, if I;(j) > |L;| then I;(j) =
|L;| + 1, and a@i € B for every event a € YW U U such that
a@j € B.

For the base case, let Hy to be the empty history. Clearly, Hy is
(G, o)-legal and valid for stage 0. Suppose that Hy, = (By, <)
is defined. Below, we show how to construct Hy 1. Using the fact
that Hy, is (G, o)-legal and valid for stage k, it is straightforward
to show that the constructed Hy+1 is (Gr+1, o)-legal and valid for
stage k + 1. We prove here only some of the (more interesting)
properties that are needed to be shown. Let Sy (i) = (M;, L;, I;)
for every 1 < ¢ < N, and consider two cases:

* k € dom(lq). Let li(k) = (l,4). We take Hyy1 to be Hy +

ar+1@7¢ (i.e., the extension of Hjy with the maximum ele-
1,

ment ax4+1@3). Note that in this case we have [Sk,Tx] —
[Sk+1,Tk+1] and Gk+1 = Gk;ak+1. To see that Hk+1 is
(Gk+1,0)-legal and valid for stage k + 1, consider the three
possible machine steps:

" [Sk, Tk] Liy [Sk+1,Tk+1] is obtained by a (WRITE) step.
In this case, there exist z € Loc, v € Val,and t € N,
such that | = (W,z,v), Tp(z) = t, Sky1 = Skt —
(M', L', I,)], and Ty41 = Tklx — t + 1], where M’ =
M;[z — v@t+ 1] and L' = L;; |z:=v@t + 1]. To see
that [valid memory a] is preserved, note that ap; = a’™

(using [valid count]). To see that [valid message order] is

preserved, note that [valid messages] entails that afj@i €

By, whenever |y:=v'@t'| € L;.

[Sk, Tk] LN [Sk+1, Tk+1] is obtained by a (READ) step.
In this case, Sx+1 = Sk, Tk+1 = T, and there exist
z € Loc,v € Val,and ¢ € N, such that [ = (R, z,v),
and M;(z) = vQt.

We prove that val-(a) = valw(Hg+1.last(a)) for every
a € dom(Hpy1.last). First, for a # ak41, this follows
directly from the fact that Hy, is (G, o)-legal. It remains
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to prove that v = wvaly(Hg+1.last(ag+1)) if agy1 €
dom(Hp1.last). Let C = Hjy1.before(ar+1). Note the
for every ¢ € C, we have c@Qi € By, loc(c) = =, and
¢ € WUU, and by [valid memory b] (since ¢ = af(c)), we
have #(c) < t. Assuming that ay1 € dom(Hjy1.last),
C' is not empty, and so we have ¢ > 0. By [valid memory
a], we have a.@i € By and v = wval,(al). We prove
that Hy11.last(ax+1) = ab. It then follows that v =
valy(Hgi1.last(ary1)). Let j = tid(al). Since Hy is
(G, 0)-legal, we have a@j <; a'@i, and so a@j €
Bi41. Since ap41@q is the last action in Hy41, we also
have al @i <p.1 apy1@i, and so a’@j € C. In addition,
for every c@tid(c) € C, #(c) < t = #(al,), and by [valid
order], we obtain that c@tid(c) <41 a’@j. Hence, a’@j
is <j1-maximal in C'.

[Sk, Tk] LN [Sk+1,Tk+1] is obtained by an (UPDATE)
step. In this case, there exist z € Loc, v,,v, € Val,
and ¢ € N, such that I = (U, z,v,,00), Tk(z) = t,
M;(x) = v.Q@Qt, Spt1 = Skli — (M',L',I;)], and
Tk+1 = Tk[w —t+ 1], where M’ = Ml[:r — U, Qt + 1]
and L' = L;; |z:=v,@Qt + 1].

As in the previous case, one proves that we have val,(a) =
valy(Hg41.last(a)) for every a € dom(Hpg41.last),
and, in particular, Hyi1.last(ak+1) = ab if ary1 €
dom(Hpy1.last). We further show that a € W U U
and b € U, if loc(a) = loc(b) and a@tid(a) <pi1
bQtid(b), then b € dom(Hpy1.last), and a@tid(a) <gp41
Hy11.last(b)Qtid(Hy1.last(b)). If b # ag+1, this fol-
lows from the fact that Hy is (Gk,o)-legal. Now, let
a € W UU such that loc(a) = x and a@tid(a) <gi1
ak+1@tid(ak+1). Since Tk(l') = ¢ and Hk is <Gk70'>—
legal, [valid count] entails that #(a) < ¢. By [valid or-
der], it follows that Hy1.before(ak+1) is non-empty, and
$0 ag+1 € dom(Hy41.last). Thus, Hyy1.last(ag+1) =
a’. By [valid order], we also obtain that a@tid(a) <g
al@tid(al).

*k & dom(li). In this case, we have Gi4+1 = G and
[Sk, Tk] — [Sk+1,Tk+1]. Since the machine step is not
(WRITE) or (UPDATE), we have Ty41 = Tj. To define Hy41,
consider the possible machine steps:

* [Sk, Tk] = [Sk+1, Tk+1] is obtained by a (PROCESS) step.

In this case, there exist ¢ # j, x € Loc, v € Val, and
t; < tj, such that ]z(]) < |Lj|, LJ[L(]H = \_:L'Z:'U@tjj,
M;(z) = —Qt;, and Spy1 = Sk[i — <M/,L/,I/>},
where M’ = M;[z — (v,t;)], L' = L;; |z:=vQt; ], and
I' = L[j — IL(j) + 1]. By [valid messages], we have
a@j € By and v = valy(a¥). We take Hyq is to be
Hy + af @i.
We prove that for every a € W U U and bQi’ € Bjy1,
if a@tid(b) <k4+1 b@tid(b), then a@i’ € Bk+1 and
a@i’ <441 b@i'. Note first that aif @i ¢ By (by [valid
memory b], since M;(z) = —@t; and t; < t;). Since Hy,
is (G, 0)-legal and a@j € B, we have a¥ @tid(a;j) €
By Hence, we also have i # tid(ai" ). Therefore, since
Gr+1 = Gy and Hy, is (G, o)-legal, it suffices to prove
that for every a € WUU, if a@tid(ay ) <i a¥ Qtid(a¥),
then @i € By. Leta € W U U, such that a@tid(a;j) <k
ad @tid(aij). Since Hy, is (G, 0)-legal and a? @j € By,
it follows that a@Qj € By and a@Qj <y atzj @j. Since
I;(j) < |Lj| and L;[I;(§)] = |z:=vQt;], [valid indices]
entails that a@i € By.

20

" [Sk,Tk] — [Sk+1,Tk+1] is obtained by a (SKIP) step.
In this case, there exist ¢ # j, x € Loc, v € Val, and
tj < t;, such that Il(]) < |Lj|, LJ[L(]H = I_.Z‘sz@tjj,
M;(z) = —Qt,;, and Sy1 = Sk[i — (M;, L;, I")], where
I' = L[j — IL(j) + 1]. By [valid messages], we have
a¥@j € By and v = valy(a¥). We take Hyp is to be
H + aij @jg if a;j@i & By, or Hp11 = Hy, otherwise.

We prove [valid indices] for Hy41. Since it held for Hy,
it suffices to prove that if I'(j) < |L;| and L;[I'(§)] =
ly:=v'@t'], then a@i € By for every eventa € W U
U such that a@j <k a;/@j. Suppose that I'(j) <
|L;| and L;[I'(j)] = |y:=v'@Qt'|. Leta € WUU
be some event such that a@j <g41 af; @j. Suppose for
contradiction that a@i ¢ Bpy41. By [valid cleans], m =
lloc(a) :=valw(a)Q@(a)| appears in L;. By [valid mes-
sage order], m appears in L; before |y:=v'@t’|. Since (by
construction) a;j @i € By, it must be the case that m
appears in L; before |z:=v@t;|. By [valid message or-
der], a@Qj <g4+1 aij @j. This contradicts [valid indices] (for
stage k).

[Sk,Tk] = [Sk+1, Tk+1] is obtained by a (CLEAN) step. In
this case, there exists 1 < ¢ < N, such that L; = m; L for
some message m and message list L, I;(¢) > 1 for every
J # 4, and Ser1 = Aj. (M, L}, I}), where L; = Lj for
every j # 4, L; = L, I} = I;[i — I;(i) — 1] for every
j #i,and I) = I;. We take Hy11 = Hy.

To see that [valid indices] holds for Hy41, note that we
have L%/ (I (§)] = Lj[I+(j")] for every j° # i'. We
prove [valid cleans] for Hy1. Let a@i’ € By.y1 such that
a € WUU and a@j ¢ Bgyi for some j. Let m’ =
lloc(a) :=valy(a)@F(a)]. Since By+1 = By, by [valid
cleans] for Hy, m’ appears in L;/. Clearly, if i # i, then
m/ appears in L;/, and we are done. Otherwise, it suffices
to show that m’ # m. Suppose otherwise. Since a@i € By,
but a@Qj ¢ By, [valid overflow] implies that I;(z) < |L;|.
Let L;[I;(i)] = |z:=v@t|. By [valid messages], a}@i €
By, Since I;(i) > 1, m appears before L;[I;(¢)] in L;. By
[valid message order], we obtain that o @ < al @j.

loc(a)
Since a = afﬁi‘z), by [valid indices], we obtain that a@Qj €

By, which contradicts our assumption. O

E.1.2 Completeness Proof

*

Assume that P may terminate under SRA. Then, (P, Gy) —
(Pina, G) for some SRA-consistent execution G. By contracting
internal program steps together with consecutive program and ex-
ecution steps, it easily follows that (P, Gy) =" (Pina, G), where
= is given by:

P, Y py
G5 G
(P1,G1) = (Ps,G2)

Now, Thm. guarantees that there exists a (G, o)-legal history

H = (B,<). Let a1Qiy,...,a,@i, be an enumeration of B

according to <, and let [, = lab(ag) for every 1 < k < n. Let

Go = Gy, and forevery 0 < k < n — 1, let Gx41 = Gi; a4 if
tid(ak+1) = ik+1, and Gpy1 = Gy, otherwise.

7Pn - Pﬁnal’ such

lk+1,tk41 .

that for every 0 < k < n — 1, we have P, ——— P41 if

. . . Li . .
tid(ak+1) = ikt+1, and Py = Py otherwise, where = s given

P - Py Ps — Py

Claim. There are programs P = Py, P, ...
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by:

P@i)—"¢ ch e d ="

P2 Plivs )

Proof. Intuitively speaking, we reorder the steps in the derivation
of (P,Gy) = (Pina, G), so they follow the order of the events in
H. Since steps of different threads do not interfere, we can freely
change the order among threads, preserving the order inside each
thread. Since the history follows this order for each thread, we can
follow <.

Formally, we inductively construct a sequence Fj, ..., P, of

programs, such that P = Py, Py % Pyt if tid(ak+1) =
ik+1 for every 0 S k S n — 1, Pk = Pk+1 if tid(ak+1) ;é ik+1
forevery 0 < k < n — 1, and (Px, Gx) =" (Pina, G) for every
0 < k < n.Finally, we would obtain that (P,,, Gpn) =" (P, G),
and since G, = G, it must be the case that P, = Prnal.

For the base case, we take Py = P. Now, suppose that Py is
defined. First, if ¢tid(ag+1) # ik+1, we take Pry1 = Pi. As-
sume otherwise. Since (Px,Gx) =" (P, G), there are com-
mands ci, ..., ¢y, and events a, ..., a,, such that (P, G%) =
(Pii1,Glyyq) forevery 0 < d < m — 1, where Py = Px,
G6 = Gk, P,,,n = Pﬁna], Gin = G, and <Pc/l+17 Id+1> =
(Pyltid(ayy 1) — car1], Gy agyq) forevery 0 < d < m — 1.
Since H is (G, o)-legal, we have arp+1 ¢ Gj. Thus, since
ar+1 € G, we have a1 € {ai,...,a,,}. Let do be the minimal
index such that ag1 = afio. We take P41 to be Pyliky1 — cdq)-

l Vik . .
To see that P —tkl P41, it suffices to note that tid(a);) #

igt1 forevery 1 < d < do (and so Py (ix41) = Pr(ing1))-
To see that (Pii1,Gry1) =" (Pina, G), it suffices to show
that <P)€+1,Gk+1> =" <P(;O+17G:10+1>. Let Pé/ = Pk+1, and
Py, = PJ[tid(ayy,) — cat1] forevery 0 < d < dg — 1. Let
Gy = Gr1and G, = Gy;ay,, forevery 0 < d < do — 1.
Then, Py, = Py 4, and Gy, = Gy 4. In addition, it is
straightforward to show that (Py, Gi) = (Pj,,, G4y, 1) for every
0<d<do—1. O

Forevery 0 < k < n,let Ay = {a1, ..., ar }, A, = AxN(WUU),
and By, = {a1Qiy, ..., a; @iy }. In addition, for every a € A}, let
#(a) denote the number of events b € Aj, such that loc(b) =
loc(a) and bQtid(b) < a@tid(a). Note that for every a,b € A,
such that loc(a) = loc(b), if #(a) < #(b), then aQtid(a) <
bQtid(b) (and hence, #(a) = #(b) implies a = b).

