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A EQUIVALENCE OF THE PTSO OPERATIONAL AND DECLARATIVE SEMANTICS
A.1 Intermediate Operational Semantics

Types.

Annotated persistent memory
M 2 AM�� ,

n

f 2 L��
�n! W [ U 8x 2 dom(f ). loc(f (x)) = x

o

Annotated persistent sub-bu�ers
(o, pb) 2 APSB��� ,

n

(o, pb) 2 O�� hPFi ⇥ L��
�n! S�� hW [ U i 8x, e . e 2 pb(x) ) loc(e) = x

o

Annotated persistent bu�ers
PB 2 APB��� , S�� hAPSB���i \ �

Annotated volatile bu�ers
b 2 AB��� , S�� hW i

Annotated volatile bu�er maps
B 2 ABM�� ,

n

B 2 TI�
�n! AB��� 8w . 8� 2 dom(B). w 2 B(� ) ) tid(w) = �

o

Annotated labels
AL����� 3 � ::= Rhr ,wi where r 2 R,w 2 W [ U , loc(r )=loc(w), val

r

(r )=val
w

(w)
| Uhu,wi where u 2 U ,w 2 W [ U , loc(u)=loc(w), val

r

(u)=val
w

(w)
| Whwi wherew 2 W
| Fhf i where f 2 F
| PFhpf i where pf 2 PF
| PShpsi where ps 2 PS
| Bhwi where w 2 W
| PBhei where e 2 W [ U [ PF
| Eh� i where � 2 TI�

� 2 P��� , S��
⌦

AL����� \ �Eh� i � 2 TI�
 ↵

Event paths
� 2 PP��� , S��

⌦

AL����� \ �

Bhei,PBhei e 2 E
 ↵

Propagation paths
H 2 T���� , PP��� ⇥ P��� Traces
H 2 H��� , S�� hT����i Histories

Let
AM�� 3 M0 s.t. 8x. M0(x) = init

x

with lab(init
x

) , W(x, 0)
APSB��� 3 pb0 s.t. 8x. pb0(x) = �
APB��� 3 PB0 , (N���, pb0)

AB��� 3 b0 , �
ABM�� 3 B0 s.t. 8� . B0(� ) = b0

Storage Subsystem

tid(w) = �
M, PB,B

Whw i�����! M, PB,B[� 7! w .B(� )]
(AM�W����)
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B(� ) = b.w loc(w)=x PB=(N���, pb).PB00 PB0=(N���, pb[x 7! w .pb(x)]).PB00

M, PB,B
Bhw i����! M, PB0,B[� 7! b]

(AM�BP���)

PB=PB00.(o, pb) pb(x)=S .e PB0=PB00.(o, pb[x 7! S])
M, PB,B

PBhe i����! M[x 7! e], PB0,B
(AM�PBP���)

M, PB.(S���(pf ), pb0),B
PBhpf i�����! M, PB.(N���, pb0),B

(AM�PBP���F)

PB , �

M, PB.(N���, pb0),B
E h� i����! M, PB,B

(AM�PBP���E)

tid(r ) = � loc(r ) = x B(� ) = b read(M, PB, b, x) = e

M, PB,B
Rhr,e i�����! M, PB,B

(AM�R���)

tid(u) = � loc(u) = x B(� )=� PB=(N���, pb).PB0
read(M, PB, �, x)=e

M, PB,B
Uhu,e i�����! M, (N���, pb[x 7! u .pb(x)]).PB0,B

(AM�RMW)

tid(f ) = � B(� ) = �

M, PB,B
Fhf i���! M, PB,B

(AM�F����)

tid(pf ) = � B(� )=� PB = (N���, pb).PB0

M, PB,B
PFhpf i�����! M, (N���, pb0).(S���(pf ), pb).PB0,B

(AM�PF����)

tid(pf ) = � B(� )=�
M, PB0,B

PShpsi�����! M, PB0,B
(AM�PS���)

where
read(., ., ., .) : AM�� ⇥ APB��� ⇥ AB��� ⇥ L�� ! W [ U

read(M, PB, b, x),
8

>

>

><

>

>

>

:

e if rd
b

(b, x) = e

e if rd
pb

(PB, x) = e

M(x) otherwise
with

rd

b

(., .) : S�� hW [ U i ⇥ L��* E

rd

b

(�, x) undef rd

b

(e .s, x) ,
(

e loc(e)=x
rd

b

(s, x) otherwise
rd

pb

(., .) : APB��� ⇥ L��*W [ U

rd

pb

(�, x) undef rd

pb

((o, pb).PB, x) ,
(

e if rd
b

(pb(x), x) = e

rd

pb

(PB, x) otherwise

Thread Subsystem
Thread-local steps.

c1, s
��! c01, s

0

c1; c2, s
��! c01; c2, s

0
(AT�S��1)

skip; c, s
E h� i����! c, s

(AT�S��2)

s(e) , 0

if e then c1 else c2, s
E h� i����! c1, s

(AT�I�T)

Proceedings of the ACM on Programming Languages, Vol. 1, No. CONF, Article 1. Publication date: January 2018.



1422

1423

1424

1425

1426

1427

1428

1429

1430

1431

1432

1433

1434

1435

1436

1437

1438

1439

1440

1441

1442

1443

1444

1445

1446

1447

1448

1449

1450

1451

1452

1453

1454

1455

1456

1457

1458

1459

1460

1461

1462

1463

1464

1465

1466

1467

1468

1469

1470

1:30 Azalea Raad and Viktor Vafeiadis

s(e) = 0

if e then c1 else c2, s
E h� i����! c2, s

(AT�I�F)

while e do c, s
E h� i����! if e then (c;while e do c) else skip, s

(AT�W����)

s0 = s[a 7! s(e)]
a := e, s

E h� i����! skip, s0
(AT�R���L)

r = (n,� , R(x ,�)) s0 = s[a 7! �]
a := x , s

Rhr,w i�����! skip, s0
(AT�R���)

w = (n,� , W(x , s(e)))
x := e, s

Whw i�����! skip, s
(AT�W����)

r = (n,� , R(x ,�)) � , s(e) s0 = s[a 7! 0]
a := CAS(x , e, e 0), s Rhr,w i�����! skip, s0

(AT�CAS0)

u = (n,� , U(x , s(e), s(e 0))) s0 = s[a 7! 1]
a := CAS(x , e, e 0), s Uhu,w i������! skip, s0

(AT�CAS1)

u = (n,� , U(x ,�,�+s(e))) s0 = s[a 7! �]
a := FAA(x , e), s Uhu,w i������! skip, s0

(AT�FAA)
fence, s

Fhf i���! skip, s
(AT�F����)

pfence, s
PFhpf i�����! skip, s

(AT�PF����)
psync, s

PShpsi�����! skip, s
(AT�PS���)

Program Steps.

P(� ), S(� ) ��! c, s tid(�) = �
P, S

��! P[� 7! c], S[� 7! s]
(AP�S���)

where

tid(Rhr ,wi) , tid(r )
tid(Uhu,wi) , tid(u)
tid(Whwi) , tid(w)
tid(Fhf i) , tid(f )

tid(PFhpf i) , tid(pf )
tid(PShpsi) , tid(ps)
tid(Bhwi) , tid(w)
tid(PBhei) , tid(e)
tid(Eh� i) , �
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Event-Annotated Operational Semantics

P, S
E h� i����! P0, S0

P, S,M, PB,B,H ,� ) P0, S0,M, PB,B,H ,� (A�S�����P)

M, PB,B
E h� i����! M 0, PB0,B0

P, S,M, PB,B,H ,� ) P, S,M 0, PB0,B0,H ,� (A�S�����M)

M, PB,B
��! M 0, PB0,B0 � 2 �

Bhei,PBhei fresh(�,� ) fresh(�,H)
P, S,M, PB,B,H ,� ) P, S,M 0, PB0,B0,H , �.� (A�P���M)

P, S
��! P0, S0 M, PB,B

��! M 0, PB0,B0 � , Eh�i fresh(�,� ) fresh(�,H)
P, S,M, PB,B,H ,� ) P0, S0,M 0, PB0,B0,H , �.� (A�S���)

M, PB,B
� 0
!p M 0, PB0,B0

P, S,M, PB,B,H ,� ) recover, S0,M, PB0,B0, ((� 0,� ).H), � (A�C����)

with

(M, PB,B) �!p (M, PB,B)
(M, PB,B) PBhe i����! (M 00, PB00,B00) (M 00, PB00,B00) �!p (M 0, PB0,B0)

(M, PB,B) PBhe i.�!p (M 0, PB0,B0)
(M, PB,B) Bhe i���! (M 00, PB00,B00) (M 00, PB00,B00) �!p (M 0, PB0,B0)

(M, PB,B) Bhe i.�!p (M 0, PB0,B0)

and

fresh(�,� ), � < � ^ 8e,w,w 0.
(�=Rhe,wi ) Rhe,w 0i < � ) ^ (�=Uhe,wi ) Uhe,w 0i < � )

fresh(�,H), 8(� 0,� ) 2 H . fresh(�,� 0.� )

De�nition A.1.

complete(� ) , 8e . Whei 2 � ) Bhei 2 �
Bhei 2 � ) PBhei 2 �
Uhe,�i 2 � ) PBhei 2 �
PFhei 2 � ) PBhei 2 �
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wfp(� ,H) , 8�,�1,�2, e, r , e1, e2.
nodups(� .� 0.� 00)
�=�2.Rhr , ei.�1 _ �=�2.Uhr , ei.�1 ) wfrd(r , e,�1,� 0)
Bhei 2 � ) Whei �� Bhei
PBhei 2 � )
(Bhei �� PBhei _ Uhe,�i �� PBhei _ PFhei �� PBhei)

tid(e1) = tid(e2) )
Bhe2i 2 � ^Whe1i �� Whe2i () Bhe1i �� Bhe2i

Whe1i �� Fhe2i ^ tid(e1) = tid(e2) ) Bhe1i �� Fhe2i
Whe1i �� Uhe2, ei ^ tid(e1) = tid(e2) ) Bhe1i �� Uhe2, ei
Whe1i �� PFhe2i ^ tid(e1) = tid(e2) ) Bhe1i �� PFhe2i
Whe1i �� PShe2i ^ tid(e1) = tid(e2) ) Bhe1i �� PShe2i
loc(e1) = loc(e2) ^ e1, e2 2 W [ U )

PBhe2i 2 � ^
©

≠

≠

≠

´

Bhe1i �� Bhe2i
_Bhe1i �� Uhe2,�i
_Uhe1,�i �� Bhe2i
_Uhe1,�i �� Uhe2,�i

™

Æ

Æ

Æ

¨

() PBhe1i �� PBhe2i

e1, e2 2 (PE ⇥ PE) \ (W [ U ⇥W [ U ) )

PBhe2i 2 � ^
©

≠

≠

≠

≠

≠

´

Bhe1i �� PFhe2i
_Uhe1,�i �� PFhe2i
_PFhe1i �� Bhe2i
_PFhe1i �� Uhe2,�i
_PFhe1i �� PFhe2i

™

Æ

Æ

Æ

Æ

Æ

¨

() PBhe1i �� PBhe2i

©

≠

´

Bhe1i �� PShe2i
_Uhe1,�i �� PShe2i
_PFhe1i �� PShe2i

™

Æ

¨

) PBhe1i �� PShe2i

where � 0 = �n . · · · .�1 and � 00 = � 0
n . · · · .� 0

1, whenH = (� 0
n ,�n). · · · .(� 0

1,�1); and

nodups(� ) , 8�1,�2, �. � = �1.�.�2 ) fresh(�,�1.�2)

wfrd(r , e,� ,� 0) ,

©

≠

≠

≠

≠

≠

≠

≠

≠

≠

≠

≠

≠

≠

´

9�1,�2, �. � = �1.�.�2
^ (�=Bhei _ �=Uhe,�i _ (�=Whei ^ tid(e) = tid(r )))

^
©

≠

≠

≠

´

(�=Bhei _ �=Uhe,�i) )
�

Bhe 0i,Uhe 0,�i 2 �1 loc(e 0)=loc(r ) = ;
^

⇢

e 0 Whe 0i 2 � ^ Bhe 0i < �
^ loc(e 0)=loc(r ) ^ tid(e 0)=tid(r )

�

= ;

™

Æ

Æ

Æ

¨

^ ©

≠

´

�=Whei )
Bhei < �1 ^

⇢

Whe 0i 2 �1
loc(e 0)=loc(r )^
tid(e 0)=tid(r )

�

= ;
™

Æ

¨

™

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

Æ

¨

_
©

≠

≠

≠

´

9�1,�2. � 0 = �1.PBhei.�2

^
8

>

><

>

>

:

Bhe 0i,Uhe 0,�i 2 � ,
Whe 00i 2 � ,
PBhe 0i 2 �1

loc(e 0)=loc(r )^
loc(e 00)=loc(r )^
tid(e 00)=tid(r )

9

>

>=

>

>

;

= ;
™

Æ

Æ

Æ

¨

_ ©

≠

´

e = init
loc(e) ^

8

>

><

>

>

:

Bhe 0i,Uhe 0,�i 2 � ,
Whe 00i 2 � ,
PBhe 0i 2 � 0

loc(e 0)=loc(r )^
loc(e 00)=loc(r )^
tid(e 00)=tid(r )

9

>

>=

>

>

;

= ;™
Æ

¨
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De�nition A.2.

wf(M, PB,B,H ,� ) def() mem(H ,� ) = M ^ pbuff(PB0,� ) ^ bmap(B0,� )
^wfp(� ,H) ^ wfh(H)

where
mem(H ,� ) = M

def() 8x 2 L��. M(x) = read(H ,� , x)

read(H , �.� , x) ,
(

e 9e . � = PBhei ^ loc(e) = x

read(H ,� , x) otherwise
read((�,� ).H , �, x) , read(H ,� , x)
read(�, �, x) , init

x

pbuff(PB, �) , PB

pbuff((N���, pb).PB,� .�) ,

8

>

>

>

>

>

>

>

>

>

>

>

><

>

>

>

>

>

>

>

>

>

>

>

>

:

pbuff((N���, pb[x 7! e .pb(x)]).PB,� ) if 9e, x.
� 2 {Uhe,�i,Bhei}
^ loc(e)=x
^PBhei < �

pbuff((N���, pb0).(S���(e), pb).PB,� ) if 9e . � = PFhei
^PBhei < �

pbuff((N���, pb).PB,� ) otherwise

bmap(B, �) , B

bmap(B,� .�) ,
8

>

>

><

>

>

>

:

bmap(B[� 7! e .B(� )],� ) if 9e, x. � =Whei ^ tid(e)=�
^Bhei < �

bmap(B,� ) otherwise

wfh(�) def() true

wfh((� 0,� ).H) def() wfp(� 0.� ,H) ^ complete(� 0.� ) ^ wfh(H)
Lemma A.1. For all P,P0, S, S0, PB, PB0,B,B0,H ,H 0,� ,� 0:

• wf(M0, PB0,B0, �, �)
• if P, S,M, PB,B,H ,� ) P0, S0,M 0, PB0,B0,H 0,� 0 and wf(M, PB,B,H ,� ),
then wf(M 0, PB0,B0,H 0,� 0)

• if P, S0,M0, PB0,B0, �, � )⇤ skip, S,M, PB,B,H ,� , then wf(M, PB,B,H ,� )
P����. The proof of the �rst part follows trivially from the de�nitions of M0, PB0, and B0. The

second part follows straightforwardly by induction on the structure of ). The last part follows
from the previous two parts and induction on the length of )⇤. ⇤

Graph Operational Semantics
Let

� 2 GH��� , S�� hG���� ⇥ T����i Graph histories

P, S
E h� i����! P0, S0

P, S, �,� ) P0, S0, �,�
(G�S�����P)

� 2 �

Bhei,PBhei fresh(�,� ) fresh(�, �)
P, S, �,� ) P, S, �, �.�

(G�P���)
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P, S
��! P0, S0 � , Eh�i fresh(�,� ) fresh(�, �)

P, S, �,� ) P0, S0, �, �.�
(G�S���)

comp(� ,� 0) getG(�,� ,� 0)=G
P, S, �,� ) recover, S0, (G, (� 0,� )).�, � (G�C����)

where

fresh(�, �) def() 8(�, (� 0,� )) 2 �. fresh(�,� 0.� )
comp(., .) : P��� ⇥ PP��� ! {true, f alse}

comp(� ,� 0) def() 8e . Whei 2 � ^ Bhei < � () Bhei 2 � 0

^ ©

≠

´

(Whei 2 � ^ PBhei < � )
_(Uhe,�i 2 � ^ PBhei < � )
_(PFhei 2 � ^ PBhei < � )

™

Æ

¨

() PBhei 2 � 0

getG(�,� ,� 0) ,
(

(E0, EP , E, po, rf, tso, nvo) if wfp(� 0.� , hist(�)) ^ complete(� 0.� )
unde�ned otherwise

with

hist(�) = � hist((G,H ).�) = H .hist(�)

E0 =
8

>

><

>

>

:

n

init
x

x 2 L��
o

if � = �
n

max
⇣

G .nvo|G .EP\(U
x

[W x )
⌘

x 2 L��
o

if � = (G,�).�0

EP = E0 [ �

e 9� 2 � . getPE(�) = e
 

E = E0 [ �

e 9� 2 � . getE(�) = e
 

rf =
�(w, e) Rhe,wi 2 � _ Uhe,wi 2 �

 

po = E0 ⇥ (E \ E0) [ –

� 2TI�

8

>

>

>

><

>

>

>

>

:

(e1, e2)
9�1, �2 2 � .
e1 = getE(�1) ^ e2 = getE(�2)
^ tid(e1) = tid(e2) = �
^ �1 �� �2

9

>

>

>

>=

>

>

>

>

;

tso , E0 ⇥ (E \ E0)
[

⇢

(e1, e2) 9�1, �2 2 � 0.� .
e1 = getBE(�1) ^ e2 = getBE(�2) ^ �1 �� 0 .� �2

�

nvo , E0 ⇥ (E \ E0)
[

⇢

(e1, e2) 9�1, �2 2 � 0.� .
e1 = getPE(�1) ^ e2 = getPE(�2) ^ �1 �� 0 .� �2

�
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and
getE(.) : AL�����* E

getE(�),
(

e if 9e,w . � 2 {Rhe,wi,Uhe,wi,Whei, Fhei,PFhei,PShei}
unde�ned otherwise

getPE(.) : AL�����* E

getPE(�),
(

e if 9e . � 2 {Rhe, , iFhei,PShei,PBhei}
unde�ned otherwise

getBE(.) : AL�����* E

getBE(�),
(

e if 9e,w . � 2 {Rhe,wi,Uhe,wi, Fhei,PFhei,PShei,Bhei}
unde�ned otherwise

A.2 Soundness of the Intermediate Semantics against PTSO Declarative Semantics
Theorem 4 (soundness). For all P, S, M , H = (�n�1,� 0

n�1). · · · .(�1,� 0
1), �n and � 0

n = � :

P, S0,M0, PB0,B0, �, � )⇤ skip| | · · · | |skip, S,M, PB0,B0,H ,�n
then
(1) P, S0, �, � )⇤ skip| | · · · | |skip, S, �,�n where

� = �n
�1=� �j+1=(G j , (� 0

j ,�j )). · · · .(G1, (� 0
1,�1)) for j 2 {1 · · ·n�1}

Gi = getG(�i ,�i ,� 0
i ) for i 2 {1 · · ·n}

(2) E = G1; · · · ;Gn is PTSO-valid.

P����. Pick arbitrary P, S,M,H = (�n�1,� 0
n�1). · · · .(�1,� 0

1),�n such that

P, S0,M0, PB0,B0, �, � )⇤ skip| | · · · | |skip, S,M, PB0,B0,H ,�n
and let � 0

n = � . The proof of the �rst part follows from Lemma A.1 and by induction on the length
of the event-annotated transition )⇤.
For the second part, for all i 2 {1 · · ·n} let Ei = Ri [ F i [ PEi with PEi = W i [ U i [ PF i [ PSi . As
Gi = getG(�i ,�i ,� 0

i ), we know that wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) hold. It then su�ces
to show that for all i 2 {1 · · ·n} and Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ):

E0i ✓ EPi (1)

EPi ✓ Ei (2)

E0i ⇥ (Ei \ E0i ) ✓ poi (3)

E0i ⇥ (Ei \ E0i ) ✓ tsoi (4)

E0i ⇥ (Ei \ E0i ) ✓ nvoi (5)

dom(nvoi ; [EPi ]) ✓ EPi and EPn = En (6)

E00 =
�

init
x

x 2 L��
 

and E0i+1 =
n

max
⇣

nvoi |EPi \(U x

[W x )
⌘

x 2 L��
o

(7)

Ri [ F i [ PSi ✓ EPi and poi ; [PSi ] ✓ EPi (8)
poi is a strict total order on Ei (9)
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rfi ✓ (W i [ U i ) ⇥ (Ri [ U i ) and is total and functional on Ri [ U i (10)
tsoi ✓ Ei ⇥ Ei and is total on Ei \ Ri (11)
poi \ (W i ⇥ Ri ) ✓ tsoi (12)
rfi ✓ tsoi [ poi (13)

8(w, r ) 2 rfi . 8w 0 2 W i [ U i .
(w 0, r ) 2 tsoi [ poi ^ loc(w 0)=loc(r ) ) (w,w 0) < tsoi

(14)

nvoi is a strict total order on PEi (15)
8x 2 L��. (nvoi )x ✓ tsoi (16)
[PSi ]; tsoi ; [PEi ] [ [PEi ]; tsoi ; [PSi ] ✓ nvoi (17)
[PF i ]; tsoi ; [PEi ] [ [PEi ]; tsoi ; [PF i ] ✓ nvoi (18)

The proofs of parts (1), (3), (4), (5), (7), and (9) follow immediately from the construction of Gi .

RTS. (2)
Pick an arbitrary e 2 EPi . We then know there exist � 2 �i and e such that e = getPE(�) and either
� = Rhe,�i, or � = Fhei, or � = PShei, or � = PBhei. In the �rst three cases, from the de�nition of
getE(.) we know that e = getE(�) and thus from the de�nition of Ei we have e 2 Ei , as required.
In the last case, from wfp(� 0

i .�i , hist(�i )) we know that there existsw such that either Whei 2 �i ,
or Uhe,wi 2 �i , or PFhei 2 �i . As such, from the de�nition of Ei we have e 2 Ei , as required.

RTS. (6)
Pick an arbitrary e1, e2 such that (e1, e2) 2 nvoi and e2 2 EPi . From the de�nition of nvoi we then
know there exist �1, �2 2 � 0

i .�i such that e1 = getPE(�1), e2 = getPE(�2) and �1 �� 0
i .�i �2. On

the other hand, from the de�nition of EPi and since e2 2 EPi we know that �2 2 �i . As such, since
�1 �� 0

i .�i �2 and labels in � 0
i .�i are fresh (wfp(� 0

i .�i , hist(�i )) holds), we also know that �1 2 �i .
Consequently, since e1 = getPE(�1) and �1 2 �i , from the de�nition of EPi we have e1 2 EPi , as
required.