Let T, = Az € Loc. |{a € A} | loc(a) = x}|. We induc-
tively construct a sequence So, ..., S, of functions assigning a
processor state to every ¢ € {1,...,N}, such that So = So,
(Pi, [Sk, Te]) =" (Pis1, [Swt1, Tiqa]) for every 0 < &k <
n — 1, and Sy, is valid for stage k for every 0 < k < n, as de-
fined next:

Definition. We say that a function S assigning a processor state to
every i € {1,..., N} is valid for stage 0 < k < n if the following
hold, where S(i) = (Mj;, L;, I;) forevery 1 <i < N:

[valid memory] For every 1 < ¢ < N and z € Loc, if M;(z) =
v@t, then either |z:=v@t| is the last message of the form
|z:=—Q—] in L;, or v@t = o(x)@Q0 and no such message
exists in Lj;.

[valid lists] For every a € A}, |loc(a):=valy(a)@#(a)| ap-
pears in Lyiq(q)-

[valid indices] Forevery 1 < i < N and a € A}, if a@i ¢ By,
then |loc(a) :=valw(a)Q#(a)] appears in L;[I;(j)...] where
j = tid(a).

[valid overflow] Forevery 1 <i,5 < N, I;(j) < |L;| + 1.
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[valid skips] For every a@i € By, if |loc(a) :=val,(a)Q#(a) |
does not appear in L;, then |loc(a):=v@t]| € L; for some
v € Valand t > #(a).

[valid messages] For every 1 < i < N, if |z:=vQt| € L;, then
a@; € By for some event a € A, such that loc(a) = =,
valy(a) = v, and #(a) = t.

[valid message order] For every 1 < i < N, and a,b € A, if
lloc(a) :=—Q@+#(a) | appears in L; before |loc(b) : = —Q#(D) |
then a@i < bQjs.

[valid message times] For every 1 < ¢ < N, z € Loc, and
t1,t2 € N, if |x:=—@t; | appears in L; before |z:=—Qts],
then t1 < to.

Finally, since Ty = Ty, it would follow that (P, [Ss, Ty]) ="
(Pﬁnah [Sna Tn]>

For the base case, let S = S,. It is trivial to check that Sy is
valid for stage 0. For the inductive step, we show how to construct
Sk+1, assuming that Sy, is defined. It is straightforward to show that
the constructed function is valid for stage k+ 1. We prove here only
some of the (more interesting) properties. Let a = ax+1,{ = li+1,
and ¢ = 7x+1. Consider the following two cases:

) . . L

* tid(a) = 4. In this case we have Py = Pr41. Thus,
there exist commands ¢ and ¢, such that P;(i) —* c and
¢ 5 ¢ and ¢ —* Pyya(i). We construct Sy such

7

L

that [Sk,Tk] — [Sk+1,Tk+1]. Then, <Pk, [Sk,TkD -t
(Pr+1, [Sk+1, Tr+1]) follows by (possibly) internal program
steps deriving (Px[i — c], [Sk, Tk]) from (P, [Sk, Tk]), fol-
lowed by a combined program and machine step deriving
<Pk [Z — C/], [Sk+17Tk+1}> from <Pk[l — C}, [Sk7Tk]>, and
(possibly) again followed by internal program steps deriving
(Pry1, [Shy1, Tiga]) from (Pefi = '], [Sky1, Thta])-

Let Si(¢) = (M, L, I'), and consider the following three possi-
ble cases:

» typ(a) = W. Let x = loc(a), v = valw(a), and t = Ty (x).
In this case, we take Sy+1 to be Sk [i — (M’ L', I)], where
M' = Mz ~ vQt+1],and L' = L;|z:=vQt + 1].

Then, [Sk,T%] LN [Sk+1,Tk+1] is obtained using a
(WRITE) step.

We prove [valid messages] for Si1. Using the fact that
Sy, is valid for stage k, it suffices to show that there exists
an event b € A, satisfying loc(b) = =z, val,(b) = v,
#(b) =t + 1, and bQi € Bj1. Indeed, if we take b = a,
we have loc(a) = z,valy(a) = v, and a@i € Bjy1. Since
a@j is the last action in Byy1,{b € A}, | loc(b) = =z} is
exactly the set of all events b € Aj, such that loc(b) = =
and b@Qtid(b) < a@ji. It follows that #(a) =t + 1.

typ(a) = R. Let ¢ = loc(a) and v = wal,(a). In this
case, we take Ski1 to be Si. Since H is (G, o)-legal,
v = valy(H.last(a)) if a € dom(H.last), and otherwise
v = o(z). We show that M (z) = vQt,, where t, =
#(H.last(a)) if a € dom(H.last), and otherwise ¢, = 0.

It follows that [Sk, Tk] LN [Sk+1, Tk+1] is obtained using
a (READ) step.

Note that no message of the form |x:=—@t| with ¢t > t,
appears in L. Otherwise, by [valid messages], cQi € By
for some ¢ € Aj, such that loc(c) = z and #(c) = ¢. It
follows that c@i < a@i, and so ¢ € H.bf(a). Hence, a €
dom(H.last), and we have H.last(a)@tid(H.last(a)) <
c@tid(c). This is not possible according to the definition of
H.last(a)Qtid(H.last(a)).
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Now, if a & dom(H.last), then no message of the form
|2 :=—@— | appears in L, and by [valid memory], M (x) =
o(z)@0, and we are done. Otherwise, let b = H.last(a).
Hence, we have bQi < a@i, and thus bQi € By. By [valid
skips], it follows that m = |z:=v@#(b)] appears in L.
Moreover, m is the last message of the form |z:=—@Q—|
in L, and so, by [valid memory], M () = v@#(b). Indeed,
a message |z:=v'Qt] appears in L after m, then #(b) <
t (by [valid message times]), which, as shown above, is
impossible.

Since A}, = A}, and Sk41 = Sk, the fact that Sp41 is
valid for stage k + 1 trivially follows from the fact that S,
is valid for stage k.

"typ(a) = U. Let z = loc(a), vr = wvaly(a), vw =
valy(a), and ¢ = Ty (z). In this case, we take Sk41 to be
Skli — (M', L', 1)), where M' = M[z + v,@Qt + 1]
and L' = L;|z:=v,@t+ 1]. As in the previous case,

we have M(z) = waly(H.last(a))Q#(H.last(a)) =
v Q#(H.last(a)) if a € dom(H.last), and M(z) =
o(x)@Q0 = v,@0 otherwise.

First, if a ¢ dom(H.last), then since H is (G, 0)-legal,
there cannot exist and ¢ € A, such that loc(c) = =
and c@tid(c) € By. Hence, in this case, we have t =
0. Otherwise, if a € dom(H.last), since H is (G,0)-
legal, we have cQtid(c) < H.last(a)@tid(H.last(a)) for
every ¢ € A, such that loc(c) = =z and cQtid(c) €
By,. 1t easily follows that t = #(H.last(a)) in this case.

L

Therefore, [Sk, Tk] — [Sk+1, Tk+1] can be obtained using
an (UPDATE) step.

* tid(a) # 4. In this case we have P, = Py4q and T, =

Tk+1 . We construct Sk+1 such that [Sk, Tk] -t [Sk+1, Tk-«—l} .
Then, (P, [Sk,Tx]) — (Pet1,[Skt1, Tht1]) follows by
repeatedly applying a machine step.
Let Si(i) = (M;, L;, I;), and let j = tid(a) and Sk(j) =
(Mj, Ly, I;). Note that since H is (G, o)-legal, we have a €
WUU and a@j < a@i. Let x = loc(a) and v = val, (a). By
[valid indices], L;[I;(j)...] has a prefix of the form

|21 :=v1@Qt] | ... [T ;= vm @1, | |2:=v@F#(a)]

(where m > 0). For every 1 < d < m, let M;(zq) =
Vg, @ty ,. Then, for every 1 < d < m, by [valid memory],
|Td:=va,Qty, | is the last message of the form |zq:=—Q— |
in L;. For every 1 < d < m, since |zq:=v4Qt;| appears in
L;, by [valid messages], b4@j € By, for some by € A, such
that loc(bg) = zq and #(bg) = t};, and since |zq:=vqQ1 |
appears in L; before | z:=v@%#(a) ], by [valid message order],
we have bg@j < a@yj. Since H is (G, o)-legal, it follows that
forevery 1 < d < m we have b;@i < a@i, and so bsQi € By,.

We claim that t;; < t,, forevery 1 <d <m.Let1 <d < m.
Consider two cases:

1. Lmd::vd@téj € L;. Then, it does not appear after the
message | zq:=vs,Qt,,|. By [valid message times], t; <
ta,.

2. |za:=v4@Qt;| € L;. By [valid skips], |zq:=v'Qt] ap-
pears in L; for some v € Val and ¢t > t). Then,
| T4 :=v'@t] does not appear in L; after |zq:=v,,Qt,, |.
By [valid message times], t < ¢4, and s0 tj; < ts,.

Now, let m’ = I;(j) + m and I} = I;[j — m/']. By applying
m (SKIP) steps, we obtain [Sk,Tk] —* [S,Tk], where S =
Skli — (M;, L;, I})]. We define Si41, such that [S, T}] —
[Sk+1; Tk+1]. Note that we have L;[m'] = |z:=vQ#(a)].
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Let M] = M;[z — v@#(a)], L; = L;; |x:=vQ%#(a)], and
I/ = L;[j = m' + 1]. Let t € N such that M;(z) = —@t.
Consider two cases:

* t < #(a). We take Sk+1 = S[i — (M, L;, I}')]. We have
[S,Tk] = [Sk+1, Thk+1] using a (PROCESS) step.

* tm(a) < t. We take Sky1 = S[i — (M;, L;, I}')]. We
have [S, Ti] = [Sk+1, Tk+1] using another (SKIP) step.

We prove [valid indices] for Si11. Recall that A}, = Aj,
Sk+1(1") = Sk(¢') forevery i’ # i, and I (i") = I;(i") for ev-
ery i’ # j. Hence, it suffices to show that for every b € Aj, with
tid(b) = j,if bQi & By, then |loc(b) :=valu, (b)Q#(b) | €
L;[I;(j)...]- Let b € A}, with tid(b) = j, such that bQi ¢
Biy1. Let ' = loc(b) and v' = waly,(b). By [valid in-
dices] (for stage k), we have [z :=v'Q#(b)| € L;[L;(j)...].
First, note that b # a (since a@Qi € Bjy41), and hence,
|z’ :=0'Q#(b)| # |x:=v@#(a)]. It remains to show that
|z" =0 Q#(b)] # |za:=va@Qt}] forevery 1 < d < m. Sup-
pose for contradiction that |z":=v'Q#(b)| = |z4:=v4Q1}]
for some 1 < d < m. Then, zq = =’ and #(bs) = t; = #(b),
and it follows that by = b. This contradicts the fact that
by@Qi € By. O

F. Proofs for §5 (Fence Commands)

Proof (of Prop.[§). Let G = (A, po, rf) be an RA-coherent com-
plete well-formed execution, and let A; be the set of all events
a € A with loc(a) = f. Since G is well-formed, Ay consists only
of fence events, except for one event ag with lab(ag) = (W, f,0)
for which we have (ag,a) € po for every a € Ay \ {ao}. Let
moy be an f-modification order in G. Then, moy is a total strict
order on Ay. Let ag, ai, ..., a, be an enumeration of all events in
Ay according to their order in moy (note that ap must appear first,
since po; moy is irreflexive). We prove that (a;, a;+1) € rf for ev-
ery 0 < i < n — 1. It follows that T is total on fence events.
Let 0 < ¢ < n — 1. Since G is complete, we have (b, a;+1) € 7f
for some event b € A. Then, loc(b) = f, and so b € Ay. Let
0 < j < n, such that b = a;. Since rf is acyclic, j # ¢ + 1. Since
rf; moy is irreflexive, j % i + 1. Similarly, since (b, a;+1) € rf
and (a;, a;+1) € moy implies (b, a;) & moy, we also have j £ i.
Hence, j = i, and so (a;,a;+1) € rf. O

Proof sketch (of Thm. |3|) For every x € Loc, let mo, be an x-
modification order in G. Let K = |J,_(mos U fro U (mog; rf) U
(fre; 7f)) (where fro = (rf~';mos) \ Ida for every = € Loc).
Using the fact that mo, is an z-modification order in G, it
is straightforward to prove that K is transitive and (K;rf) U
(rf; K) C K. Since |J, mo, U, fr. C K, it suffices to show
that po U rf U K is acyclic.

Consider a cycle in po U rf U K with a minimal number of
K\ (po U rf)*t edges and (among those with the same number of
such edges) with a minimal total length. Such a minimal cycle must
have at least two K \ (poUrf)™ edges because cycles with at most
one K edge are ruled out since mo is an z-modification order in
G (see Prop.[2).

Consider, therefore, a cycle with two or more K \ (po U rf)*
edges, i.e., (a,b) € K\ (po U rf)* and (b,c) € (po U rf)"
and (c,d) € K \ (poU rf)* and (d,e) € (po U rf)* and either
e = a or there exists g such that {(e,g) € K \ (po U rf)" and
(9,a) € (poUrfUK)".

The events a, b, ¢, d, and e are all G-racy (a races with b, ¢ with
d and so on). We observe that the first edge in the path from b and
¢ must be a po edge (i.e., (b,c) € po;(po U rf)*), because if it
were an 7f edge, it could be folded into the preceding K yielding
a shorter cycle. Similarly, the last edge in this path must be a po
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edge, and so (b,c) € po U (po; (po U rf)*; po). Symmetrically,
(d,e) € po U (po; (po U rf)*; po). In addition, by the definition
of K, loc(a) = loc(b) and loc(c) = loc(d). If loc(b) = loc(c),
we obtain that (a,d) € K, which contradicts the minimality of
the cycle. Similarly, we have loc(d) # loc(e). Therefore, from
the theorem’s assumptions, there exist fence events f1, fo such that
(b, f1), (f1,¢),(d, f2), (f2,€) € (po U rf)T. From Prop.[§] we
have (f1, fa) € rf* or (f2, f1) € rfT, both cases yielding a cycle
with fewer K \ (po U rf)" edges. O

Proof (of Thm.[). For every location z € Loc, let mo, be an z-
modification order in G. We prove that po U rf UlJ, mo. UlJ,, fra
is acyclic (where fr, = (rf~';mo,) \ Ida for every z € Loc).
By Prop. ] po U rf U fry is acyclic for every z € Loc. Since
G is WW-race free, we have that |J, mo, C (po U rf)T (see
the proof of Prop. @) Furthermore, for every x € Loc, we have
freN(G.Ux A) C (poUrf)*.Indeed, if (a, b) € fry anda € G.U,
then by WW-race freedom, we must have {(a,b) € (po U rf)* or
(b,a) € (poUrf)T.But, (b,a) € (poUrf)™ implies a poUrfUfry
cycle.

Therefore, it suffices to prove that R = po U rf U |J, fro" is
acyclic, where fr,’ = (fr, N (G.R x A)) \ (po U 7f)" for every
x € Loc. Let Rg = (po U rf)* N (B x B). Rp is a strict total
order on B, that is contained in R™. Since po U rf U fry is acyclic
for every « € Loc, we clearly have that R is irreflexive, and Rp; R
is irreflexive. By Lemmal[Z] to show that R is acyclic, it remains to
prove the following, where C = A\ B, and Rc = RN (C x C):

* Rc is acyclic. This follows from the fact that Rc C (po U
7f)T. Indeed, suppose for contradiction that {(a,b) € Rc but
(a,b) & (poUrf)". Then, (a,b) € fr, N (C x C) for some
xz € Loc. Since po U rf U fr, is acyclic, we cannot have
(b,a) € (po U rf)*. It follows that @ and b race in G, and
a,b & B is not possible by our assumption.

For every b € B and ci,c2 € C, it is not the case that
(c1,b),(b,c2) € R and (cz2,c1) € R¢. Suppose otherwise.
Since Rc C (poUrf)™, we have (ca,c1) € (poUrf)™. Since
poUrf is acyclic, either {c1, b) € fr,’ or (b, ca) € fr,’ for some
x € Loc. Both cannot hold, as together they imply thatb € G.U.
Hence, either {c1,b) € (po U rf)™ or (b,c2) € (poUrf)T.In
both case, we obtain a contradiction to the fact that poU rf U fr,
is acyclic for every x € Loc.

For every bi,be € B and c¢1,c2 € C, it is not the case that
<Cl,b1>, <b2,02> c R, <b1,b2> € Rp, and <CQ,01> S Ré«
Suppose otherwise. In this case, we must have (c1,b1) € fra',
and (b2, c2) € fr,’ for some z # y (otherwise, we obtain
a cycle in either po U rf U fry or po U rf U fry). Then,
bi,c2 € GWU G.U and by, c1 € G.R. In addition, we cannot
have (bi,c1) € (po U rf)+, and so c¢; and by race in G.
Similarly, co and b2 race in GG. Our assumptions entail that
(b1, f1), {f1,b2) € (po U rf)" for some fence event fi, and
(€2, f2),{f2,c1) € (po U rf)t for some fence or protected
event fo. Now, if f is a protected event (i.e., fo € B), then
either (fa,b1) € (poUrf)™ or (b, f2) € (poUrf)™. The first
option implies a cycle in po U rf U fr,, and the latter implies a
cycle in po U rf U fr,. Hence, fo must be a fence event. From
Prop. we have (f1, f2) € 7f " or {fa, f1) € rfT, and again
we obtain a cycle in either po U f U fry or po U rf U fr,. O

G. Proofs for §6|(Relation to TSO)

To prove Thm. [5] we first establish the following property that
relates the (po U rf)* with the total store order.

Proposition 10. Let tso be a total store order for an execution
G = (A, po,rf). Then, (po U rf)" C tso U (po N (G.W x G.R)).
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Proof. We use induction on the length of the po U rf path to show
that (po U rf)™ C tso U (po N (G.W x G.R)). The base case
easily follows from the facts that po C tso U (G.W x G.R) and
rf C tso U po. For the induction step, suppose the claim holds for
paths of size < n, and let a1, ..., an € A, such that (ar, ar+1) €
po U rf forevery 1 < k < n — 1. If {ak, ax+1) € po for every
1 <k <n—1,then (a1, an) € po, and we are done using the base
case. Otherwise (a, ax+1) € rf \ po forsome 1 < k < n—1.By
the induction hypothesis, (a1, ax) € tsoU (poN(G.Wx G.R)) and
(ak+1,an) € tsoU (po N (G.W x G.R)). Since (ax, ak+1) € 7f,
typ(ar) # R and typ(ar+1) # W. Hence, (a1,ar) € tso and

(ak+1,an) € tso.In addition, (ax,ar+1) € rf \ po implies that
(ak,ar+1) € tso. The transitivity of tso implies that (a1, an) €
tso. O

Proof (of Thm. .

(=) Suppose that G is TSO-coherent, and let so C A x Abe a

total store order for G. By Prop. (a,a) € (pourf)t implies
(a,a) € tso. Hence, acyclicity of po U rf follows from the fact
that ¢so is irreflexive. Let mo = tso N ((G.WU G.U) x (G.WU
G.U)). We first show that mo is a modification order in G. Since
tso is a strict partial order that is total on G.W U G.U, mo is a
strict total order on G.W U G.U. To see that mo; (po U rf)*
is irreflexive, let {a,b) € (po U rf)T.If b € R, then clearly
(b,a) & mo. Otherwise, Prop. [10| entails that {(a,b) € tso,
and so (b,a) ¢ mo. Note that using Lemma [3]it also follows
that po U rf U mo is acyclic. Next, let a,b,c € A, such that
{a,¢) € rf, (b,c) € (poUrf)T Umo,and loc(a) = loc(b). If
b ¢ G.WU G.U, then clearly (a,b) & mo. Suppose otherwise.
We show that (b,c) € tso U po. It follows that {a,b) & tso,
and so (a, b) & mo. First, if (b,c) € (po U rf)*, then (b, c) €
tso U po follows from Prop. Otherwise, (b,c) € mo, and
by definition, (b, ¢) € tso.
Next, we prove that mo satisfies the two additional conditions
of the theorem. Let R = (mo; (rf \ po); po) U ((mo N (A X
G.U)); po), and let a, b, c € A, such that (a,c) € 7f, (b,c) €
R, and loc(a) = loc(b). If b ¢ G.WUG.U, then clearly (a, b) ¢
mo. Suppose otherwise. Again, we show that (b, ¢) € tsoU po.
Consider the two possible cases:

* (b,c) € mo;(rf \ po); po. In this case, we have (b,b1) €
mo, (bi,b2) € rf \ po, and (ba, c) € po for some by, b €
A. By definition, (b,b1) € tso. Since tso is a total store
order in G, we also have (b1, b2) € tso. Since (b1, b2) € 7f,
be € G.W, and so, since tso is a total store order in G, we
have (b2,c) € tso as well. The transitivity of ¢so implies
that (b, c) € tso.

(b,c) € (mo N (A x G.U));po. In this case, (b,b1) €

mo and (b1,c) € po for some b1 € G.U. By definition,

(b,b1) € tso. Since by € G.U, and since tso is a total

store order in G, we have (b1, c) € tso as well. Again, the

transitivity of ¢so implies that (b, ¢) € tso.

(<) Suppose that po U rf is acyclic, and let mo be a modification
order in G the additional conditions of the theorem. We show
that tso = (mo U (po \ (GW x A)) U (rf \ po))" is a
total store order for GG, and so G is TSO-coherent. First, by
Lemma since po U rf is acyclic, the fact that mo; (po U rf)™
is irreflexive entails that mo U po U rf is acyclic. Thus, tso is
a strict partial order on A. Since mo is total on G.W U G.U, so
is tso, and we clearly also have rf C tso U po. To see that
po C tsoU (GW x G.R), let (a,b) € po.If a € W, then
(a,b) € tso by definition. If a € W and b € R, then we are
obviously done. Otherwise, a € W and b € W U U. Since
mo is total on G.W U G.U, and mo; po is irreflexive, we have
(a,b) € mo, and so (a, b) € tso in this case as well.

2015/11/6



Next, let a,b,c € A, such that {a,c) € rf, (b,c) € po U
tso, b € GW U G.U, and loc(a) = loc(b). We show that
(a,b) & tso. Since mo is total on G.W U G.U, it suffices
to show that (a,b) & mo. Let R = (po U rf)" U mo U
(mo; (rf \ po); po) U ((mo N (A x G.U)); po). We prove that
(b,c) € R, and (a,b) ¢ mo follows from the properties of
mo. First, if (b, ¢) € po, then we are clearly done. Otherwise,
(b,c) € tso.Let ai,...,an € A, suchthata; = b, an = ¢,
and (ax,ar+1) € mo U (po \ (GW x A)) U (rf \ po) for
every 1 < k < n — 1. Let m be the maximal index such that
am € G.WU G.U (such a, exists since b € G.WU G.U). Since
(b,c) & po, we have m > 1. Since po U rf U mo is acyclic,
mo is total on G.WU G.U, and b € G.WU G.U, we must have
(b, am) € mo.If am = c, then (b, c) € mo, and we are done.
Assume otherwise. Then, we have <am.~.17 c) € po. Now, if
(@m,am+1) € 7f \ po, then (b,c) € mo; (rf \ po); po, and
we are done. Otherwise, (am, @m+1) € po \ (G.W x A). Thus,
am € G.U,and so (b, c) € (mo N (A x G.U)); po.

Proof (of Thm.[6). By Proposition[7] there exists a relation mo that
is a modification order in G. Let frp = {{a,b) € rf " ';mo | a €
B, loc(a) = loc(b)}. First, we show that po U rf U frs is acyclic.
We will prove by induction on n that frp cannot appear in such a
cycle n times. For n = 0, this follows from the fact that po U rf
is acyclic. For n = 1, this follows from the fact that mo is a
modification order in G (see Prop. Q) For n > 2, take the sources
of two distinct frp edges. As they both belong to B, they are
ordered by (po U rf) ™, thereby witnessing a smaller cycle.

Now, take mo’ to be any strict total order on G.W extending
(poUrfUfrs) " N(G.Wx G.W). We show that mo satisfies the con-
ditions of Thm. EL and hence, G is TSO-coherent. By construction,
mo’ is a strict total order on G W, and mo’; (po U rf) T is irreflex-
ive. To see that mo’ is a modification order in G, let a,b,c € A,
such that {a,c) € rf, (b,c) € (po U rf)*, and loc(a) = loc(b)
(note that G.U is empty, so we do not need to consider the case
that (b,c) € mo’). We prove that {a,b) & mo’. Suppose other-
wise. Then, both a and b are write events and (b, a) & (po U rf)*.
Since G is WW-race free, it follows that (a, b) € (poUrf)™. Since
mo is a modification order in G, we also have (a,b) € mo. This
contradicts the fact that (b,c) € (po U rf)" (again, since mo is a
modification order in G).

Next, let a, b, c € A, such that (a,c) € rf, (b,c) € mo'; (rf \
po); po, and loc(a) = loc(b) (note that G.U is empty, so we do not
need to consider the case that (b,c) € (mo’ N (A x G.U)); po).
We prove that (a, b) & mo’. Suppose otherwise. As above, a and b
are write events, and we have (a,b) € (po U rf)*, (a,b) € mo,
and (b,c) & (po U rf)T. Let by, bo € A, such that (b,b1) € mo’,
(b1, b2) € f \ po, and (bz, c) € po. Note that (b1,b) & (poUrfU
fre)T (otherwise, (b1,b) € mo’, and this contradicts the fact that
mo’ is acyclic). Hence, the following hold:

1. ¢ ¢ B. Indeed, otherwise we have (c,b) € frp, and so
(b1,b) € (poUrfU frp)t.