To demonstrate that EPn = En , it su�ces to show that En ✓ EPn , as in part (2) we established that
EPn ✓ En . Pick arbitrary e 2 En . From the de�nition of En we then know there exists � 2 �n such that
getE(�) = e . There are then two cases to consider: 1) e < Wn[Un[PFn ; or 2) e 2 Wn[Un[PFn . In
case (1) from the de�nition of getPE(.) we know that getPE(�) = e and thus e 2 EPn , as required. In
case (2) from complete(� 0

n .�n)we know that there exists �0 such that �0 = PBhei and �0 2 � 0
n .�n . As

� 0
n = � we know that �0 2 �n . As such, from the de�nition of getPE(.) we know that getPE(�0) = e

and thus e 2 EPn , as required.

RTS. (8)
The proof of the �rst part follows immediately from the de�nitions of EPi and getPE(.). For the
second part, pick an arbitrary (e, ps) 2 poi ; [PSi ], i.e. (e, ps) 2 poi and ps 2 PSi . From the de�nition
of poi we then know there exist �, �0 2 �i such that e = getE(�), �0 = PShpsi, ps = getE(�0),
� ��i �

0, and tid(e) = tid(ps). There are now two cases to consider: 1) e < U i [W i [ PF i ; or 2)
e 2 U i [W i [ PF i .

In case (1) from the de�nition of getPE(.) we have getPE(�) = e and thus from the de�nition of
EPi we have e 2 EPi , as required.

In case (2) fromwfp(� 0
i .�i , hist(�i ))we know there exists �00 = PBhei such that � ��i �

00 ��i �
0.

That is, �00 2 �i . As such, such from the de�nition of EPi we have e 2 EPi , as required.
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RTS. (10)
To demonstrate that rfi ✓ (W i [U i )⇥ (Ri [U i ), pick an arbitrary (ew , er ) 2 rfi . From the de�nition
of rfi we then know there exists � 2 �i such that � = Rher , ew i or � = Uher , ew i. As such from the
type of annotated labels we know er 2 R [ U and ew 2 W [ U .

To demonstrate that rfi is total on Ri , pick an arbitrary r 2 Ri . Form the de�nition of Ei we then
know there exist � 2 �i and e such that � = Rhr , ei. As such we know (e, r ) 2 rfi and thus rfi is
total on Ri . The proof of rfi being total on U i is analogous and omitted here.
To show rfi is functional on Ri , pick an arbitrary r 2 Ri . Form the de�nition of Ei we know

there exists � 2 �i and e such that � = Rhr , ei. As such we know (e, r ) 2 rfi and thus rfi . Moreover,
since �i contains unique labels (wfp(� 0

i .�i , hist(�i )) holds), we know 8e 0,e . Rhr , e 0i < �i and
thus 8e 0,e . (e 0, r ) < rfi . That is, rfi is functional on Ri . The proof of rfi being functional on U i is
analogous and omitted here.

RTS. (11)
To demonstrate that tsoi ✓ Ei ⇥ Ei , pick an arbitrary (e1, e2) 2 tsoi . From the de�nition of tsoi we
then know there exists �1, �2 2 � 0

i .�i such that e1 = getBE(�1) and e2 = getBE(�2). For j 2 {1, 2},
we then know that either 1) ¬9e . �j = Bhei; or 2) �j = Bhej i. In case (1) since � 0

i 2 PP��� we know
that �j 2 �i and thus from the de�nition of Ei we know ej 2 Ei . In case (2) fromwfp(� 0

i .�i , hist(�i ))
we know thatWhej i 2 � 0

i .�i . As such, since �
0
i 2 PP���, we know thatWhej i 2 �i and thus from

the de�nition of Ei we have ej 2 Ei . As such, in both cases we have (e1, e2) 2 Ei ⇥ Ei , as required.
Transitivity and strictness of tsoi follow from the de�nition of tsoi , transitivity and strictness of

�� 0
i .�i and the freshness of events in � 0

i .�i (wfp(� 0
i .�i , hist(�i ))holds).

To demonstrate that tsoi is total on Ei \ Ri , pick arbitrary e1, e2 2 Ei \ Ri such that e1 , e2. For
j 2 {1, 2}, from the de�nitions of Ei we know there exist �j 2 �i such that either 1) ej 2 Ei \(Ri[W i )
and �j = getE(�j ); or 2) ej 2 W i and �j = Whej i. In case (1) we then have �j 2 � 0

i .�i and
getBE(�j ) = ej . In case (2) from complete(� 0

i .�i ) we then know there exists �0j = Bhej i 2 � 0
i .�i and

getBE(�0j ) = ej . As such, in both cases we know there exist �1, �2 2 � 0
i .�i such that e1 = getBE(�1)

and e2 = getBE(�2). As e1 , e2 and � 0
j .�j contains fresh labels (wfp(� 0

i .�i , hist(�i )) holds), we
know that �1 , �2 and thus either �1 �� 0

i .�i �2 or �2 �� 0
i .�i �1. As such, from the de�nition of tsoi

we have either (e1, e2) 2 tsoi or (e2, e1) 2 tsoi , as required.

RTS. (12)
Pick an arbitrary (e1, e2) 2 poi \ (W i ⇥ Ri ). From the de�nition of poi we then know there exist �
and �1, �2 2 �i such that e1 = getE(�1), e2 = getE(�2), tid(e1) = tid(e2) = � and �1 ��i �2. That
is, �1 �� 0

i .�i �2. There are then three cases to consider: e1, e2 < W i ; or 2) e1 < W i ^ e2 2 W i ; or 3)
e1 2 W i .

In case (1) from the de�nition of getBE(.) we know that e1 = getBE(�1), e2 = getBE(�2). As
such, from the de�nition of tsoi we have (e1, e2) 2 tsoi .

In case (2), from the de�nition of getBE(.)we know that e1 = getBE(�1). On the other hand, from
wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exists � = Bhe2i such that �2 �� 0

i .�i �.
That is, e2 = getBE(�). Since we also have �1 �� 0

i .�i �2, from the transitivity of � we have
�1 �� 0

i .�i �. As such, from the de�nition of tsoi we have (e1, e2) 2 tsoi , as required.
In case (3) , there are three additional cases to consider: i) �2 = Fhe2i or �2 = PFhe2i or �2 =

Uhe2,�i; or ii) �2 =Whe2i; or iii) �2 = PShe2i.
In case (3.i) from the de�nition of getBE(.) we know that e2 = getBE(�2). On the other hand,

from wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) we know there exists � = Bhe1i such that �1 �� 0
i .�i
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� �� 0
i .�i �2. That is, e1 = getBE(�). As such, from the de�nition of tsoi we have (e1, e2) 2 tsoi , as

required.
In case (3.ii) from wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exist �01 = Bhe1i and

�02 = Bhe2i such that �01 �� 0
i .�i �

0
2. That is, e1 = getBE(�01) and e2 = getBE(�02). As such, from the

de�nition of tsoi we have (e1, e2) 2 tsoi , as required.
In case (3.iii) from the de�nition of getBE(.) we know that e2 = getBE(�2). On the other hand,

from wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) and since tid(e1) = tid(e2), we know there exist
�01 = Bhe1i such that �1 �� 0

i .�i �
0
1 �� 0

i .�i PBhe1i �� 0
i .�i �2. That is, e1 = getBE(�01). As such, from

the de�nition of tsoi we have (e1, e2) 2 tsoi , as required.

RTS. (13)
Pick arbitrary (w, r ) 2 rfi . From the construction of rfi we then know there exist � 2 �i such
that either � = Rhr ,wi or � = Uhr ,wi. From wfp(� 0

i .�i , hist(�i )) we then know that either 1)
Bhwi ��i r ; or 2) Uhw,�i ��i r ; or 3) Whwi ��i r and tid(w) = tid(r ); or 4) w 2 E0i . In cases
(1-2) from the de�nition of tsoi we have (w, r ) 2 tsoi , as required. In cases (3-4) from the de�nition
of poi we have (w, r ) 2 poi , as required.

RTS. (14)
Pick arbitrary (w, r ) 2 rfi andw 0 2 U i [W i such that (w 0, r ) 2 tsoi [ poi and loc(w 0) = loc(r ). If
w 0 = w , from the strictness of tsoi we immediately know that (w,w 0) < tsoi , as required.

Now let us consider the case wherew 0 , w . From the construction of rfi we then know there
exist � 2 �i such that either �r = Rhr ,wi or �r = Uhr ,wi. Fromwfp(� 0

i .�i , hist(�i ))we then know
that either 1) there exists � = Bhwi ��i �r ; or 2) there exists � = Uhw,�i ��i �r ; or 3) there exists
� =Whwi ��i �r and tid(w) = tid(r ); or 4)w 2 E0i .

On the other hand, from the construction of tsoi , poi and since (w 0, r ) 2 tsoi [ poi we know that
either: a) there exists �0 = Bhw 0i ��i r ; or b) there exists �0 = Uhw 0,�i ��i r ; or c)w 0 2 E0i .
However, from wfp(� 0

i .�i , hist(�i )) and since � = Rhr ,wi 2 �i or � = Uhr ,wi 2 �i , in cases
(1.a), (1.b), (2.1), (2.b), (3.a), (3.b) we have �0 ��i �. Consequently, in cases (1.a), (1.b), (2.1), (2.b)
from the de�nition of tsoi we have (w 0,w) 2 tsoi , i.e. (w,w 0) < tsoi , as required. In cases (3.a) and
(3.b) from wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we additionally know there exist �00 = Bhwi

such that � �� 0
i .�i �

00 and thus from the transitivity of � we have �0 �� 0
i .�i �

00. Consequently, from
the de�nition of tsoi we have (w 0,w) 2 tsoi , i.e. (w,w 0) < tsoi , as required.
In cases (2.c), (3.c) from the de�nition of tsoi we have (w 0,w) 2 tsoi , i.e. (w,w 0) < tsoi , as

required. Similarly, in case (1.c) from wfp(� 0
i .�i , hist(�i )) we know Whwi 2 �i and thus from the

de�nition of tsoi we have (w 0,w) 2 tsoi , i.e. (w,w 0) < tsoi , as required.
Cases (4.1), (4.b) cannot arise as from wfp(� 0

i .�i , hist(�i )) we arrive at a contradiction. Case (4.c)
cannot arise as w , w 0 and from the de�nition of E0i we cannot have two distinct events of the
same location in E0i .

RTS. (15)
Transitivity and strictness of nvoi follow from the de�nition of nvoi , transitivity and strictness of
�� 0

i .�i and the freshness of events in � 0
i .�i (wfp(� 0

i .�i , hist(�i ))holds).
To demonstrate that nvoi is total on PEi , pick arbitrary e1, e2 2 PEi such that e1 , e2. For

j 2 {1, 2}, from the de�nitions of PEi we know there exist �j 2 �i such that either 1)ej 2 U i and
�j = Uhej ,�i; or 2) ej 2 W i and �j = Whej i; or 3) ej 2 PF i and �j = PFhej i; or 4) ej 2 PSi and
�j = PShej i. In cases (1-3) from complete(� 0

i .�i ) we then know there exists �0j = PBhej i 2 � 0
i .�i

and getPE(�0j ) = ej . In case (4) we have getPE(�j ) = ej . As such, in both cases we know there
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exist �1, �2 2 � 0
i .�i such that e1 = getPE(�1) and e2 = getPE(�2). As e1 , e2 and � 0

j .�j contains
fresh labels (wfp(� 0

i .�i , hist(�i )) holds), we know that �1 , �2 and thus either �1 �� 0
i .�i �2 or

�2 �� 0
i .�i �1. As such, from the de�nition of nvoi we have either (e1, e2) 2 nvoi or (e2, e1) 2 nvoi ,

as required.