2. b € B. Indeed, otherwise, ¢ and b cannot race in G, and
hence we must have (c,b) € (po U rf)", and again (b1,b) €
(poUrfUfre)’.

3. b1 & B. Indeed, otherwise we must have (b, b1) € (po U 7f)™,
and this contradicts the fact that (b, ¢) & (po U rf)™".

Since (b1,b2) € rf \ po and by & B, we have b, € B. Hence,
we have either (b, b2) € (po U rf)t or (b2,b) € (poU rf)*. In
the first case, we obtain a contradiction to the fact that (b,c) ¢
(po U 7f)T. The latter again contradicts the fact that (b1, b) ¢
(poUrfuUfre)t. O
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H. Proofs for §7| (Relation to Power)
H.1 General Properties of the Power Model

Let G = (A, po, deps, rf, At) be a Power execution.

Proposition 11. Assuming [SC-per-loc] holds, [Observation] is
equivalent to fre; base being irreflexive.

Proof. In Coq, lemma observation_condition_simpl. O

Define the following:
2 fence N (R x (RUW))U (W x W))
hbwear 2 ppo U fence,, .., U rfe

fenceweak‘

A ? *
= rfe ;fenceweak; hbweak

(basewear N (W x W)) U
chapo”; basel, op; sync; hb%,on

baseweak

>

PTOPyeake =

Proposition 12.

* hb = hbwear U (sync N (W x R))

* hb* = bl ear; (sync N (W x R))’

« hbt = hbE_ U (Bbhear; (sync N (W X R))
* base = basewear U (sync N W X R)

* Prop = Prop.eak

The following properties hold:

Proof. In Coq, lemmas hbE, rt_hbE, t_hbE, prop_baseE, and
baseE. O
Proposition 13. The following properties hold:

* hb is acyclic iff hbyeaqr 1s acyclic.
* Assuming [SC-per-loc] and [No-thin-air] hold, then [Observa-
tion] is equivalent to fre; baseweaqr being irreflexive.

Proof. In Coq, lemmas acyclic_hbE, and observation_cond-
ition_alternative. O

H.2 Power Fences

We consider Power executions Gs = (A, po, depsg, rf, At) and
G, = (Ay, por, deps,., rfr, At,) such that Gs = G, (= is defined
in §7). Moreover we define the following:

pog” = poN((WUR) x S) and
pos 2 pon (S x (WUR))

Notice that sync = pog”; pos .

[I>

Notation 6. Let R be a binary relation on events. We denote by
T1T2(R) the restriction of R to events of types T1 and To, i.e.,
R = {(a,b) € R | typ(a) = T1, typ(b) = T2}.

H.2.1 Our Fences are Stronger than Power’s Strong Fences

In this section we assume a Power-coherent execution with RMW
semantics for strong fences (Gr = (A, por, deps,., fr, At,)) and
prove that the corresponding execution with sync fences (Gs =
(A, po, deps, rf, At)) is also Power-coherent. We define an order
on write events in G5 such that it is identical to co, but does
not include the writes to the special location f. Formally, co £
{{a,b) | {a,b) € cor Nloc(a) # f}. Obviously, co is a coherence
order in G.

Lemma 7. hb\ (W x R) C hb,.
Proof. The only case that is not straightforward is when two events
are ordered by a sync fence. Suppose a, b such that (a,b) € sync,

i.e. a is po-before a sync fence and b is po-after it. In the execution
with release-acquire RMWs as fences this implies that there will
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be a lwsync fence po-between a, b thus (a, b) € lwsync which is
sufficient to order by hb, any events (a,b) ¢ W x R. O

Lemma 8. hb™ \ po C hb! .
Proof. By induction on (a, b) € hb™.

[Base Case] (a,b) € hb. Since (a, b) ¢ po it must be that (a, b) €
rfe thus since rfe C rfe, we obtain (a,b) € hb,..
[Inductive Case] (a,c) € hb" and (c,b) € hb™. We distinguish
four cases:

- (a,c) € po and (c,b) € po. Then (a,b) € po, contradic-
tion.
(a,c) & po and (c,b) € po then by induction hypothesis
{a,c) € hb;. Consider the non-trivial case where (c,b) €
sync, typ(c) = W, and typ(b) = R (notice that in any
other case hb C hb,). Then since (a,c) & po there must
exist some write d and some read e such that (d, e) € rfe,
(e,c) € po and thus (e,b) € hb, because there is a
lwsync po-between e and b (placed before the release-
acquire RMW that is used instead of a sync). Thus (a, b) €
hb,t.
- {a,¢) € po and {c,b) & po. Then by induction hypoth-
esis (c,b) € hb;}. We examine the same case as above
(typ(a) =W, typ(c) =R, (a, c) € sync), obviously c and b
are not on the same thread, thus there must exist some write
d and some read e such that (c,d) € hb,, (d,e) € rfe,
and (e, b) € hb; . But instead of the sync there is a lwsync
(placed before the RMW) po-between a and d which is suf-
ficient to order a, d by hb, thus {a,b) € hb,.
{a,c) & po and (c,b) & po. By induction hypotheses we
obtain (a, b) € hb;!. O

Lemma 9. For every x € Loc, the relation po|, U rf U co U fr is
acyclic.

Proof. Follows by the SC-per-loc axiom because pol, C por|s
rf C rfy, co C cor, and fr C fr,.

5

Lemma 10. The relation rmw N (fre; coe) is empty.

Proof. Notice that rmw C rmw, (rmw does not include the
RMWs at location f), thus since rmw, N (fre,; coer) is empty,
so is rmaw N (fre; coe).

Lemma 11. The relation hb is acyclic.

Proof. Suppose by contradiction that there is a cycle in hb. Then
by Prop. [13| there is a cycle in kb \ WR(sync). This implies that
(a,b) € WR(hb) = (a,b) € rfe, thus a cycle in hb \ WR(sync)
implies a cycle in RT(hb) UWW(hb) U rfe and by Lemmal[7]and the
fact that rfe C rfe, we obtain a cycle in hb,., contradiction. O

Remark 2.

acyclic(hb)
A acyclic(fre; rfe’; base™; sync; hb*)
A acyclic(co U WW(base) U po-aa
U (rfe’; base*; sync; hb*);
(fre; rfe”; base™; sync; hb™)*)
= acyclic(co UWW(base) U po-aa
U (rfe’; base™; sync; hb*)
U (fre; mfe’; base™; sync; hb*))
Notation 7. We will use a numerical subscript (1 and 2) to denote

the read and write event respectively of a rmw, e.g. (a1,a2) €
rmw.
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Let £ be an order on events of type (sync) such that (a,b) € L
iff (a2,b2) € co, where a2, by are the atomic writes that are used
in the G- execution instead of the sync fences a, b.

Lemma 12. Let a,b € Ss.t. (a,b) € £ and (a,b) & po, then
for all a’, b s.t. typ(a’),typ(b’) € {W,R}, (a’,a) € po, and
(b,b') € poitholds that (a’,b’) € base,..

Proof. Notice that in the execution G the strong fences a, b corre-
spond to release-acquire RMWs. This implies that there is a light
fence (lwsync) before the RMW and a control dependency fol-
lowed by an isync after it. Thus for any event a’ that po-precedes
a it is the case that (a’, a2) € lwsync where az is the write that
corresponds to the fence event a. Moreover since every atomic
read c; reads from the write that immediately precedes cz in the
coherence order co,, we conclude that (a’,b1) € fence; hb;. Fi-
nally due to the control-dependency and the isync fence that po-
succeeds by we have that (a’,b") € fence; hb;"; ppo which implies
(a’,b') € base,. O

Remark 3. Let 7' be some strict total order on a set A. Con-
sider any finite enumeration a; ...a, of A, then either V i €
[1..n). (a;,a;1+1) € T or there exists some 4 such that {a;41, a;) €

Lemma 13. The relation (fre; rfe”; base™; sync; hb*) is acyclic.

Proof. Let S £ fre; rfe’; base™; sync; hb*. There are two cases:

- If {(a,a) € S.
Equivalently
(a,b) € fre
A (b,c) € rfe’
A {c,a) € base™; sync; hb*
By case analysis on (b, ¢) € rfe’

o If (b, c) € rfeand (c,a) € po. This contradicts the sc-per-
loc axiom in the G- execution.

o If (b, c) € rfeand (a,c) € po. Thus there must exist some
event d s.t. typ(d) = W, {(c,d) € fence, and (d,a) € hb™.
Notice that since typ(d) = W, it must be that (a,d) €
fence,. and moreover by Lemma [§| we have that (d,a) €
hb;". Thus (a,a) € hbl which contradicts the no-thin-air
axiom of the GG, execution.

o If (b,c) € rfe and (a,c) & po A (c,a) ¢ po. Then there
must exist some event d s.t. typ(d) = W, (¢, d) € fence,,
and (d,a) € hb™. Notice that since typ(d) = W it must
be that (c,d) € fence, and thus (b,d) € WwW(base,).
Moreover, by Lemma [8] (d,a) € kb thus (a,a) €
fre.; prop; kb which contradicts the observation axiom
of the G, execution.

o If b = c. Then there must exist some event d s.t. typ(d) =
W, (b,d) € fence, and (d,a) € hb™ which implies (b, d) €
fence, and (d,a) € hbl by Lemma Thus (a,a) €
fre.; prop; b which contradicts the observation axiom of
the G- execution.

- If (a,a) € S;ST. Notice that £ is a strict total order on the
set of events G.(sync). Take an enumeration of G.(sync)
s.t. for any s;,s; € Gs.(sync), i < j iff there is a subpath of
(a,a) € ST that starts at s; and ends at s;. By Remarkwe
distinguish two cases:

o In case there exists s; € Gs.(sync) s.t. (siy1,si) € L:

o If for some b, c it holds that (b, c) € sync; hb;ym; sync
and (cs,bs) € L (where (b,bs) € pog” and {cs,c) €
pog”) then if {(cs,bs) € po then either po is cyclic
(contradiction by sc-per-loc axiom) or otherwise there
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o If {bs, cs) & po then notice that
(a,b2) € fre,;WW(base,) where by is the atomic write
that corresponds to bs. Moreover (b2, ¢1) € hbﬁ' (where
c1 is the atomic read that corresponds to c,). Finally
{c1,a) € ppo; kb thus {a,a) € fre,; prop; hb;" which
contradicts the observation axiom. O

is some write b’ such that (b, ') € fence’. Notice then
that (b',c) € hb; by Lemmaand (c,b') € hb, (be-
cause (c,b’) € po and there is an lwsync fence be-
tween them). Otherwise if (cs, bs) & po, then notice that
hb\ yyne C hby, hence (b',¢') € hb where ((b,b') €

sync, (¢, c) € sync). Moreover, by Lemma.we have

/ + 4
that (¢’ b’ > € base, which implies (c', ) € hb; Lemma 14. The relation (co U WW(base) U po-aal

thus (¢’ Ehb+Btth tradicts the no-thi , ,

aXLil(S)I.ff ) ut this contradicts the no-thin-air (rfe”; base™; sync; hb*); (fre; rfe’; base™; sync; hb*)*) is acyclic.
o If for some b, c it holds that (b, c) € sync; hbS,,.; fre; Proof.

rfe’; basey s, ,.; sync or equivalently that

L. (b, d) € sync; by,
2. (d, ) € fre; basel,,,.
3. (', c) € sync
and (cs,bs) € L then if (cs,bs) € po, we distinguish
the following cases:
x If (b,d) € po then if (d,c’) € fre we have a cycle
in po|l U fr where [ = loc(c').
* If (b, d) € po,if (d,c') € fre; base, .
sider the case where (d, c’) & fre; po (otherwise it
is the same as above). Then (d, ¢') € fre; base, ..
1mlpl)hels (d,d') € fre and (d', c}”}/ € ww(base\syvc),
(d”,c’) € hbl,,,. (because (d', ') € base, . im-
plies that (d',c’) € rfe’; lwsync; hbl,,,.. equiva-
lently (d’,d") € rfe’; lwsync which implies that
either (d',d"”) € lwsync and d” must be a write
because (d’,c') & po, or (d',d") € rfe and if
(d",d) € po then we have a violation of the sc-
per-loc axiom or (d"',d) € po and there must be
some write ¢ such that (d"’, t) € fence and (t,d") €
rfe). Finally, there must be some read ¢”’ such that
(<", ¢y € hb!, (d",c") € hb and (¢, d) € ppo.
Thus we have that (d, d) € fre; prop.
If (b,d) € sync; hb\sync (and (b,d) ¢ po) then
there must exist some write b’ such that (b, b') €
sync which implies (b,b') € hb, by Lemma|[8|and
by the fact that hb, ,,,,. C hb, we have that (b, d) €
kb . Moreover (d,c’) € fre; base],,,. implies
(d,c') € fre.; base; and finally (c’,b’) € hb,. (there
will be an lwsync fence between them from the
RMW) which implies that (d, b’} € WW(base;") thus
again we have that (d, d) € fre,; prop.
Otherwise, we have that (b, d) € hb; and (d,c') €
fre,; fe.”; base;. Moreover, by Lemma we have
that (c/,b') € hb}. Notice that (¢, c2) € fence,
(where c2 is the atomic write that corresponds to c;).
Thus (d, c2) € fre,; WW(base;") which implies (d, c2) €
frer; prop. Finally it must be that (ca2,d) € hb;" hence
we have a contradiction of the observation axiom.
o In case (s;, s;+1) € L for all 4. Suppose
(a,a) € fre;rfe’; basey syn.; sync; hb™; S5 S. This im-
plies that there exists bs, cs s.t
1. {(a,bs) € fre;rfe’; basel,,,.; Pos’
2. (bs,cs) € po;,hb* S*; fre; rfe’; base™; pog”,
3. {cs, a) € pog; hbS,, . and
4. (bs,cs) € L.
We distinguish two cases:
o If (bs, cs) € po then a case analysis similar to the previ-
ous case is required and we reach a contradiction either
through sc-per-loc or through the observation axiom.

then con-

*
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- Notice that co U WW(base) U po-aa is acyclic because it is
included in co, U WW(base,.) U po-aa, which is acyclic by the
propagation axiom.

- If there is a cycle in the second relation then a similar argument

to the one used in the proof of Lemma|[T3]applies. In particular

there are two cases again. In the first case we have again that

(Sit+1, si) € L for some %, and the proof is exactly as the first

case of Lemma@ In the other case, we can easily conclude

that there is a cycle in hb, and thus the no-thin-air axiom is
contradicted.

Finally if there is a cycle in the union of the above relations,

we again distinguish between the two cases of Remark [3] If

(84, 8i+1) € L for all ¢ then notice that for all subpaths of the

cycle of the form (b, ¢) € rfe’; base™; sync; hb*;

(fre; rfe”; base™; sync; hb*)* it must be that typ(b) = typ(c) =

W because (co UWW(base) U po-aa) C W x W. We will prove

that (b, c) € WW(base,) We distinguish two cases:

f (b,c) € base™;sync; hb* then if (b,c) € po we ob-
viously have (b,c) € WW(base,) (because there will be a
lwsync fence po-between b, c). Otherwise if (b,c) & po
then we have that
1. (b, V') € (rfe”; fence; hb*)’
2. (t',c) € sync; hb*
The proof proceeds by case analysis on the above relations.
In all cases we have that (b, ¢) € WW(base,.).

o Let S £ fre; rfe’; base™; sync; hb* then we have that
1. (b,b') € rfe’; bases gy,
2. (V',bs) € pog”
3. (bs, cs) € pod ; hb*; S*; fre; rfe’; basel,,,.; Pos’
4. {cs,c') € po§”
5.(c,c) € RO gy e
If (bs, cs) € po then, we have two cases if (b, ¢) € po since
typ(b') = typ(c) = Wit must be that (b, c) € fence,. thus
we have that (b, ¢) € rfe’; base\gym, fence,. which implies
(b, c) € WW(base,), otherwise if {(b’, c) & po there must be
some write ¢ such that (o', t) € fencer and (¢, ¢) € hbl,,,.
which implies that (b,c) € base,. Otherwise if (bs, cs) &
po then by Lemma|12|we have that (b',c’) € base, and by
the fact that hb, ;.. C hb, and rfe’; basey C base; we
have that (b, c) € WW(base,.).

Hence we can reduce the cycles to the form copqs. UWW(base,. )U
po-aa,. which is acyclic by the propagation axiom. Otherwise,
if (siy1,s:) € L for some 4 then there are three cases: Either
there exists b, ¢ s.t. (b, ¢) € sync; hbJ,,,..; fre; rfe’; basey syne;
sync and (cs, bs) € L which leads to a contradiction as shown
in the proof of Lemma 13| or (b,c) € sync;hbl,,,.; rfe’;
base,,,.; sync and (cs, bs) € L which leads to a contradiction
of the no-thin-air or sc-per-loc axioms.

or (b, c) € sync; hbly e

(co> U pco—aa U WW(base, i) 7" rfe’; basel,,,.; sync and

bs) € L.

sync

<CS7

2015/11/6



Equivalently (b, d) € sync; hbJ,, .,

(d,e) € (coU po-aa U ww(base\sy,w))+,

(e,g) € rfe’; basessyne; sync and (gs,bs) €. Notice that
typ(e) = typ(d) = W and thus {e,d) € WW(base,) which
implies that there is a cycle in copese U WW(base,.) U po-aa,.
which contradicts the propagation axiom.

Lemma 15. (co U prop U po-aa) is acyclic.

Proof. Notice that chapo”; base™; sync; hb* is equivalent to ( coeU
fre)"; rfe’; base*; sync; hb* and hence co U po-aa U WW(base) U
(coeUfre)”; rfe’; base™; sync; hb* is equivalent to coUWW(base)U
po-aa U (rfe’; base™; sync; hb*) U (fre; rfe’; base™; sync; hb*)).
We conclude by using Remark[2]and Lemmas([T1}[[3]and[T4 O

Lemma 16. fre; prop; hb™ is irreflexive.

Proof. By Prop.[13]and Lemmas [9] and [T1] it suffices to show that
fre; basewear is irreflexive. But since fre C fre, and baseyeqr C
base,., this follows from the observation axiom for G .. O

Theorem 9. G is Power-coherent.

Proof. The result is a direct consequence of Lemmas [J] to [TT} T3]
and [T6 O

H.2.2 Power’s Strong Fences are Stronger than our Fences

We assume now that Gs = (As, pos, deps,, 1fs, Ats) is a com-
plete and Power-coherent execution and prove that the correspond-
ing execution G° = (A, po, deps, 0, At) is Power-consistent.

Notation 8. We make use of the following notations for any binary
relation R on events:

1. R|y = {{a,b) € R | loc(a) =loc(b) = f}

2. Ryz = {{a,b) € R | loc(a) = f,loc(b) # f}

3. Ryy = {{a,b) € R | loc(a) # f,loc(b) = f}

4. Rey = {(a,b) € R | loc(a) # f,loc(b) # [}

Definition 23. We define a partial order on all events of type

(sync):
DOs; (hb\syn(;)*;

B £ | (cos U po-aa UWW(base, ;,,.))"5 | N (S x S)

chapo”; (base, gyne)”; POs

where

fence, gy = fence, \ (W x R)

Bby gyne £ ppo, U fence\sync U rfes

ba’se\sync 2 (fence\sync U (rfeé';fence\sync)); hb{sync
Definition 24. We define a partial order on write events such that
it agrees with cos on all write events at a location different than
f and moreover we require that two write events a,b € A s.t.
loc(a) = loc(b) = f are ordered by copase iff their corresponding
sync events, as, bs are ordered by B. Formally:

COpase = cos U {{a,b) € W x W) | loc(a) = loc(b) =

f A {as,bs) € B}

Lemma 17. The relation copqse is acyclic.

Proof. First, note that if (a,b) € chapo”; (base, 4,n.)"; pog” and
(byc) € pog; (hby,,,.)", then (a,c) € prop. Call this property
(*). From the definition of copgse, it suffices to show that the
relation B is acyclic. Notice from property (*) that a cycle in B
implies a cycle in prop which is acyclic from the propagation
axiom.

27

Furthermore, we define co as a linear extension of copase. Fi-
nally we provide a complete and Power-coherent execution G by
defining the relation rf,.. We require that every read on f reads from
the most recent write according the order co. Formally:

rfr & rfs U {{a,b1) | immediate {a,bs) € co A (b1,bs) €
rmw Aloc(a) = f}

Remark 4. co is acyclic.

Lemma 18 (hbf-included-in-cof). Leta,b € A, such that {(a, b) €
(hb™)]| ;. Then the following hold:

1. If @, b € R, then there exist a’, b’ such that {a’, b’} € (co|s)T,
{a,a’) € rmw, and (b, V') € rmuw.

2.Ifa € R and b € W, then there exists a’ such that (a’,b) €
(co|f)* and (a,a’) € rmw.

3.Ifa € Wand b € R, then there exists b" such that (a,b’) €
(co|l)T and (b, ') € rmw.

4. If a,b € W, then (a, b) € (co|s)*.

Proof. By induction on {a, b) € (hb™)|;.

[Base Case] If (a,b) € hb|y.
For cases 1,4 (a,b) € hb|s implies (a,b) € (fence U ppo)
which implies that (as,bs) € po;po and thus by Def.
(a',b")y € coly. For case 2, either the above relations hold or
if (a,b) € rmw we have that «’ = b. For case 3, there is one
more possibility, in particular that (a,b) € rfe. In that case
(a,b") € coly by construction.

[Inductive Case] If {a,c) € (hb1)|s and (c,b) € (hbT)|;. All
cases are direct consequence of the induction hypotheses.

O

Lemma 19 (hbf-hb-included-in-cof). Leta,b € A, such that
(a,b) € (hbyw; (hbay)"s hbas; (hbl£)*) "
Then, the following hold:

1. If a, b € R, then there exist a’, b’ such that {a’,b’) € (co|;)T,
{a,a’) € rmw and (b,b") € rmw.

2.Ifa € W and b € R, then there exists b’ such that {a,b’) €
(co|lf)" and (b,d") € rmw.

3.1fa € Rand b € W, then there exists a’ such that (a’,b) €
(colf)" and {a,a’) € rmw.

4. If a,b € W, then (a, b) € (co|s)*.

Proof. By induction on {a,b) € (hbss; (hbsy)™; hbay; (Rb|f)*)T.

[Base Case] We have: (a,c) € hbysq, (c,d) € (hbay)*, (d,e) €
hbey,and (e, b) € (hb|s)*. The first three imply that (a,, es) €
po; hb}; po and thus by Def. 24| (a’,e’) € coly. By cases on
(e,b) € (hb|s)* either e = b and thus ¢’ = b’ or (e,b) €
(hb|£)™) and by Lemma (e’,b') € (colf)* (by weakening
the result) and thus (a, ') € (co|;)", where for a’, b’ it holds
that either a = a’ (resp. b = V') or (a,a’) € rmw (resp.
(b,b') € rmw) depending on which case we are trying to prove.

[Inductive Case] If {a,c) € hbsy; (hbay)™; hbsy; (hb]£)*)T and
(e,b) € hbyy; (hbay)*; hbsy; (hb]£)*)T. The result is imme-
diate by case analysis and the induction hypotheses on the two
relations above.

O

Lemma 20. Let a,b € A s.t. loc(a) = f and (a,b) € fre then it
must be that if {a,a’) € rmw we have {a’,b) € co.
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Proof. Suppose by contradiction that (b,a’) € co. Then we have
that (a,a’) € fre;co and {(a,a’) € rmw which contradicts the
axiom atomic which holds by Lemma[22] O

Lemma 21. Forevery x € Loc, the relation po|, U rf U co U fris
acyclic.

Proof. For all locations x # f this is a direct result of the sc-per-
loc axiom for the execution Gs. For x = f notice that it must be
that fr C po|s U co because either (a,b) € fre and then it follows
from Lemma 20| or (a,b) € fr A (a,b) € po. Thus it suffices to
show that po|s U 7f|s U coly is acyclic. Notice that co|y is a total
order on all writes to location f and moreover

1. RR(po|y) is acyclic.

2. There are no b € W]¢, c1,c2 € Rl sit. {c1,b) € poly,
(b,c2) € rflf U polys, and {c2,c1) € (pols)*, because that
would imply a cycle in co|s by construction.

3. There are no by, b2 € W]y, c1,¢c2 € R|s s.t. {c1,b1) € poly,
(b2, c2) € pol;Urf|s. (b1, b2) € coly, and (ca, 1) € (poly)”,
because that would imply a cycle in co|; by construction.

Thus by Lemmal[2] po|s U rf|s U co; is acyclic. O

Lemma 22. The relation rmw N (fre; coe) is empty.

Proof. For RMWs on locations different than f it is a direct result
of the axiom atomic of the execution Gs. For RMWs on location
f, by construction all read events a; on f read the write that
immediately precedes the write a2 in co. Suppose {a1,b) € fre
this implies that there exists a write ¢ such that (c,a1) € rfe and
(c,b) € co.1f (b,az2) € co then a; did not read from the immediate
co-preceding write which contradicts our construction. O

Lemma 23. The relation kb is acyclic.