RTS. (16)
Pick arbitrary x 2 L�� and (e1, e2) 2 (nvoi )x. From the de�nition of nvoi we then know there
exist �1, �2 2 � 0

i .�i such that e1 = getPE(�1), e2 = getPE(�2), loc(e1) = loc(e2) = x, �1 ��i �2,
e1, e2 2 W i [ U i and �1 = PBhe1i and �2 = PBhe2i. From wfp(� 0

i .�i , hist(�i )) we then know
that either 1) e1, e2 2 W i and Bhe1i �� 0

i .�i Bhe2i; or 2) e1, e2 2 U i and there exist e 01, e
0
2 such that

Uhe1, e 01i �� 0
i .�i Uhe2, e 02i; or 3) e1 2 W , e2 2 U i and there exists e 02 such that Bhe1i �� 0

i .�i Uhe2, e 02i;
or 4) e1 2 U i , e2 2 W i and there exists e 01 such that Uhe1, e 01i �� 0

i .�i Bhe2i. In all four cases from
the de�nition of tsoi we have (e1, e2) 2 tsoi , as required.

RTS. (17)
To demonstrate [PSi ]; tsoi ; [PEi ] ✓ nvoi , pick arbitrary (e1, e2) 2 [PSi ]; tsoi ; [PEi ]. From the def-
inition of tsoi we then know that that there exist �1, �2 2 � 0

i .�i such that e1 = getBE(�1),
e2 = getBE(�2) and �1 �� 0

i .�i �2. Moreover, since e1 2 PSi we know that getPE(�1) = e1. There are
now three cases to consider: 1) e2 < W i [ U i [ PF i ; or 2) e2 2 U i [ PF i ; or 3) e2 2 W i .

In case (1), from the de�nitions of getPE(.) and getBE(.) we know that getPE(�2) = e2 and thus
from the de�nition of nvoi we have (e1, e2) 2 nvoi , as required.
In case (2) from the de�nition of getBE(.) we know that either �2 = Uhe2,�i or �2 = PFhe2i

and thus from wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) we know there exists � = PBhe2i such
that �2 �� 0

i .�i �. Since we also have �1 �� 0
i .�i �2, from the transitivity of �� 0

i .�i we also have
�1 �� 0

i .�i �. Moreover, from the de�nition of getPE(.) we have getPE(�) = e2. Consequently, we
have (e1, e2) 2 nvoi , as required.
Similarly, in case (3) from the de�nition of getBE(.) we know �2 = Bhe2i and thus from

wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) we know there exists � = PBhe2i such that �2 �� 0
i .�i �.

Since we also have �1 �� 0
i .�i �2, from the transitivity of �� 0

i .�i we also have �1 �� 0
i .�i �. Moreover,

from the de�nition of getPE(.) we have getPE(�) = e2. Consequently, we have (e1, e2) 2 nvoi , as
required.

To demonstrate [PEi ]; tsoi ; [PSi ] ✓ nvoi , pick arbitrary (e1, e2) 2 [PEi ]; tsoi ; [PSi ]. From the
de�nition of tsoi we then know that that there exist �1, �2 2 � 0

i .�i such that e1 = getBE(�1),
e2 = getBE(�2) and �1 �� 0

i .�i �2. Moreover, since e2 2 PSi we know that getPE(�2) = e2. There are
now four cases to consider: 1) e1 < W i [ U i [ PF i ; or 2) e1 2 U i ; or 3) e1 2 W i ; or 4) e1 2 PF i .

In case (1), from the de�nitions of getPE(.) and getBE(.) we know that getPE(�1) = e1 and thus
from the de�nition of nvoi we have (e1, e2) 2 nvoi , as required.

In case (2) from the de�nition of getBE(.)we know �1 = Uhe1,�i and thus fromwfp(� 0
i .�i , hist(�i ))

and complete(� 0
i .�i ) we know there exists � = PBhe1i such that �1 �� 0

i .�i � �� 0
i .�i �2. Moreover,

from the de�nition of getPE(.) we have getPE(�) = e1. Consequently, we have (e1, e2) 2 nvoi , as
required.
Similarly, in case (3) from the de�nition of getBE(.) we know �1 = Bhe1i and thus from

wfp(� 0
i .�i , hist(�i )) and complete(� 0

i .�i ) we know there exists � = PBhe1i such that �1 �� 0
i .�i

� �� 0
i .�i �2. Moreover, from the de�nition of getPE(.) we have getPE(�) = e1. Consequently, we

have (e1, e2) 2 nvoi , as required.
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Analogously, in case (4) from the de�nition of getBE(.) we know �1 = PFhe1i and thus from
wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exists � = PBhe1i such that �1 �� 0

i .�i
� �� 0

i .�i �2. Moreover, from the de�nition of getPE(.) we have getPE(�) = e1. Consequently, we
have (e1, e2) 2 nvoi , as required.

RTS. (18)
To demonstrate that [PEi ]; tsoi ; [PF i ] ✓ nvoi , pick an arbitrary (e1, e2) 2 [PEi ]; tsoi ; [PF i ]. If e1 2 PSi ,
then the desired result holds immediately from part (17). On the other hand if e1 < PSi , then from
the de�nition of tsoi we then know that that there exist �1, �2 2 � 0

i .�i such that e1 = getBE(�1),
e2 = getBE(�2), �2 = PFhe2i, �1 �� 0

i .�i �2 and either 1) �1 = Bhe1i; 2) �1 = Uhe1,�i; or 3)
�1 = PFhe1i. From wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exists �02 = PBhe2i

such that �2 �� 0
i .�i �

0
2. As such we have getPE(�02) = e2. As �2 = PFhe2i and �1 �� 0

i .�i �2, in all
three cases from wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exist �01 = PBhe1i such

that �01 �� 0
i .�i �

0
2. That is, getPE(�01) = e1. From the de�nition of nvoi we thus have (e1, e2) 2 nvoi ,

as required.
Similarly, to demonstrate that [PF i ]; tsoi ; [PEi ] ✓ nvoi , pick an arbitrary (e1, e2) 2 [PF i ]; tsoi ; [PEi ].

If e2 2 PSi , then the desired result holds immediately from part (17). On the other hand if
e2 < PSi , then from the de�nition of tsoi we then know that that there exist �1, �2 2 � 0

i .�i
such that e1 = getBE(�1), e2 = getBE(�2), �1 = PFhe1i, �1 �� 0

i .�i �2 and either 1) �2 = Bhe2i; 2)
�2 = Uhe2,�i; or 3) �2 = PFhe2i. From wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there

exists �01 = PBhe1i 2 � 0
i .�i . As such we have getPE(�01) = e1. As �1 = PFhe1i and �1 �� 0

i .�i �2, in all
three cases from wfp(� 0

i .�i , hist(�i )) and complete(� 0
i .�i ) we know there exist �02 = PBhe2i such

that �01 �� 0
i .�i �

0
2. That is, getPE(�02) = e2. From the de�nition of nvoi we thus have (e1, e2) 2 nvoi ,

as required. ⇤

A.3 Completeness of the Intermediate Semantics against PTSO Declarative Semantics
De�nition A.3. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain. Let S1 = � and S j+1 =
G j . · · · .G1 for j 2 {1 · · ·n}. For each execution era Gi , the set of traces induced by Gi , written
traces(Gi , Si ), includes those traces (� 0,� ) that satisfy the following condition:

(� 0
i ,�i ). · · · .(� 0

1,�1) 2 traces(Gi , Si ) def()
i

€

k=1
getG(�k ,�k ,� 0

k ) = Gk

where �1 = � and �j+1 = (� 0
j ,�j ). · · · .(� 0

1,�1) for j 2 {1 · · · i�1}.
Lemma A.2. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain. Let S1 = � and S j+1 =
G j . · · · .G1 for j 2 {1 · · ·n}. For all i 2 {1 · · ·n}, traces(Gi , Si ) , ;.

P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn . Let S1 = � and S j+1 = G j . · · · .G1
for j 2 {1 · · ·n}. For an arbitrary PTSO-valid Gi , we demonstrate how to construct a trace s =
(� 0

i ,�i ). · · · .(� 0
1,�1) such that s 2 traces(Gi , Si ).

For each k 2 {1 · · · i} and Gk = (E0, EP , E, po, rf, tso, nvo),we construct (� 0
k ,�k ) as follows. Let

R = {r1 · · · rq} denote an enumeration of Gk .R and {w1, · · · ,ws } denote an enumeration of Gk .W .
For each j 2 {1 · · ·q} and l 2 {0 · · · s�1} where (w, r j ) 2 rf, we then de�ne

tsol+1j ,

8

>

>

>

>

>

><

>

>

>

>

>

>

:

⇣

tsolj [
n

(r j ,wl+1)
o⌘+

if (r j ,wl+1) < tsolj [ (tsolj )�1
and (w,wl+1) 2 tso

tsolj otherwise
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where tso01 = tso and tso0j+1 = tsosj for j 2 {1 · · ·q�1}. Note that each tsolj is 1) total on writes and
respects with tso; and 2) is a strict order on E. We next show that:

8j 2 {1 · · ·q}. 8l 2 {0 · · · s}. 8w, r . 8w 0 2 W [ U .
(w, r ) 2 rf ^ (w 0, r ) 2 tsolj [ po ^ loc(w) = loc(w 0) ) (w,w 0) < tsolj (RFJ)

Let (w, r j ) 2 rf. We proceed by double induction on j and l .

Base case j = 1 and l = 0
As Gk is PTSO-valid, we know that the desired property holds of tso and thus of tso01 = tso by
de�nition.

Inductive case j = 1 and l = a+1 with 0  a < s

8l 0 2 {1 · · ·a}. 8w, r . 8w 0 2 W [ U .
(w, r ) 2 rf ^ (w 0, r ) 2 tsol

0
1 [ po ^ loc(w) = loc(w 0) ) (w,w 0) < tsol 01

(I.H.)

From the de�nition of tsol1, we know that either i) tsol1 = tsoa1 ; or ii) tso
l
1 =

�

tsoa1 [
�(r1,wl )

 

�+,
(r1,wl ) < tsoa1 [ (tsoa1 )�1 and (w,wl ) 2 tso. In case (i) the desired result holds immediately from
(I.H.).

In case (ii) we proceed by contradiction. Let us assume there existswc ,w 0
c , rc such that (wc , rc ) 2

rf, (w 0
c , rc ) 2 tsol1 [ po ^loc(wc ) = loc(w 0

c ) and (wc ,w 0
c ) 2 tsol1. As (wc ,w 0

c ) 2 tsol1 and tsol1
is a strict order, we know that wc , w 0

c . On the other hand, from (I.H.) we then know that

(w 0
c , rc ) < tsoa1 [ po. As such, form the de�nition of tsol1 we know that w 0

c
tsoa1! r1

tsol1! wl
tsoa1! rc .

However, as tsoa1 is strict and is total on writes, we know that either a) (wl ,w 0
c ) 2 tsoa1 ; or b)

(w 0
c ,wl ) 2 tsoa1 . In case (ii.a) we then have wl

tsoa1! w 0
c

tsoa1! r1, contradicting the assumption that

(r1,wl ) < tsoa1 [ (tsoa1 )�1. In case (ii.b) we havew 0
c
tsoa1! wl

tsoa1! rc , i.e. (w 0
c , rc ) 2 tsoa1 . As such, from

(I.H.) we have (wc ,w 0
c ) < tsoa1 , i.e. (w 0

c ,wc ) 2 tsoa1 ✓ tsol1, and thus (wc ,w 0
c ) < tsol1, contradicting

our assumption that (wc ,w 0
c ) 2 tsol1.

Inductive case j = b+1 and l = 0 with 1  b < q�1
8j 0 2 {1 · · ·b}. 8l 0 2 {1 · · · s}. 8w, r . 8w 0 2 W [ U .

(w, r ) 2 rf ^ (w 0, r ) 2 tsol
0
j0 ) (w,w 0) < tsol 0j0 (I.H.)

As tso0j , tsosb , the desired result holds immediately from (I.H.).

Inductive case j = b+1 and l = a+1 with 1  b < q�1 and 0  a < s

8l 0 2 {1 · · ·a}. 8w, r . 8w 0 2 W [ U .
(w, r ) 2 rf ^ (w 0, r ) 2 tsol

0
j ) (w,w 0) < tsol 0j (I.H.)

From the de�nition of tsolj , we know that either i) tsolj = tsoaj ; or ii) tso
l
j =

⇣

tsoaj [
�(r j ,wl )

 

⌘+

,
(r j ,wl ) < tsoaj [ (tsoaj )�1 and (w,wl ) 2 tso. In case (i) the desired result holds immediately from
(I.H.).

In case (ii), we proceed by contradiction. Let us assume there existswc ,w 0
c , rc such that (wc , rc ) 2

rf, (w 0
c , rc ) 2 tsolj [ po ^loc(wc ) = loc(w 0

c ) and (wc ,w 0
c ) 2 tsolj . As (wc ,w 0

c ) 2 tsolj and tsolj
is a strict order, we know that wc , w 0

c . On the other hand, from (I.H.) we then know that

(w 0
c , rc ) < tsoaj [ po. As such, form the de�nition of tsolj we know that w 0

c

tsoaj! r j
tsolj! wl

tsoaj! rc .

Proceedings of the ACM on Programming Languages, Vol. 1, No. CONF, Article 1. Publication date: January 2018.



2010

2011

2012

2013

2014

2015

2016

2017

2018

2019

2020

2021

2022

2023

2024

2025

2026

2027

2028

2029

2030

2031

2032

2033

2034

2035

2036

2037

2038

2039

2040

2041

2042

2043

2044

2045

2046

2047

2048

2049

2050

2051

2052

2053

2054

2055

2056

2057

2058

1:42 Azalea Raad and Viktor Vafeiadis

However, as tsoaj is strict and is total on writes, we know that either a) (wl ,w 0
c ) 2 tsoaj ; or b)

(w 0
c ,wl ) 2 tsoaj . In case (ii.a) we then have wl

tsoaj! w 0
c

tsoaj! r j , contradicting the assumption that

(r j ,wl ) < tsoaj [ (tsoaj )�1. In case (ii.b) we havew 0
c

tsoaj! wl
tsoaj! rc , i.e. (w 0

c , rc ) 2 tsoaj . As such, from
(I.H.) we have (wc ,w 0

c ) < tsoaj , i.e. (w 0
c ,wc ) 2 tsoaj ✓ tsolj , and thus (wc ,w 0

c ) < tsolj , contradicting
our assumption that (wc ,w 0

c ) 2 tsolj . ⇤

Let tsot denote an extension of tsosq to a strict total order on E. Once again, we demonstrate that:

8w, r . 8w 0 2 W [ U . (w, r ) 2 rf ^ (w 0, r ) 2 tsot ^ loc(w) = loc(w 0) ) (w,w 0) < tsot (RF)

Pick arbitrary w,w 0, r such that (w, r ) 2 rf ^loc(w) = loc(w 0) and (w 0, r ) 2 tsot . There are two
cases to consider: 1) (w 0, r ) 2 tsosq ; or 2) (w 0, r ) 2 tsot \ tsosq . In case (1) the result holds from
(RFJ) established above. In case (2), as tsot is a strict order we know that (r ,w 0) < tsot and thus
(r ,w 0) < tsosq . Moreover, as (w 0, r ) 2 tsot \ tsosq , i.e. (w 0, r ) < tsosq . As such, from the de�nition
of tsosq we know that (w,w 0) < tso, i.e. (w 0,w) 2 tso ✓ tsot . As tsot is a strict order, we have
(w,w 0) < tsot . ⇤

Let {e1, · · · , en} denote an enumeration ofGk .E \ E0 that respects tsot ; {w1, · · · ,wm} denote an
enumeration of Gk .W \ E0 that respects tso; and {e 01, · · · , e 0o} denote an enumeration of Gk .(W [
U [ PF) \ E0 that respects nvo. Since Gk is PTSO-valid and thus dom(nvo; [EP ]) ✓ EP , we know
there exists p such that 0  p  o and {e 01, · · · , e 0p } 2 EP \ E0 and {e 0p+1, · · · , e 0o} 2 E \ (EP [ E0).

Let � 0 = �n . · · · .�1, where �j = genBL(ej ,Gk ) for j 2 {1 · · ·n} and:

genBL(e,G) ,
8

>

>

><

>

>

>

:

Bhei if e 2 G .W
genL(e,G) if e 2 G .E \G .W
unde�ned otherwise

For each j 2 {1 · · ·m}, let Nj =
�

e (w j , e) 2 po ^ e < {w j+1 · · ·wm} ; and nj = min(po|Nj ) when
such an element exists. For each j 2 {1 · · ·m}, let � j = addW(� j�1,w j ,nj ), where:

addW(� ,w,n) ,

8

>

>

>

>

><

>

>

>

>

>

:

Whwi.Bhwi.s if 9s . � = Bhwi.s
Whwi.n.s if 9s . � = genL(n,Gk ).s
e .addW(s,w,n) if 9s . � = e .s

unde�ned otherwise

genL(e,G) ,

8

>

>

>

>

>

>

>

>

>

>

>

><

>

>

>

>

>

>

>

>

>

>

>

>

:

Rhe, e 0i if e 2 G .R ^ (e 0, e) 2 G .rf
Whei if e 2 G .W
Uhe, e 0i if e 2 G .U ^ (e 0, e) 2 G .rf
Fhei if e 2 G .F
PFhei if e 2 G .PF
PShei if e 2 G .PS
unde�ned otherwise

Note that for all j 2 {1 · · ·m}, the addW(� j�1,w j ,nj ) is always de�ned as Bhw j i 2 � j�1.
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For each j 2 {1 · · ·p}, let Pj =
�

e (e, e 0j ) 2 nvo
 

; and pj = max
⇣

nvo|Pj
⌘

when such an element
exists. Let �̂ 0 = �m and for each j 2 {1 · · ·p}, let �̂ j = addP(�̂ j�1, e 0j ,pj ), where:

addP(� , e,p) ,

8

>

>

>

>

><

>

>

>

>

>

:

s .genPL(e,Gi ).genBL(e,Gi ) if 9s . � = s .genBL(e,Gi )
s .genPL(e,Gi ).genPL(p,Gi ) if 9s . � = s .genPL(p,Gi )
addP(s, e,p).e 0 if 9s, e 0. � = s .e 0

unde�ned otherwise

genPL(e,G) ,
8

>

>

><

>

>

>

:

PBhei if e 2 G .(W [ U [ PF)
genL(e,G) if e 2 G .PS
unde�ned otherwise

Note that for all j 2 {1 · · ·p}, the addP(�̂ j�1, e 0j ,pj ) is always de�ned as genBL(e 0j ,Gk ) 2 �̂ j�1. Let
�k = �̂p and let � 0

k = genPL(eo ,Gk ). · · · .genPL(ep+1,Gk ).
We next demonstrate that wfp(� 0

k .�k , hist(�k )) and complete(� 0
k .�k ) hold.

Goal: wfp(� 0
k .�k , hist(�k ))

Let � = � 0
k .�k . We are then required to show that for all �,�1,�2, e, r , e1, e2:

nodups(� .� 00.� 000) (19)
�=�2.Rhr , ei.�1 _ �=�2.Uhr , ei.�1 ) wfrd(r , e,�1,� 00) (20)
Bhei 2 � ) Whei �� Bhei (21)
PBhei 2 � )
(Bhei �� PBhei _ Uhe,�i �� PBhei _ PFhei �� PBhei) (22)

tid(e1) = tid(e2) )
Bhe2i 2 � ^Whe1i �� Whe2i () Bhe1i �� Bhe2i (23)

Whe1i �� Fhe2i ^ tid(e1) = tid(e2) ) Bhe1i �� Fhe2i (24)
Whe1i �� Uhe2, ei ^ tid(e1) = tid(e2) ) Bhe1i �� Uhe2, ei (25)
Whe1i �� PFhe2i ^ tid(e1) = tid(e2) ) Bhe1i �� PFhe2i (26)
Whe1i �� PShe2i ^ tid(e1) = tid(e2) ) Bhe1i �� PShe2i (27)
loc(e1) = loc(e2) ^ e1, e2 2 W [ U )

PBhe2i 2 � ^
©

≠

≠

≠

´

Bhe1i �� Bhe2i
_Bhe1i �� Uhe2,�i
_Uhe1,�i �� Bhe2i
_Uhe1,�i �� Uhe2,�i

™

Æ

Æ

Æ

¨

() PBhe1i �� PBhe2i (28)

e1, e2 2 (PE ⇥ PE) \ (W [ U ⇥W [ U ) )

PBhe2i 2 � ^
©

≠

≠

≠

≠

≠

´

Bhe1i �� PFhe2i
_Uhe1,�i �� PFhe2i
_PFhe1i �� Bhe2i
_PFhe1i �� Uhe2,�i
_PFhe1i �� PFhe2i

™

Æ

Æ

Æ

Æ

Æ

¨

() PBhe1i �� PBhe2i (29)

©

≠

´

Bhe1i �� PShe2i
_Uhe1,�i �� PShe2i
_PFhe1i �� PShe2i

™

Æ

¨

) PBhe1i �� PShe2i (30)
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where � 00 = �k�1. · · · .�1 and � 000 = � 0
k�1. · · · .� 0

1.
The proof of parts (19), (21), (22) follow immediately from the constructions of � 0

k and �k .

For part (20), pick arbitrary �1,�2, r , e such that �=�2.Rhr , ei.�1 or �=�2.Uhr , ei.�1. From the
construction of � we then know that (e, r ) 2 rf. There are now two cases to consider: 1) e 2 E \ E0;
or 2) e 2 E0.

In case (1), asGk is PTSO-valid, we know that (e, r ) 2 rf ✓ tso[po. As such, from the construction
of � we know that there exists �3 such that �1 = �3.�.� and �=Bhei _ �=Uhe,�i _ (�=Whei ^
tid(e) = tid(r )). There are two more cases to consider: i) �=Bhei _ �=Uhe,�i; or ii) �=Whei.

In case (i) let us assume there exists e 0 such that loc(e 0)=loc(r ) and Bhe 0i 2 �3 or Uhe 0,�i 2 �3.
From the construction of � we then have e 0 2 W [ U , (e 0, r ) 2 tsot and (e, e 0) 2 tsot . This
however contradicts our result in (RF) and thus we have

�

Bhe 0i,Uhe 0,�i 2 �3 loc(e 0)=loc(r ) = ;,
as required. Similarly, let us assume there exists e 0 such that loc(e 0)=loc(r ), tid(e 0) = tid(r ),
Whe 0i 2 �3 and Bhe 0i < �3. From the construction of � we then have e 0 2 W [ U , (e 0, r ) 2 po
and (e, e 0) 2 po \ (W [ U ) ⇥ (W [ U ) ✓ tsot . This however contradicts our result in (RF) and

thus we have
⇢

e 0 Whe 0i 2 �3 ^ Bhe 0i < �3
loc(e 0)=loc(r ) ^ tid(e 0) = tid(r )

�

= ;, as required. Similarly, in case (ii) we

know that either Bhei 2 �3 or Bhei < �3. In the former case the desired result follows from
the proof of case (i). In the latter case, let us assume there exists e 0 such that loc(e 0)=loc(r ),
tid(e 0) = tid(r ) and Whe 0i 2 �3 . From the construction of � we then have e 0 2 W , (e 0, r ) 2 po
and (e, e 0) 2 po \ (W [ U ) ⇥ (W [ U ) ✓ tsot . This however contradicts our result in (RF) and thus
we have