Proof. It suffices to show that hbz, and

(hb|£)F; (hbsa; (hbay)*; hbas)” are acyclic. Notice that kb, C
hb, thus it must be acyclic. Now suppose that there exists a such
that

(a,a) € ((hb|f)F; (hbse; (hbay)™; hbes)")t. We can con-
sider typ(a) = W without loss of generality (if typ(a) = R then
since rmw C hb|y (a’,a’) € ((hb]y)T; (hbsa; (Bbay)™; Bbag)?) ).
The above implies that:

{a,a) € (hb|p)™s (b s (hbiy)*; b s (hb]f)")*

which is equivalent to

L. (a,b) € (hb|;)*
2. <b, (1> S (hbfx; (hbxy)*; hbey; (hb|f)*)*

By case analysis on the second relation, if a = b then (a,a) €
(hb|;)" and by Lemma |18 we have that (a’,a’) € (co|s)".
Otherwise, if

(b,a) € (hbgrs (hbay)™s hbays; (hb|7)")*

by Lemma 19| we have that we have that (b, a) € (co|s)™ and
by Lemmal18]we have that (a, b) € (co|s)* thus (a,a) € (cols)*
which by Remark [d]is acyclic, contradiction. O

Lemma 24 (hb-co-xf). Let a,b € A then the following hold:

1. (a,b) € rfe’; fence (hbzy)*;hbzf;(hblf*)*; .
(hbgas; (hbay)™s hbag; (hb]f)™)
b

(a,b') € rfe’; fence,,; (hbay)"; po; co™| A (

zy’

—,
bV (b, V') € rmw)
2. (a,b) € rfe’; hbog; ((hb|s)"; ,
(hbsa; (hbay)™; hbxf)?)*
= (a,b') € rfe’; po; co* | A(b=1b"V (bV) € rmw)

28

Proof. Both cases are a direct consequence of Lemmas rl;gl and@
and the fact that hb, s is included in po.

Lemma 25 (hb-hbf-included-in-cof). Let a,b € A such that
{a,b) € (hbyy; (hb|f)*; hbfy; (hbyy)™)T. Then it holds that:
(a,b) € hbag; (colr)™; po; (hbay)*

Proof. By induction on {(a,b) € (hbyz; (hb|f)*; hbse; (hbay)*) T

[Base Case] (a,b) € hbyys; (hb|f)*; hbse; (hbey)™ Equivalently:
(a,c) € hbgy
A ed) € (hbl)"
A (d,e) € hbsg
A (e,b) € (hbay)"

Using Lemma|[T8]and the second relation we obtain
(c,d'y € hbgs;(colf) s hbsy; (hbey)* (where ¢ v
(¢, ') € rmw and resp. for d,d"). Notice that (a,c) € hb,
implies that {(a,c’) € hbys because there is a lwsync before
the RMW. On the other hand, if (d,b) € hby, then we have
that (d’,b) € po. Thus we conclude by transitivity.

[Inductive Case] If (a,c) € (hbys;(hblf)*;hbysa; (hbay)™)t
and (c,b) € (hbay; (hb|s)*; hbss; (hbay)*)T then by the in-
duction hypotheses we have that

(a,c) € hbag; (colr)™; po; (Abay)”
A (e, b) € hbay; (colf)™; pos (hbay)”
Itis easy to see that po; (hbay)"; hbs s is included in po; hbS, ,,..; po,
thus using Def.[24] we obtain
(a,b) € hbay; (colf)"; po; (hbay)™.

Lemma 26 (hb-co-xx). Let a,b € A then the following hold:

1. {(a,b) € rfe7;fencezy; (hbzy)™;
, (hbays (hbl5)™5 hbfa; (hbay)™)"
= (a,b) € rfe’; fence,; (hbay)™;
(Rba s (col 7)™ po; (Rbay)™)’
2. {a,b) € rfe’; (fence, g3 (hbly)"; hbysas (hbley)™)*
= (a,b) € rfe?;prf; (colp)*; po; (hbay)*

Proof.

1. The premise is equivalent to:
(a,c) € rfe’; fence; (hbyy)*
A (¢, b) € (hbays; (Rb|5)"; hbpo; (hbay)™)"
Using Lemma 23] we obtain that
(c,b) € (hbay; (colf)*; po; (hbsy)*)” and we conclude using
transitivity.
2. The premise is equivalent to:
(a,c) € rfe’
A {c,b) € (fence,p; (hblf)™; hb po; (hbay) )™
and we conclude using Lemma[23]and transitivity.

Lemma 27 (hb-co-fx). Let a,b € A then the following hold:

1. {a,b) € rfel}: fencely: (hbly)*: hb o
(hbay)"s (hbas; (hblf)™; hbfa; (hbay)™)"
= 3a’. (a/,b) € (co|s)T;po; (hbsy) A(a' = aV{a,a’) €
rmw)
2. {(a,b) € rfer|};fencefw; (hbgy)™;
((hbass (hb]7)"; hbsa; (hbay)*)
= 3Ja’. (a’,b) € (co|s)*; po; (hbay)* A(a' =aV{a,ad’) €
rmw)
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Proof.

1. The premise is equivalent to:

(a,c) € rfe\};fencehc; (hbls)*
A (¢,d) € (hbsa; (hbay)™s hbags (hb]f)")"

A (d,b) € hbya; (hbay)”
The first relation implies that {(a,c) € hb"' and by Lemma.
we obtain (a ¢y € (colf)T (where a’ = a V (a,a’) € rmw
resp. for ¢’). The second relation implies that {¢’, d’) € (co| )"
by Lemma Finally (d, b) € hbys; (hbsy)* implies (d', b) €

0; (hbay)”
Thus by transitivity we obtain (a’, b) €

2. The premise is equivalent to:
(a,c) € rfe\};fencefx; (hbgy)*
A (e, b) € (hbag; (Abl£)"; hbsas; (hbay)™)

Notice that the first relation implies (a’, ¢) € (co|f)*; po
By Lemma@and the second relation we obtain
(e,b) € (hbay; (colf)*; po; (hbay)*)’. If ¢ = b then we are
done.
Otherwise, we have that (a’,d) € rfe|};fencefx; (hbay)™; po
and (d,b) € (col|f)*;po;(hbsy)*. This implies (as,ds) €
rfes’; fence; hb; pos and thus (a’, d) € co|; and we conclude
by transitivity.

(cols)T; po; (hbay)™.

O

Lemma 28. Let a,b € A such that (a,b) € hb*. The following
hold:

1. loc(a) # f Nloc(b) # f =
(a,b) € (hbzy)"
2. loc(a) # f Nloc(b) = f =

; (hbays (hblf)*; hbga)’)*

(a,b) € (hbay)™; hbzf;(hb\f)*;
(Wb (hbay)*: Rb s (b))
3. loc(a) = f Nloc(b) # f =
(a,b) € (hb|s)™; hbyo; (hbay)";
(Rbess (hbls)"s hb s (b))
4. loc(a) = loc(b) = f =
(a,b) € ((hbl)"s (hbya; (hbay)™; hbay)’)”

Proof. By induction on (a, b) € hb*.

[Base Case] We have that a = b.
1. Trivial (goal is reflexive).
2. In this case, loc(a) # f and loc(b)
Contradiction.
3. Likewise.
4. Trivial (goal is reflexive).
[Inductive Case] Consider (a,c) € hb* and (c,b) € hb. By case
analysis on loc(c) = f:
- If loc(c) = f.
1. loc(a) # f and loc(b) # f. By induction hypothesis
we have that
(a,c) € (hbgy)™

which is equivalent to

(,6) € (hbzy)"s (bey: (hbl)°
hba g3 (hb] )

by the induction hypothesis for (¢, b) € hb™ we obtain

= fbuta = b

shbey; (hblg)™;

(hbsa; (hbay)™; hbag; (hblf)")"

s hbfos (hbay)™)™;

(c,b) € (hb|f)*; hbsa; (hbay)™; . N
which implies
(c,8) € (hb|7)"s (kb (hbay)"s Bbags (hblp)™)"s

Wb go; (hbay)”

thus by transitivity we have that

§(hb:vy)*~
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(a,b) € (hbay)™; (hbay; (hb[f)"

hbyy; (hbg)”

s hbfos (hbay)™)";

s hbfz; (Rbay)™;
(hbayr; (hblf)™; hbsa; (hb acu) )"

which reduces to

(@,b) € (hbay)"; (hbass (hb|5)"; Bbfa; (hbay)")"

2. loc(a) # f and loc(b) = f. From {(c,b) € hb we
deduce that (b,c) € hb|s. By induction hypothesis for
(a,c) € hb* we have that

(a,c) € (hbgy)™; hbay; (hblf)™; ) N
hbgz; (hbay)™; hbays; (hbf)”)
and hence {a,b) € (hbsy)™; hbay; (hb|f)*;

(
(hbsas (Rbay)™s hbey; (hb[£)")"

which implies
s hbay; (hblf)";

(a,¢) € (hbzy)"
(hbfa; (hbay)™; hbas; (hb|f)*)*

3. loc(a) = f and loc(b) # f. From (c,b) € hb
we deduce (c,b) € hby,. By induction hypothesis,
(a,¢) € ((hbls)"s (hbys (hbey)"s hbay)’)" or equiva-
lently (a,¢) € (hb|r)"; (hbyas (hbey)"s hbar); (hblr)")".
By transitivity we obtain that
(a,b) € (hb|£)"; (Ab fas; (hbay)™; hbay; (hblf)")"; hbsa
which is equivalent to (a, b) € (hb|¢)*; hbsz; (hbay)™;

((hbay); (hb|f)"s hbsas (hbay)™5)”
which concludes the case.

4. loc(a) = f and loc(b) = f.

By induction hypothesis, we have that
(avc) € ((hb]7): (hbyss (hbay)*s hbyr)?)*. which is
equivalent to (a, ¢) € (hbsz; (hbay)™; hbay; (hb|f)™)™.
Moreover by (c,b) € hb we have that (c,b) € hb|;
which implies that
(a,b) € (hbyai (hbay)"s hboss (hb])")"
which is equivalent to
(a,b) € (hbsa; (Rbay)"s hbogs (hb])")"
which concludes the case.

- Ifloc(c) # f.

1. loc(a) # f and loc(b) # f. By induction hypothesis

we have that )

(a,¢) € (hbey)™; (hbay; (hb[f)"; hbsa)")".

Moreover, {(c,b) € hb implies (¢, b) € hbs, and thus
(a,b) € (Pbey)™; (hbay; (hb[£)"; hb s (Abay)™)"s (hbay)
which implies
(a,0) € (Pbay)™; (hbay; (hblf)"; hbfa; (hbay)™)”

2. loc(a) # f and loc(b) = f. From (c,b) € hb we
deduce that (¢, b) € hb,s. By induction hypothesis for
(a,c) € hb* we have that
(a,) € (hbay)"s (hbags (hbl)"
(a.b) € (hbuy)": (hba i (hb]7)
which is equivalent to
(a,b) € (hbuy)"s hby s ((Rb] )"
which is equivalent to
(a,6) € (hbay)"s hbe s (bl)"5 N

(ki (hbsy) ; (hbl)")
which concludes the case.

3. loc(a) = f and loc(b) # f. From (c,b) € hb we
deduce (c, b) € hb,,. By induction hypothesis,

(a,¢) € (Abl7)"; hbsas (Rbzy)™s
hbay; (hb| )
By transitivity we obtain that
(@,6) € (hb]1)"; hbpa; (hbay) N
hbags (hb|5)™; hbga; (hbay)™)"; hbay
which is equivalent to (a, b) € (hb|f)"; hbsa; (hbay)™;
(hbass (hbl7); hb s (biy) ")
which concludes the case.
4. loc(a) = f and loc(b) = f.

i hb|s

s hb|y

shbfa)")"

s hbpa; (hbay)™)™; hbay

i hbpa; (hbay)™; hbayp)™

shbayp)®

$hbjpo; (hbay)™)"

2015/11/6



By induction hypothesis, we have

{(a,¢) € ((hblr)™; (kb3 (hbuy)*s hbus)’)* which is
equivalent to

(.)€ (hbl;)"s (hbpus (hbey)*; hbeps (hb|f)°)".
Moreover by (¢,b) € hb we have that (c,b) € hb|;
which implies that

{a,b) € (Bl )" (b s (hbay)™s hbags (bl 7)*)" hbl .
which is equivalent to

{a,b) € (hbl )" (b s (hbay)™s hbags (bl 7)") .
which concludes the case.