�

Whe 0i 2 �3 loc(e 0)=loc(r ) ^ tid(e 0) = tid(r ) = ;, as required.
In case (2), as Gk is PTSO-valid, we know either i) k = 1 ^ e = init

loc(e); or ii) k > 0 ^ e =

max
⇣

Gk�1.nvo|Gk�1 .EP\(U loc(e )[W loc(e ))
⌘

. Let us now assume there exists e 0 such that Bhe 0i 2 �1
or Uhe 0,�i 2 �1, and loc(e 0)=loc(r ). That is, e 0 2 W [ U . From the construction of � we then
have (e 0, r ) 2 tsot and (e, e 0) 2 tsot . This however contradicts our result in (RF) and thus we
have

�

Bhe 0i,Uhe 0,�i 2 �1 loc(e 0)=loc(r ) = ;. Similarly, let us assume there exists e 0 such that
loc(e 0)=loc(r ), tid(e 0) = tid(r ), Whe 0i 2 �1. That is, e 0 2 W [ U . From the construction of � we
then have (e 0, r ) 2 po and (e, e 0) 2 po \ (W [ U ) ⇥ (W [ U ) ✓ tsot . This however contradicts our
result in (RF) and thus we have

�

Whe 0i 2 �1 loc(e 0)=loc(r ) ^ tid(e 0) = tid(r ) = ;. In case (i),
as �k = � , we know � 00 = � and thus we simply have

�

PBhe 0i 2 � 00
loc(e 0)=loc(r ) = ;

as required.
In case (ii), we then know either:

a) for all b 2 {1 · · ·k�1}, e 2 Gb .E0 and Gb .(W [ U )
loc(e) \ E0 = ; and thus e = init

loc(e); or
b) there exists a 2 {1 · · ·k�1} such that e 2 Ga .EP \ E0, 8e 0 2 Ga .(W [U )

loc(e). (e 0, e) 2 Ga .nvo
and for all b 2 {a+1 · · ·k�1}, e 2 Gb .E0 and Gb .(W [ U )

loc(e) \ E0 = ;.
In case (a), let us assume there exists e 0 such that PBhe 0i 2 � 00 and loc(e 0) = loc(r ) = loc(e). We
then know there existsb 2 {1 · · ·k�1} such that e 2 Gb .(W[U )

loc(e) \E0, leading to a contradiction.
As such, we have

�

PBhe 0i 2 � 00
loc(e 0)=loc(r ) = ;

as required.
In case (b), from the construction of �1 · · · �k�1, we know there exists �3,�4 such that �a =

�3.PBhei.�4, and � 00 = �k�1. · · · �a . · · · .�1. Let us assume there exists e 0 such that PBhe 0i 2
�k�1. · · · .�a+1 and loc(e 0) = loc(r ) = loc(e). We then know either there exists b 2 {k�1 · · ·a+1}
such that e 2 Gb .(W [ U )

loc(e) \ E0, leading to a contradiction. Similarly, let us assume there exists
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e 0 such that PBhe 0i 2 �3 and loc(e 0) = loc(r ) = loc(e). We then know (e, e 0) 2 Ga .nvo, leading to
a contradiction. As such, we have

�

PBhe 0i 2 �k�1. · · · .�a+1.�3 loc(e 0)=loc(r ) = ;, as required.

For part (23), pick arbitrary e1, e2 such that tid(e1) = tid(e2). For the ) direction assume
Whe1i �� Whe2i. Moreover, from the construction of � we know that for all e such that tid(e) =
tid(e1) we have (e1, e) 2 po () Whe1i �� genL(e,Gk ). As such, we have (e1, e2) 2 po. As Gk is
PTSO-valid, we then know that (e1, e2) 2 tso. Consequently, from the construction of � we have
Bhe1i �� Bhe2i, as required.
For the( direction, assume Bhe1i �� Bhe2i. From the construction of � we have (e1, e2) 2 tso.

AsGk is PTSO-valid, we then know that (e1, e2) 2 po. Consequently, from the construction of � we
have Whe1i �� Whe2i, as required.

For part (24), pick arbitrary e1, e2 such that tid(e1) = tid(e2) andWhe1i �� Fhe2i. We then know
there exists j such thatw j = e1. Moreover, from the construction of � we know that for all e such
that tid(e) = tid(e1) we have (e1, e) 2 po () Whe1i �� genL(e,Gk ). As such, by de�nition we
have (e1, e2) 2 po. As Gk is PTSO-valid, we then know that (e1, e2) 2 tso. Consequently, from the
construction of � we have Bhe1i �� Fhe2i, as required.

The proofs of parts (25), (26) and (27) are analogous and omitted here.
For part (28), pick arbitrary e1, e2 such that loc(e1) = loc(e2). For the ) direction, assume

Bhe1i �� Bhe2i or Bhe1i �� Uhe2,�i or Uhe1,�i �� Bhe2i or Uhe1,�i �� Uhe2,�i. From the
construction of � we then know that (e1, e2) 2 tso. As Gk is PTSO-valid, we then know that
(e1, e2) 2 nvo. Consequently, from the construction of � we have PBhe1i �� PBhe2i, as required.
For the ( direction, assume PBhe1i �� PBhe2i. From the construction of � we then know

that (e1, e2) 2 nvo. As Gk is PTSO-valid, we then know that (e1, e2) 2 tso. Consequently, from
the construction of � we have Bhe1i �� Bhe2i or Bhe1i �� Uhe2,�i or Uhe1,�i �� Bhe2i or
Uhe1,�i �� Uhe2,�i, as required.

Similarly, for part (29), pick arbitrary e1, e2 2 (PE ⇥ PE) \ (W [U ⇥W [U ). For the) direction,
assume Bhe1i �� PFhe2i or Uhe1,�i �� PFhe2i or PFhe1i �� Bhe2i or PFhe1i �� Uhe2,�ior
PFhe1i �� PFhe2i. From the construction of � we then know that (e1, e2) 2 tso. Moreover, we know
that (e1, e2) 2 [W [ U [ PF]; tso; [PF] [ [PF]; tso; [W [ U [ PF]. As Gk is PTSO-valid, we then
know that (e1, e2) 2 nvo. Consequently, from the construction of � we have PBhe1i �� PBhe2i, as
required.

For the ( direction, assume PBhe1i �� PBhe2i. From the construction of � we then know that
(e1, e2) 2 nvo. As (e1, e2) 2 [W [U [ PF]; tso; [PF] [ [PF]; tso; [W [U [ PF] andGk is PTSO-valid,
we then know that (e1, e2) 2 tso. Consequently, from the construction of � we have Bhe1i �� PFhe2i
or Uhe1,�i �� PFhe2i or PFhe1i �� Bhe2i or PFhe1i �� Uhe2,�ior PFhe1i �� PFhe2i, as required.

For part (30), pick arbitrary e1, e2 such that Bhe1i �� PShe2i or Uhe1,�i �� PShe2i or PFhe1i ��
PShe2i. From the construction of � we then know that (e1, e2) 2 tso. Moreover, we know that
(e1, e2) 2 tso|PE; [PS]. As Gk is PTSO-valid, we then know that (e1, e2) 2 nvo. Consequently, from
the construction of � we have PBhe1i �� PBhe2i, as required.

Goal: complete(� 0
k .�k )

Follows immediately from the constructions of � 0
k and �k .
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1:46 Azalea Raad and Viktor Vafeiadis

As wfp(� 0
k .�k , hist(�k )) and complete(� 0

k .�k ) hold, we know getG(�k ,�k ,� 0
k ) is de�ned. From

the constructions of � 0
k and �k , it is now straightforward to demonstrate that getG(�k ,�k ,� 0

k ) =
Gk . ⇤

De�nition A.4. Given a � = (Gn , (� 0
n ,�n)). · · · .(G1, (� 0

1,�1)) and an event path � , let

wf(�,� ) def() wfp(� ,H) ^
n
€

i=1
getG(�i ,�i ,� 0

i ) = Gi ^ wfh(H)

where �1=� ; �i+1 = (Gi , (� 0
i ,�i )). · · · .(G1, (� 0

1,�1)) for i 2 {1 · · ·n�1}; andH=hist(�).
Lemma A.3. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain. Let S1 = � and S j+1 =
G j . · · · .G1 for j 2 {1 · · ·n}. For all i 2 {1 · · ·n}:

(1) for all (� 0
i ,�i ). · · · .(� 0

1,�1) 2 traces(Gi , Si ), and for all � ,� 0:

� 0
i .�i = � 0.� ) wf(�i ,� )

where �1=� and �j+1=(G j , (� 0
j ,�j )). · · · .(G1, (� 0

1,�1)) for j 2 {1 · · · i�1}.
(2) for all (� 0

n ,�n). · · · .(� 0
1,�1) 2 traces(Gn , Sn), � 0

n = � .

P����. Pick an arbitrary PTSO-valid execution chain E = G1; · · · ;Gn . Let S1 = � and S j+1 =
G j . · · · .G1 for j 2 {1 · · ·n}.

RTS. (1) We proceed by induction on i .

Base case i = 1
Pick arbitrary (� 0

1,�1) 2 traces(G1, S1) and � ,� 0 such that � 0
1.�1 = � 0.� . We are then required to

show wf(�1,� ), where �1 = � . It thus su�ces to show:

wfp(� , hist(�1)) ^ wfh(hist(�1))
The second conjunct follows trivially from the fact that hist(�1) = � and the de�nition of wfh(�).
As (� 0

1,�1) 2 traces(G1, S1), from the de�nition of traces(., .) we have getG(�1,�1,� 0
1). Conse-

quently, from the de�nition of getG(�1,�1,� 0
1) we know that wfp(� 0

1.�1, hist(�1)) holds implying
the result in the �rst conjunct.

Base case i = j+1

8(� 0
j ,�j ). · · · .(� 0

1,�1) 2 traces(G j , S j ). 8� ,� 0. � 0
j .�j = � 2.� 1 ) wf(�0j ,� ) (I.H.)

where �01=� and �0l+1=(Gl , (� 0
l ,�l )). · · · .(G1, (� 0

1,�1)) for l 2 {1 · · · j�1}.
Pick arbitrary (� 0

i ,�i ). · · · .(� 0
1,�1) 2 traces(Gi , Si ) and � ,� 0 such that � 0

i .�i = � 0.� . We are
then required to show wf(�i ,� ). It thus su�ces to show:

wfp(� , hist(�i )) ^
j

€

k=1
getG(�k ,�k ,� 0

k ) = Gk ^ wfh(hist(�i ))

where �1=� and �l+1=(Gl , (� 0
l ,�l )). · · · .(G1, (� 0

1,�1)) for l 2 {1 · · · j�1}.
The second conjunct follows from the de�nition of traces(., .) and the fact that (� 0

i ,�i ). · · · .
(� 0

1,�1) 2 traces(Gi , Si ). Similarly, as (� 0
i ,�i ). · · · .(� 0

1,�1) 2 traces(Gi , Si ), from the de�nition
of traces(., .) we know getG(�i ,�i ,� 0

i ) = Gi and thus wfp(� 0
i .�i , hist(�i )) holds implying the

result in the �rst conjunct.
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For the third conjunct, observe that hist(�i ) = (� 0
j ,�j ).hist(�j ). As (� 0

i ,�i ). · · · .(� 0
1,�1) 2

traces(Gi , Si ), from the de�nition of traces(., .) we know that getG(�j ,�j ,� 0
j ) = G j and thus

wfp(� 0
j .�j , hist(�j )) and complete(� 0

j .�j ) hold. On the other hand, from (I.H.) we havewfh(hist(�j )).
As such, from the de�nition of wfh(.) we have wfh(�i ), as required.

RTS. (2) We proceed by contradiction. Assume there exists (� 0
n ,�n). · · · .(� 0

1,�1) 2 traces(Gn , Sn)
such that � 0

n , � . Let �1=� and �j+1=(G j , (� 0
j ,�j )). · · · .(G1, (� 0

1,�1)) for j 2 {1 · · · i�1}. From the
de�nition of traces(., .) we then know that getG(�n ,�n ,� 0

n) = Gn , i.e. wfp(� 0
n .�n , hist(�n)) and

complete(� 0
n .�n) hold. As � 0

n , � , we then know there exists e 2 Gn .E such that PBhei 2 � 0
n , i.e.

(from the well-formedness of the path) PBhei < �n . As such, since getG(�n ,�n ,� 0
n) = Gn , from its

de�nition we know that e < Gn .EP . This however contradicts the assumption thatGn is PTSO-valid.
⇤

Lemma A.4. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain of program P with outcome
O and Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ) for i 2 {1, · · · ,n}. For each Gi , let e1i , · · · , emi denote an
enumeration of Ei \ E0i that respects poi . Then there exists P1i · · · Pmi , S1i , Smi such that:

• Pj�1i , S
j�1
i ( E h� i����!)⇤ genL(e ji ,Gi )���������! ( E h� i����!)⇤ Pji , Sji , for i 2 {1 · · ·n} and j 2 {1 · · ·m}

• Pmn = skip| | · · · | |skip and Smn = O
where P01 = P; P0i = recover for i 2 {2 · · ·n}; and S0i = S0 for i 2 {1 · · ·n}.
Lemma A.5. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain of program P with outcome
O . Let S1 = � and S j+1 = G j . · · · .G1 for j 2 {1 · · ·n}. Then, for all i 2 {1 · · ·n}, and all Hi . · · · .H1 2
traces(Gi , Si ):
(1) if i < n then

P0i , S0, �i , � )⇤ recover, S0, �i+1, �
(2) P0n , S0, �n , � )⇤ skip| | · · · | |skip,O, �n ,�n

where P01 = P; P0j+1 = recover; �1 = � and �j+1=(G j ,Hj ). · · · .(G1,H1), for j 2 {1 · · ·n�1}.
P����. Pick an arbitrary program P and a PTSO-valid execution chain E of P with outcome

O such that E = G1; · · · ;Gn . Let S1 = � and S j+1 = G j . · · · .G1 for j 2 {1 · · ·n}. Let P01 = P and
P0j = recover for j 2 {2 · · ·n} For all i 2 {1 · · ·n}, pick arbitrary (� 0

i ,�i ) 2 traces(Gi , Si ). Let
�1 = � and �j+1 = (G j , (� 0

j ,�j )). · · · .(G1, (� 0
1,�1)) for j 2 {1 · · ·n}.

P��� (1). Pick arbitrary i < n. From traces(Gi , Si ) we know �i respects Gi .po. That is, �i is of
the form: sm .genL(em ,Gi ). · · · .s1.genL(e1,Gi ).s0, where:
i) For each j 2 {0 · · ·m}, sj = �(j,kj ). · · · .�(j,1) and each �(j,r ) is either of the form Bh�i or of the
form PBh�i, for r 2 {1 · · ·kj }; and
ii) e1 · · · em denotes an enumeration of Gi .E that respects Gi .po (for all e, e 0, if (e, e 0) 2 Gi .po then
genL(e,Gi ) ��i genL(e 0,Gi )).
Moreover, since (� 0

i ,�i ) 2 traces(Gi , Si ), from the de�nition of traces(., .) we know that
getG(Si ,�i ,� 0

i )=Gi . Additionally, from Lemma A.3 we know

8�,p,q. � 0
i .�i = p.�.q ) fresh(�,p.q) ^ fresh(�, �i ) (31)

From (G�P���) we thus have P0i , S0, �i , � )⇤ P0i , S0, �i , s0. There are now two cases to consider: 1)
m = 0; or 2)m > 0.

In case (1), we have �i = s0 and thus (since each event in s0 is either of the form Bh�i or of
the form PBh�i) from Lemma A.3 we know s0 = �i = � 0

i = � . As such, we have P0i , S0, �i , � )⇤
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P0i , S0, �i , � . Moreover, since � 0
i = � then comp(�i ,� 0

i ) holds. As such from (G�C����) we have
P0i , S0, �i , � )⇤ recover, S0, �i+1, � , as required.

In case (2) from Lemma A.4 we know there exists P1i · · · Pmi , S1i , Smi such that for j 2 {1 · · ·m}:

Pj�1i , S
j�1
i ( E h� i����!)⇤ genL(e ji ,Gi )���������! ( E h� i����!)⇤ Pji , Sji (32)

where S0i = S0 for i 2 {1 · · ·n}.
For each j 2 {1 · · ·m}, from (32) we then know there exist P0j , P

00
j , S

0
j , S

00
j such that Pj�1i , S

j�1
i ( E h� i����!

)⇤P0j , S0j
genL(e ji ,Gi )���������! P00j , S

00
j (

E h� i����!)⇤ Pji , Sji . Letp0 = s0 andpj = sj .genL(ej ,Gi ). · · · .s1.genL(e1,Gi ).s0,
for j 2 {1 · · ·m}. As such, from (G�S�����P), (G�S���), (G�P���), and (31) we then have:

Pj�1i , S
j�1
i , �i ,pj�1)⇤ P0

j , S
0
j , �i ,pj�1

) P00
j , S

00
j , �i , genL(ej ,Gi ).pj�1

)⇤ Pji , S
j
i , �i , genL(ej ,Gi ).pj�1

) Pji , S
j
i , �i ,pj

Consequently, we have

P0i , S0, �i , � )⇤ P0i , S
0
i , �i ,p0 )⇤ P1i , S

1
i , �i ,p1 )⇤ · · · )⇤ Pmi , S

m
i , �i ,pm

That is, we have
P0i , S

0
i , �i , � )⇤ Pmi , S

m
i , �i ,�i

On the other hand fromLemmaA.3we know that comp(� ,� 0) holds. As such, since getG(Si ,�i ,� 0
i )=Gi ,

from (G�C����) we have
Pmi , S

m
i , �i ,�i )⇤ recover, S0, �i+1, �

That is, we have P0i , S
0
i , �i , � )⇤ recover, S0, �i+1, � , as required.

P��� (2). From traces(Gn , Sn)we know�n respectsGn .po. That is,�n is of form: sm .genL(em ,Gn)
. · · · .s1.genL(e1,Gn).s0, where:
i) For each j 2 {0 · · ·m}, sj = �(j,kj ). · · · .�(j,1) and each �(j,r ) is either of the form Bh�i or of the
form PBh�i, for r 2 {1 · · ·kj }; and
ii) e1 · · · em denotes an enumeration of Gn .E that respects Gi .po (for all e, e 0, if (e, e 0) 2 Gn .po then
genL(e,Gn) ��n genL(e 0,Gn)).
Moreover, since (� 0

n ,�n) 2 traces(Gn , Sn), from the de�nition of traces(., .) we know that
getG(Sn ,�n ,� 0

n)=Gn . Additionally, from Lemma A.3 we know:

� 0
n = � ^ 8�,p,q. � 0

n .�n = p.�.q ) fresh(�,p.q) ^ fresh(�, �n) (33)

From (G�P���) we thus have P0n , S0, �n , � )⇤ P0n , S0, �n , s0. There are now two cases to consider: 1)
m = 0; or 2)m > 0.

In case (1), we have P0n = skip| | · · · | |skip, S0n = S0 = O , and �n = s0 and thus (since each event
in s0 is either of the form Bh�i or of the form PBh�i) from Lemma A.3 we know s0 = �n = � 0

n = � .
As such, we trivially have P0n , S0, �n , � )⇤ skip| | · · · | |skip,O, �n , � , as required.

In case (2), in similar steps to that of the proof of part (1) we have:

P0n , S
0
n , �n , � )⇤ Pmn , S

m
n , �n ,�n

That is, we have P0n , S0n , �n , � )⇤ skip| | · · · | |skip,O, �n ,�n , as required.
⇤
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Corollary 1. Let E = G1; · · · ;Gn denote a PTSO-valid execution chain of program P with outcomeO .
Let S1 = � and S j+1 = G j . · · · .G1 for j 2 {1 · · ·n}. Then, there exists Hn . · · · .H1 2 traces(Gn , Sn),
with Hn = (�,�n) such that

P, S0, �, � )⇤ skip| | · · · | |skip,O, (Gn�1,Hn�1). · · · .(G1,H1),�n
P����. Follows from Lemma A.2 and Lemma A.5. ⇤

Given an execution path � and a graph history �, the set of con�gurations induced by � and � ,
written confs(�,� ), includes those con�gurations that satisfy the following condition:

confs(�,� ) , �(M, PB,B) wf(M, PB,B, hist(�),� ) 

Lemma A.6. For all P,P0, S, S0, �, �0, � ,� 0:
if

wf(�,� ) ^ wf(�0,� 0) ^ P, S, �,� ) P0, S0, �0,� 0

then for all (M, PB,B) 2 confs(�,� ), there exists (M 0, PB0,B) 2 confs(�0,� 0) such that

P, S,M, PB,B, hist(�),� )⇤ P0, S0,M 0, PB0,B0, hist(�0),� 0

P����. Pick arbitrary P,P0, S, S0, �, �0, � ,� 0 such that wf(�,� ), wf(�0,� 0), and P, S, �,� )
P0, S0, �0,� 0. Pick arbitrary (M, PB,B) 2 confs(�,� ). Let H = hist(�). From the de�nition of
confs(., .) we then know that wf(M, PB,B,H ,� ) holds. We then proceed by induction on the
structure of ).

Case (G�S�����P)
From (G�S�����P) we then know that P, S

E h� i����! P0, S0, and that �0 = �, � 0 = � . As such, from
(A�S�����P) we have P, S,M, PB, B,H ,� ) P0, S0,M, PB, B,H ,� . Moreover, as wf(M, PB, B,H ,� )
holds, the required result holds immediately.

Case (G�P���)
From (G�P���) we then know that there exists e and � 2 �

Bhei,PBhei such that � 0 = �.� ,
fresh(�,� ), fresh(�, �), P0 = P, S0 = S and �0 = �. From the de�nition of fresh(., .) we then know
that fresh(�,H) holds. There are now three cases to consider. Either 1) � = Bhei; or 2) � = PBhei
and e 2 W [ U ; or 3) � = PBhei and e 2 PF .

In case (1), let tid(e) = � , loc(e) = x. Sincewf(M, PB, B,H ,� ) holds, from its de�nition we know
there exist pb00, PB such that PB = (N���, pb).PB00. In what follows, we demonstrate that there

exists b such that B(� ) = b.e . From (AM�BP���) we then have M, PB,B
Bhe i���! M, (N���, pb[x 7!

e .PB(x)]).PB00,B[� 7! b]. As such, from (A�P���M) we have:

P, S,M, PB,B,H ,� ) P, S,M, (N���, pb[x 7! e .PB(x)]).PB0,B[� 7! b],H , �.�
That is, there exists M 0 = M , PB0 = (N���, pb[x 7! e .pb00(x)]).PB00 and B0 = B[� 7! b] such
that P, S,M, PB,B,H ,� ) P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from
its de�nition we also have wf(M 0, PB0,B0,H ,� 0) and thus from the de�nition of confs(., .) we
have (M 0, PB0,B0) 2 confs(�,� 0), as required. We next demonstrate that there exists b such that
B(� ) = b.e .
Since wf(�0,� 0) holds, we know that Whei 2 � . Moreover, as fresh(�,� ), we know that � < � .

As such, from the de�nition of wf(M, PB, B,H ,� ) we know that e 2 B(� ). Now let us suppose that
e is not at the head of B(� ), i.e. there exists e 0 , e and b such that e 0 �B(� ) e . Once again, from the
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1:50 Azalea Raad and Viktor Vafeiadis

de�nition of wf(M, PB,B,H ,� ) we know that Whe 0i 2 � , Bhe 0i < � (and thus Bhe 0i < �.� ) and
thatWhe 0i �� Whei. Moreover, since alb 2 �.� and wf(�, �.� ) holds, from the de�nition of wf(., .)
and the de�nition of wfp(., .) we know that Bhe 0i �� .� Bhei. This however leads to a contradiction
as Bhe 0i < �.� . We can thus conclude that there exists b such that B(� ) = b.e .