O

Lemma 29 (prop-base-analysis). Let a,b € A such that (a,b) €
prop,., then it holds that:

1. loc(a) # f Nloc(b) # f =
(a,b) € rfe’; (pog; (hbl)"5 hbga; (hbay)*) ™
V {a,b) € rfe’; fence; (hbay)™; (hbay; (hb]f)*; hbye)')*
2. loc(a) # f Nloc(b) = f =
(a,b) € rfe’; fence; (hbay)*; hbas; (hb|7)";
. (hbsas; (hbay)™; hbay; (thf)*)*
V (a,b) € rfe’;po, s ((hbls)"5 (hbgas (hbay)™s hbay) )"
3. loc(a) = f Nloc(b) # f =
(a,b) € rfe|;c;fence|f; (hblf)*; hbya; (jlbxy)*; N
(Rbayg; (hblf)™5 hb fz; (hbay)™)
V (a,b) € rfe|}; fence s, ((hbey)™;
(hbass (hb|5)"; hbsa)')"
4. loc(a) = f Nloc(b) = f =
(a.) € rfely:fencel : ((hbl)": 7
(Abfo; (hbay)™; hbag;)')"
V (a,b) € rfe|?f;fencefx; (hbay)™; hbay; (b f)™;
(hbsa; (hbay)™; hbays (hb]f)™)"

Proof. Notice that (a,b) € prop is equivalent to:
(a,c) € rfe’ A{c,d) € fence A (d,b) € hb;:
Atyp(a) = WA typ(b) =W
We present below the first case, the rest are similar:
If loc(a) # f and loc(b) # f then we have two cases:

- If {¢,d) € fence,, then loc(d) # f and by Lemma [28| we
have that (d, b) € ((hbgy)*; (hbay; (hb|f)*; hbyse)?)* and we
conclude by transitivity.

- If {c,d) € fence,; then using Lemma 28| and transitivity we
obtain {(c,b) € (hbyys; (hb|f)*; hbyy; (hbsy)*)t and the we
conclude by transitivity.

O

Lemma 30. Leta,b € A such that (a,b) € (prop,. U po-aa,, U
co)™. We can deduce that:

1. loc(a) # f Nloc(b) # f =
(a,b) € (prop,, U Po-aty, U cogy)™;
(rfe’s po, i (col)"; poyy; (hbay)™;
(pmpxy U po-aa,,, U cozy)*)‘?
V {a,b) € (prop,, U po-aa U cozy)”;
(rfe’; fence; (hbay)™; o, 55 (col)*s po sy (hbay)™;
(prop,,, U po-aa,, U cozy)*)’
2. loc(a) # f Nloc(b) = f =
(a,b) € (prop,,, U po-aa,, U cozy)";

rfe’; fence; (hbay)*; po, s (colf)*
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V {a,b) € (prop,, U po-aa,, U cozy)";
rfe’;pog 3 (cols)”
3. loc(a) = f Nloc(b) # [ =
(a,b) € (colf)*; po; (hbzy)™; (cOzy U po-aa,, U propzy)*
4. loc(a) = f ANloc(b) = f = {a,b) € (co|f)T

Proof. By induction on (a, b) € (prop,. U po-aa U co)™.

[Base Case] (a,b) € (prop, U po-aa U co)t.

- If (a,b) € co then: Cases 1 and 4 are trivial, while for case
2 and 3 we have a contradiction (loc(a) # loc(b)).

- If (a,b) € po-aa then: Cases 1-3 are trivial. For case 4,
notice that (a, b) € po-aa implies {(a, b) € po; po which by
Def. [24|implies (a, b) € co.

- If {a, by € prop,. then using Lemma

1. In both cases, we conclude using Lemma [26]
2. In both cases, we conclude using Lemma[24]and the fact
that typ(b) = W.
3. Likewise, we conclude using Lemma@and the fact that
typ(a) = W.
4. We distinguish the two cases given by Lemma 2%}
¢ The first case can be written in equivalent way as:
(a,b) € (hbly)*; (hbsa; (hbay)"s hbays (hb])")*
which by Lemmas [18| and |19 implies that (a,b) €
co|}”‘ since typ(a) = typ(b) = W.
< The second case can be written in an equivalent way
as: (a,b) € Tfe|?f;fencefm; (hbay)™;
(hba %\f)*; hb o (hbay)™)"s hbay; (RDf)"
By Lemma|27|and the fact that typ(a) = W we have
that (a,b) € (cols)™; po; (hbay)"; hbay; (hbls)”
from which we deduce:
(@) (a,c) € (coly)”
(b) (¢, d) € po; (hbazy)™; po
(© (d,b) € (hb]s)"
Consider the execution GGs and the fence events
Cs, ds, since hbgy C hb,,,,. we have by Def.
that (c,d) € co|y. We consider typ(d) = W with-
out loss of generality (note that if typ(d) = R the
same relations hold for d’ s.t. (d,d’) € rmw). Using
Lemma [18] and the last relation we obtain (d, b) €
(co|¢)* and thus we conclude that {a,b) € (co|s)™.
[Inductive Case] (a,c) € (prop, U po-aa U co)™ and {(c,b) €
(prop,. U po-aa U co) ™. Case analysis on loc(c) = f:
-loc(c) = f
For the first case we have by induction hypotheses that:
(a,c) € (prop,,, U po-aa,, U cozy)";
rfe’; fence; hbZy; DO, 55 (colp)*
V {a,c) € (prop,,, U po-aa,, U cozy)";
rfe’; po,y: (coly)”
and that (c,b) € (coly)";po;hbgy; (cowy U po-aa,, U
prop,,,)”. In both cases, the conclusion is trivial. Likewise
for cases 2,3,4 the goal is a direct consequence of the induc-
tion hypotheses.

- loc(e) # f
All the cases are solved by a similar argument. We write
down some cases of the first goal below and claim that the
rest are similar.

1. loc(a) # f, loc(b) # f,loc(c) # f. By induction
hypotheses we have that
(a,c) € (prop,,, U po-aa,, U cozy)";
(rfe”; P0gz; (colp)™spogy; (hbay)™;
(prop,, U po-aa,, U cOuy)™)’
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V ({a,c) € (prop,, Upo-aa U cozy);
(rfe’; fence; hbly; po, 55 (colf)™s po sy (hbay)™;
(prop,,, U po-aa,, U Cozy)*)’
and that
(b,c) € (prop,,, U po-aa,, U cozy)";
(rfe’; po,g; (cols) s po so; (hbay)";
(prop,,, U po-aa,, U cozy)*)7
V (b, c) € (prop,, U po-aa U cozy)™;
(rfe’; fence; hbly; D0,z (colp)™sp0 s (hbay)™;
(propzy U po-aa,,, U cozy)*)7
We proceed by case analysis on the above relations.
Most cases are trivial by transitivity of the relations, the
rest are similar with each other. We will outline some of
them below.
o If (a,c) € (propzy7U po-aa,, U C*Ozy)*; *
rfe’s po, i (colr)™s posy; (hbay)™s
(propzy U po_aa’my U COTZ’/)
then by cases on the relation between b and c:
o If (b, c) € (prop,, U po-aa, U couy)";
? * *
rfe s po,y; (colr)™;po gy (hbay)™;
(prop,, U po-aa,, U cozy)”
then we have that:
(@) (a,d) € (prop,,, U po-aa,, U cozy)™;
rfe’; po; (cols)*
(b) (d,e) € po;(hbay)"; (prop,, U po-aa,, U
coay) s rfe’; po
(© (e,b) € (cols)"; po; (hbay)™;
(prop,, U po-aa,, U cozy)”
Notice that (prop,,, Upo-aa,,, Ucozy)™ is included
in (cos U po-aa UWW(base, ;,,.))". By Def.we
have that (d,e) € co|y and transitivity concludes
the proof.
o If (b, c) € (prop,, U po-aa U cozy)";
rfe’; fence; hbly; po, 3 (col£)*s po i (Abay)™;
(prop,, U po-aa,, U cozy)”
then we have that:

(@) (a,d) €

*,

(prop,,, U po-aa,, U cozy)™;
rfe’; po; (colf)*
(b) (d,e) € po;(hbzy)™; (prop,, U po-aa,, U
Cozy)*; rfe’; fence; (hbay)™; po
() (e, b) € fence; (coly)"; po; (hbay)";
(prop,, U po-aa,, U cozy)”
Similar to the previous case we have that, (d, e) €
co|y and we conclude the prove by transitivity.
¢ Like the previous case.

Lemma 31. The relation prop,. U po-aa U co is acyclic.

Proof. Suppose by contradiction that for some a € A, we have
(a,a) € (prop,. U po-aa U co)™. We distinguish two cases:

- Ifloc(a) = f thenby Lemmawe have that (a, a) € (co|s)*
which contradicts Remark (4]
- If loc(a) # f then by Lemma|30| we have two cases:
¢ {a,a) € (prop,, U po-aa U cozy)”; (rfe’; po,s; (colp)™;
* *\7
PO 5 hby; (Propa, U coay)™) .
If (a,a) € (prop,,Ucos,)" then obviously there is a cycle
in prop, U po-aa U cos which contradicts the propagation
axiom. Otherwise we have that there exists ¢,d € A such
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that {a, ¢) € (prop,,Upo-aaUcoyy)"; rfe’; Po.s,{c,d) €
(coly)™, and (d,a) € po;,;hbgy; (prop,, U po-aa U
cozy)™). The above imply that (d, c) € po,,; hbz,; (prop,, U
po-aa U cozy)™; rfe?; po,,; and thus according to Def.
{d,c) € copese and hence {c,c) € (co|s)t, which contra-
dicts Remark 4]
o {a,b) € (prop,, U po-aa U cozy)”;
(rfe’; fence; hbly; po, 3 (colf)™s po s, hbly;
(prop,, U po-aa U cozy))".

This case proceeds exactly like the previous one.

O
Lemma 32. The relation fre,; prop,.; hb;: is irreflexive.

Proof. Suppose by contradiction that there exists a € A such that
(a,a) € fre; prop; hb™ or equivalently

1. {a,b) € fre
2. (b,c) € prop
3. {c,a) € hb*

Notice that if loc(a) = f then by Lemma [20| it must be that
{(a’,b) € co.Moreover, {(c,a) € hb* implies that {c,a’) € hb* and
(b, c) € prop implies (b, c) € WW(base), hence (b,a’) € WW(base)
which implies that (b,a’) € prop and thus we have a cycle in
co U prop. Contradiction by Lemma@ Therefore it must be that

loc(a) # f.

Case analysis on loc(c) = f

- loc(c) = f By applying Lemmas [24]and 29 on (b, ¢) € prop
we obtain:
(b,c) € rfe’; fence; (hbay)™; po; (co|s)*
V (b, c) € rfe’; po; (col )"
or in more compact form
(b;c) € 'rfe?; fence; (hbwy)*)?§p0§ (colg)” By applying
Lemmas[19]and[28]on (c, a) € hb* we obtain
(c,a) € (hbly)™; (hbsa; (Abay)"; hbay; (Rb])")";
hbfo; (hbay)®
or equivalently
L. (c,d) € (hbl5)"; (hbsa; (hbay)™; hbay; (hb|f)")"
2. (d,a) € hbga; (hbay)"
Then using Lemmas 18] and [[9] we have that (c,d’) € (co|y)*
(where d' = d or {d,d’) € rmw) and thus we have {c,a) €
(colr)™; po; (hbay)".
By transitivity we deduce that
1. (b,e) € rfe’; (fence; (hbay)*)’; po
2. (e, g) € (colf)"
3. (g,b) € po; (hbay)"; fre
Thus (g,e) € po; (hbey)*; fre; rfe”; (fence; (hbay)™); po
which implies that
(gs,es) € pog; hb; fres; rfes”s (fence; hb?)"; pos and thus
(g,e) € co|s and thus (g,g) € (co|s)*. Contradiction by
Remark @]
- loc(c) # f By applying Lemmasandﬂon (b,c) € prop
we obtain:
(b,¢) € 1fe’; fence; (hbay)*; (Rbay; (colr)*; po; (Abay)™)’
V (b, c) € rfe’; po; (co|f)*; po; (hbay)*
By applying Lemma[28|on (¢, a) € hb* we obtain
(e;a) € ((hbay)*s (hbeys (hbl7) "5 hbsa))*
Moreover since typ(c) = W, typ(a) = R it must be that
(c;a) € (hbay)™
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V (e,a) € (hbay)"s (Rbags (bl )5 hb g (hbiy) )
the latter implies
(c,a) € (hbay)™; hbay; (cols)*; po; (hbay)* by Lemmal[T8]
We proceed by case analysis on the above relations and distin-
guish the following cases:
o If (b, c) € rfe’; fence; (hbyy)* then

o If (¢, a) € (hbyy)T then (a,a) € fre; rfe’; fence; (hbay)*

which implies that (a,a) € fre;rfe’; fence; hb:. But
this contradicts the observation axiom.
o If (¢,a) € (hbay)™; hbays; (colf)™; po; (hbey)™ then
1. (b,d) € rfe’; fence; (hbay)*; po
2. (d,e) € (co|f)"
3. (e, b) € po; (hbazy)™; fre
which implies (e,d) € co|y by definition Def. 24| and
thus (e, e) € (co|¢)™, contradiction by Lemma
o If (b, c) € rfe’; fence; (hbuy)™; hbag; (co|f)*; po; (Rbay)*
then
o If {¢,a) € (hbsy)" then using the inclusion hb, in
hb,, rfe in rfe,, and fre in fres and by Def. [24|we obtain
acycle in co|s which contradicts Lemma
o Likewise.
o If (b, c) € rfe’; po; (co|f)*; po; (hbey)™ then
o If {c,a) € (hbyy)t which implies that (b,b) €
rfe’; po; (col;)*; po; (hbzy)*; fre or equivalently
1. (b,d) € rfe”; po
2. (d,e) € (colf)"
3. (e, b) € po; (hbay)™; fre
Thusias,dg € pos; hbY; fres; Tfes”; pos which by
Def. |24] implies that (e,d) € co|s. But then we have
acycle in co|s which contradicts Lemma
o If (c,a) € ((hbay)*;(hbes; (hbls)*;hbys)")" the
same argument as before applies.
O

Theorem 10. G, is Power-coherent.

Proof. The result is a direct consequence of Lemmas [21] to 23] [31]
and O

H.3 Proofs for relating SRA and Power executions

Let G = (A, po, rf) and G, = (A, poy, deps, 1f,, At) be SRA
and Power executions such that G ~ Gp,. Further, let w : (G.W U
GU) = GpW, fu : (GWUGU) = Gp.lusync, r : (GRU
G.U) - GpR, fr : (GRUG.U) = Gp.isync, g : A, — Abe
the functions from the ~ definition.

From the definition of ~, note that G/;, contains no sync events.
Therefore,

sync =)

Proof of Prop.

1. ppo = pop N (R X (RUW)).

By definition, we have ppo = (depsUisync)N(R X (RUW)),

which is included in po, N (R x (R UW)).

So it remains to show that po, N (R x A) C (deps U isync).

Consider (a, b) € po, suchthata € R and b € A.

By Def.20] we have two cases:

— {g(a),g(b)) € po and g(a) € G.R U G.U. But then,
(@ £r(9(a))) € deps and (f(g(a)), ) € poy, and hence
(a,b) € isync.

— There exists u € G.U such that ¢ = r(u) and b = w(r).
Then, by Def. 20} we have (a, b) € deps.

prop = base N (W x W)
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_ (((pop \ rmw) N (RUW) x W));
2 Jemee = ((m W x (RUW)))’
By definition and since sync = ), we have fence = lwsync N
(Rx (RUW))U (W xW)).
— Let {a,b), {b,c) € po, such that typ(b) = lwsync and
(a,¢) € (Rx (RUW))U W xW)).
Hence, by Def.[20} (g(a), g(b)) € po and {(g(b), g(c)) € po
with g(b) € G.W U G.U. Therefore, (b, w(g(b))) € po,
and (w(g(b)),c) € pop. and since po, is transitive, also
(a,w(g(d))) € po,. Moreover, note that (a,w(g(b))) &
rmw, and therefore
o e ({00 \ rmw) D (RUW) x W);
’ (popy N W x (RUW)))’ '
— Let {a,b) € pop \ rmw suchthata € RUW andb € W.
By Def. @ we have two cases:
o {g(a),g(b)) € po and g(b) € G.M U G.U. Then,
(a, fu(g(b))) € pop and (fu(g(b)),g(b)) € po,, and
hence (a,b) € lwsync.
o There exists u € G.U such that a = r(u) and b = w(r).
But then, (a, b) € rmw. Contradiction.
— Let {a,b) € pop \ rmw and (b,c) € po, such that a,c €
RUWandbe W.
By Def. 20] we have two cases:
o {g(a),g(b)) € po and g(b) € G.W U G.U. Then,
(a, fu(g(b))) € poy and (fu(g(b)),g(b)) € pop, and
hence (a, c) € lwsync.
© There exists u € G.Usuch thata = r(u) and b = w(r).
But then, (a, b) € rmw. Contradiction. O

H.3.1 Soundness: Power-Coherence implies SRA-Coherence
Lemma 33.
((po, VA x A)Urfp)* C

(base U (po, N(AUR)) U)
((rfe; ppo”) N (W x R))

Proof. Let K be the relation on the r.h.s. We proceed by induction
on (poUrf)t:

[Base case 1] (a,b) € po,.If b € R, then it is trivial. Otherwise,
b € W and {(a,b) € fence C base.

[Base case 2] (a, b) € rfe. Trivial.

[Inductive case] (a,b), (b,c) € K. We conclude by case analy-
sis noting that base; base C base, base;po N (AU R) C
base, base; hb* C base, po; fence C fence, (ppo N (A X
R)); base C base, rfe; base C base, and ppo; po C ppo. O

Lemma 34. For all ap,b, € Gp.RU Gp.W, if (g(ap),g(bp)) €
(po U rf) ™, then (ap, by) € ((po, N A X A)Urf,)*.

Proof. By induction on {(g(a,), g(by)) € (po U rf)*:

[Base Case 1] {(g(ap), g(bp)) € po. From the ~ definition, we get
(ap,bp) € pop and hence (ap, by) € ((po, NAX A)Urf,)*.

[Base Case 2] (g(ap), g(bp)) € rf. From the ~ definition, we get
(w(g(ap)),r(g(bp))) € rf, and hence (ap, bp) € POy Ty poy "
Therefore, (ap, by) € ((po, VA X A)Urfp)".

[Inductive case] (g(ap),c) € (po U rf)™ A {c,g(bp)) € (poU
rf)T. Note that there exists ¢, € (A,N.A) such that ¢ = g(cp).
(Let ¢cp, = r(c) if c € W, and ¢, = w(c) otherwise.) From the
induction hypotheses, we get (a,, ¢p) € ((po,NAXA)Urf,)*
and (cp, by) € ((po, NAXx A)Urf,)*, and hence, (ap, b,) €
((po, NAX A)Urf,)". O
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Proof of Thm.[8] (=) direction. Let G = (Ap, pop, deps, 7f,, At)
be a complete Power-coherent execution and G ~ Gp. It suffices
to show that there exists a modification order in G. We define mo
as any strict total order extension of:

{(w™" (ap),w™" (b)) | {ap, bp) € (coU prop)*}
on (W UU) x (W UU). By Prop.[it suffices to show that:

1. By construction, mo is a strict total order on W U U.

2. Leta,b € A such that {a,b) € mo and (b,a) € (po U rf)™.
Then by definition of mo, we know that (w(b), w(a)) & (co U
prop)t. Since b = g(w(b)) and a = g(w(a)), by applying

Lemma[34]to (b, a) € (po U rf)*, we obtain (w(b), w(a)) €
((po,NAx A)Urfp)". By Lemma (w(b),w(a)) € base,

and as base C (co U prop)™, we get a contradiction.

3. We assume (a,c) € 7f, (b,c) € (po U rf)T U mo, loc(a) =
loc(b), and (a,b) € mo, and try to derive a contradiction.
From the definition of mo, we know that (w(b), w(a)) & (coU
prop)™ and since loc(w(a)) = loc(a) = loc(b) = loc(w(b)),
we have (w(a), w(b)) € co.

Moreover, we have (w(a), r(c)) € 7fp, and hence (r(c), w(b)) €
frp. Case analysis on (b, c¢) € (po U rf)" U mo.

* (b,c) € (po U rf)". From Lemma (w(b),r(c)) €
((po, N A x A) U rfy)". Then either (w(b),r(c)) € po,
which contradicts SC-per-loc or (w(b),r(c)) & po, and
hence (w(b),r(c)) € base by Lemma contradicting
Observation.

* (b,c) € mo. Then, ¢ € U and hence (r(c),w(c)) € rmw.
From the definition of mo, we know that (w(c), w(b)) &

(co U prop)™, and since loc(w(c)) = loc(c) = loc(a) =
loc(b) = loc(w(b)), we know (w(b), w(c)) € co, which
contradicts the Atomicity axiom. O

H.3.2 Completeness: SRA-Coherence implies
Power-Coherence

Assuming a complete SRA-coherent execution G = (A, po, rf)
and its matching Power execution G, = (A,, po,, deps, rf,, At)
(formally G ~ () we prove that GG, is a complete Power-coherent
execution, i.e. there exists a coherence order co such that the Power
execution satisfies the axioms of the model defined by Def. [T9
This implication, which does not hold for the standard RA model,
along with the other direction establishes that Power and SRA are
equivalent (for the image of the compilation to Power).

We pick as coherence order in GG}, the projection to the corre-
sponding Power events, of SRA events that are at the same location
and related by mo. Formally:

co £ {{w(a), w(d)) | (a,b) € mo Aloc(a) = loc(b)}

Lemma 35. Let g : A, — A be the mapping from Power events
to SRA events in the ~ relation. Then,

g(b)) € mo

€ frp \ rmw = (g(a), g(b)) € fr

€ hbt \ rmw = (g(a),g(b)) € (poUrf)*.
€ prop = (g(a),g(b)) € (poUrf)*.

1. {(a,b) € co = (g(a),
2. {a,b)
3. {(a,b)
4. {a,b)
Proof.

1. Immediate by the definition of co.
2. Follows from (1) and Def. 20}
3. By induction on {a, b) € hb™:
[Base Case] (a,b) € hb\ rmw. Follows directly from Def. 20]
[Inductive case] (a,c) € hb™ A {(c,b) € hbT. We do a case
analysis:
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* (a,c) € rmw A (¢, b) € rmw. Cannot happen.

* (a,c) € rmw A —={c,b) € rmw. Then g(a) = g(c) and
(9(c), g(b)) € (poUrf)*.

* =(a,c) € rmw A {c,b) € rmw. Then (g(a), g(c)) €
(po U'rf)* and g(c) = g(b).

* =(a,c) € rmw A ~(c,b) € rmw. Then (g(a), g(c)) €
(po U rf)* and (g(c), g(b)) € (po U rf)T, and thus

(9(a),g(b)) € (poUrf)*.
4. Follows from (3) because prop C hbt N (W x W) C hb™ \
rmuw. O

Lemma 36. If (a;,bp)
(9(ap), g(bp)) €

Proof. By induction on (ay, b,) € ((po, U rf, U fr, U co)|.)™.

[Base Case] Immediate from Def.[20]and Lemma[33]
[Inductive Case] (a,, cp), (cp, bp) € ((pop U rf, U frp U co)ls) ™.
Case analysis on {ap, cp) € rmuw:

- If {ap,cp) € rmw. Then g(ap) = g(cp) and thus we
conclude by the induction hypothesis.

- If (ap,cp) & rmuw. Then, by induction hypothesis we
obtain {g(ay), g(cp)) € ((po U rf U fr U mo)|.)*t. Case
analysis on {cp, b,) € rmuw:

o If (¢cp, bp) € rmw then g(cp) = g(bp).

o If (¢p, bp) & rmw then by the induction hypothesis we
get {g(cp), g(bp)) € ((poUrf U frUmo)|,)" and thus
(9(ap), g(bp)) € ((po U rf U frUmo)ls)*. m

Proof of Thm.[8] (<) direction. Let G = (A, po,rf) be a com-
plete SRA-coherent execution and G' ~ G;,. From the ~ definition,
it follows that G, is complete. To establish that G, is a Power-
coherent execution, we prove each of the Power axioms.

€ ((pop UTf, U fry U co)|z)t \ rmaw, then
((poUrf U frUumo)l.)".

no-thin-air Suppose by contradiction that (a,a) € hb™*. Obvi-
ously {(a,a) & rmuw, thus {(g(a),g(a)) € (po U rf)*t
Lemma[33] But (po U rf) is acyclic, contradiction.

sc-per-loc Suppose by contradiction that there exists a, € A, s.t.
{ap,ap) € ((pop,Urf,Ufr,Uco)|s)". Then by Lemmaand
since obviously (ap,ap) & rmw we obtain (g(ap), g(ap)) €
((po U rf U fr U mo)|,)™, which is a contradiction because
from Prop. [f]and Prop. [2] this relation is acyclic.

atomic Let ap, by, cp s.t. {ap,bp) € rmw and {ap,cp) € fre,

and (cp, by) € coe. Since (ap, by) € rmw, g(ap) = g(by). By

Lemma we obtain {g(ay), 9(¢,)) € i and {g(cy), g(a)) €

mo. (g(ap),g(cp)) € fr implies that there exists d € A
s.t. {d,g(cp)) € mo and (d,g(ac)) € rf and loc(d) =
loc(g(ac)), thereby contradicting SRA-coherence.

propagation Notice that (a,b) € (co U prop)™ implies that
(9(a),g(b)) € (po U rf Umo)* by Lemma 35} Thus since
po U rf U mo is acyclic it must be that co U prop is acyclic.

observation Let (a,a) € fre,; prop; hb* C fre,; hb™. There
exists ¢ € A, s.t. {a,b) € fre,, (b,a) € hb™. From the sc-per-
loc property we have already established, we know (b, a) & po
and hence (b, a) ¢ rmw. Thus, we have {(g(a), g(b)) € fr and
{(g(b),g(a)) € (po U rf)T by Lemma But then we have a
cycle in po U 7f U fr|ioc(a), Which contradicts SRA-coherence
of G. O
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