In case (2), let PB = PB00.(o, pb) and let loc(e) = x. In what follows, we demonstrate that

there exists s such that pb(x) = s .e . From (AM�PBP���) we then have M, PB,B
PBhe i����! M[x 7!

e], PB00.(N���, pb[x 7! s]),B. As such, from (A�P���M) we have:
P, S,M, PB,B,H ,� ) P, S,M[x 7! e], PB00.(o, pb[x 7! s]),B,H , �.�

That is, there existsM 0 = M[x 7! e], PB0 = PB00.(o, pb[x 7! s]) and B0 = B such that P, S,M, PB, B,H ,� )
P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have
wf(M 0, PB0, B0,H ,� 0) and thus from the de�nition of confs(., .)wehave (M 0, PB0, B0) 2 confs(�,� 0),
as required. We next demonstrate that there exists s such that pb(x) = s .e .
Since wf(�0,� 0) holds, we know that there exists �e 2 � such that �e = Uhe,�i or �e = Bhei�.

Moreover, as fresh(�,� ), we know that � < � . As such, from the de�nition of wf(M, PB, B,H ,� ) we
know there exists (oe , pbe ) 2 PB such that e 2 pbe (x). Now let us suppose that e is not the next event
in PB to be propagated, i.e. either i) there exists (oe 0, pbe 0) 2 PB such that (oe 0, pbe 0) �PB (oe , pbe )
and either oe 0 = S���(e 0) or there exists y such that e 0 2 pbe 0(y); or ii) e 0 �pbe (x) e . Once again,
from the de�nition of wf(M, PB,B,H ,� ) we know that there exists �e 0 2 � such that �e 0 = Bhe 0i,
or �e 0 = Uhe 0,�i or �e 0 = PFhe 0i, that PBhe 0i < � (and thus PBhe 0i < �.� ) and that �e 0 �� �e .
Moreover, since � 2 �.� and wf(�, �.� ) holds, from the de�nition of wf(., .) and the de�nition of
wfp(., .) we know that PBhe 0i �� .� PBhei. This however leads to a contradiction as PBhe 0i < �.� .
We can thus conclude that there exists s such that pb(x) = s .e .

In case (3), let PB = PB00.(o, pb). In what follows, we demonstrate that (o, pb) = (S���(e), pb0).
From (AM�PBP���F)we then haveM, PB, B

PBhe i����! M, PB00.(N���, pb0), B. As such, from (A�P���M)
we have:

P, S,M, PB,B,H ,� ) P, S,MPB00.(N���, pb0),B,H , �.�
That is, there exists M 0 = M , PB0 = PB00.(N���, pb0) and B0 = B such that P, S,M, PB,B,H ,� )
P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have
wf(M 0, PB0, B0,H ,� 0) and thus from the de�nition of confs(., .)wehave (M 0, PB0, B0) 2 confs(�,� 0),
as required. We next demonstrate that (o, pb) = (S���(e), pb0).

Sincewf(�0,� 0) holds, we know PFhei 2 � . Moreover, as fresh(�,� ), we know that � < � . As such,
from the de�nition ofwf(M, PB, B,H ,� )we know there exists (oe , pbe ) 2 PB such that oe = S���(e).
Now let us suppose that e is not the next event in PB to be propagated, i.e. either i) there exists
(oe 0, pbe 0) 2 PB such that (oe 0, pbe 0) �PB (oe , pbe ) and either oe 0 = S���(e 0) or there exists y such
that e 0 2 pbe 0(y); or ii) there exists y such that e 0 2 pbe (y). Once again, from the de�nition of
wf(M, PB,B,H ,� ) we know that there exists �e 0 2 � such that �e 0 = Bhe 0i, or �e 0 = Uhe 0,�i or
�e 0 = PFhe 0i, that PBhe 0i < � (and thus PBhe 0i < �.� ) and that �e 0 �� PFhei. Moreover, since
� 2 �.� and wf(�, �.� ) holds, from the de�nition of wf(., .) and the de�nition of wfp(., .) we know
that PBhe 0i �� .� PBhei. This however leads to a contradiction as PBhe 0i < �.� . We can thus
conclude that (o, pb) = (S���(e), pb0).

Case (G�S���)
We know there exists e, r ,u and � 2 {Rhr , ei,Whei,Uhu, ei, Fhei,PFhei,PShei} such that � 0 = �.� ,
fresh(�,� ), fresh(�, �), �0 = � and P, S

��! P0, S0. From the de�nition of fresh(., .) we then know
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Persistence Semantics for Weak Memory 1:51

that fresh(�,H) holds. There are now six cases to consider. Either 1) � = Rhe,wi; or 2) � =Whei;
or 3) � = Uhe,wi; or 4) � = Fhei; or 5) � = PFhei; or 6) � = PShei.

Case 1: � = Rhr , ei
Let tid(r ) = � , loc(r ) = x and B(� ) = b. In what follows we demonstrate that read(M, PB, b, x) = e .
From (AM�R���) we then have M, PB,B

Rhr,e i�����! M, PB,B. As such, from (A�S���) we have:

P, S,M, PB,B,H ,� ) P, S,M, PB,B,H , �.�
That is, there existsM 0 = M , PB0 = PB and B0 = B such that P, S,M, PB, B,H ,� ) P, S,M 0, PB0, B0,H ,� 0.
Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have wf(M 0, PB0,B0,H ,� 0)
and thus from the de�nition of confs(., .) we have (M 0, PB0,B0) 2 confs(�,� 0), as required. We
next demonstrate that read(M, PB, b, x) = e .
From the de�nition of wf(�, �.� ) we know that wfrd(r , e,� ,�h), where �h = �n . · · · .�1, when

� = (�, (�n ,�)). · · · .(�, (�1,�)). From the de�nition of wfrd(r , e,� ,�h) there are now four cases to
consider:

i) 9�1,�2. � = �1.Whei.�2 ^ tid(e) = tid(r ) ^ Bhei < �1
^ �

Whe 0i 2 �1 loc(e 0)=loc(r ) ^ tid(e 0)=tid(r ) = ;
ii) 9�1,�2, �e . � = �1.�e .�2 ^ (�e=Bhei _ �e=Uhe,�i)

^ �

Bhe 0i,Uhe 0,�i 2 �1 loc(e 0)=loc(r ) = ;
^

⇢

e 0 Whe 0i 2 � ^ Bhe 0i < �
^ loc(e 0)=loc(r ) ^ tid(e 0)=tid(r )

�

= ;
iii) 9�1,�2. �h = �1.PBhei.�2

^
8

>

><

>

>

:

Bhe 0i,Uhe 0,�i 2 � ,
Whe 00i 2 � ,
PBhe 0i 2 �1

loc(e 0)=loc(r )^
loc(e 00)=loc(r )^
tid(e 00)=tid(r )

9

>

>=

>

>

;

= ;

iv) e = init
x

^
8

>

><

>

>

:

Bhe 0i,Uhe 0,�i 2 � ,
Whe 00i 2 � ,
PBhe 0i 2 �h

loc(e 0)=loc(r )^
loc(e 00)=loc(r )^
tid(e 00)=tid(r )

9

>

>=

>

>

;

= ;

In case (i), since wf(M, PB,B,H ,� ) holds, from its de�nition we know there exists b0 such that
b = e .b0. As such, by de�nition we have read(M, PB, b, x) = e .
In case (ii), since wf(M, PB,B,H ,� ) holds, from its de�nition we know that for all e 0 2 b,

loc(e 0) , x; and that there exists PB1, PB2, (o, pb), s such that PB = PB1.(o, pb).PB2, PB(x) = e .s and
for all (o0, pb0) 2 PB1, pb0(x) = � . As such, by de�nition we have read(M, PB, b, x) = e .
In case (iii), since wf(M, PB,B,H ,� ) holds, from its de�nition we know that for all e 0 2 b,

loc(e 0) , x; that for all (o, pb) 2 PB, PB(x) = � ; and that M(x) = e . As such, by de�nition we have
read(M, PB, b, x) = e .
In case (iv), , since wf(M, PB,B,H ,� ) holds, from its de�nition we know that for all e 0 2 b,

loc(e 0) , x; that for all (o, pb) 2 PB, PB(x) = � ; and that M(x) = init
x

. As such, by de�nition we
have read(M, PB, b, x) = e .

Case 2: � =Whei
Let tid(e) = � . From (AM�W����) we then have M, PB,B

Whe i����! M, PB,B[� 7! e .B(� )]. As such,
from (A�S���) we have:

P, S,M, PB,B,H ,� ) P, S,M, PB,B[� 7! e .B(� )],H , �.�
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1:52 Azalea Raad and Viktor Vafeiadis

That is, there exists M 0 = M , PB0 = PB and B0 = B[� 7! e .B(� )] such that P, S,M, PB,B,H ,� )
P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have
wf(M 0, PB0, B0,H ,� 0) and thus from the de�nition of confs(., .)wehave (M 0, PB0, B0) 2 confs(�,� 0),
as required.

Case 3: � = Uhu, ei
Let tid(u) = � and loc(u) = x. Inwhat followswe demonstrate that B(� ) = � . Sincewf(M, PB, B,H ,� )
holds, from its de�nition we know there exist pb00, PB such that PB = (N���, pb).PB00. Moreover, in
an analogous way to that in case (2) we can demonstrate that read(M, PB, b, x) = e . From (AM�

RMW) we then have M, PB,B
Uhu,e i�����! M, (N���, pb[x 7! u .pb(x)]).PB00,B. As such, from (A�S���)

we have:
P, S,M, PB,B,H ,� ) P, S,M, (N���, pb[x 7! u .pb(x)]).PB00,B,H , �.�

That is, there existsM 0 = M , PB0 = (N���, pb[x 7! u .pb(x)]).PB00 and B0 = B such that P, S,M, PB, B,H ,� )
P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have
wf(M 0, PB0, B0,H ,� 0) and thus from the de�nition of confs(., .)wehave (M 0, PB0, B0) 2 confs(�,� 0),
as required. We next demonstrate that B(� ) = � .
Let us suppose that there exists e 0 such that e 0 2 b(� ). We then know that tid(e 0) = � . From

the de�nition of wf(M, PB, B,H ,� ) we then know that Whe 0i 2 � , Bhe 0i < � and thus Bhe 0i < �.� .
That is, we haveWhe 0i �� .� �. Moreover, since alb 2 �.� and wf(�, �.� ) holds, from the de�nition
of wf(., .) and the de�nition of wfp(., .) we know that Bhe 0i �� .� Fhei. This however leads to a
contradiction as Bhe 0i < �.� . We can thus conclude that B(� ) = � .

Case 4: � = Fhei
Let tid(e) = � . In an analogous way to that in case (3) we can demonstrate that B(� ) = � . From

(AM�F����) we then have M, PB,B
Fhe i���! M, PB,B. As such, from (A�S���) we have:

P, S,M, PB,B,H ,� ) P, S,M, PB,B,H , �.�
That is, there existsM 0 = M , PB0 = PB and B0 = B such that P, S,M, PB, B,H ,� ) P, S,M 0, PB0, B0,H ,� 0.
Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have wf(M 0, PB0,B0,H ,� 0)
and thus from the de�nition of confs(., .) we have (M 0, PB0,B0) 2 confs(�,� 0), as required.

Case 5: � = PFhei
Let tid(e) = � . In an analogous way to that in case (3) we can demonstrate that B(� ) = � . On
the other hand, from wf(M, PB,B,H ,� ) and the de�nition of pbuff(., .) in particular, we know
that there exists pb and PB00 such that PB = (N���, pb).PB00. As such, from (AM�PF����) we have:

M, PB,B
PFhe i����! M, (N���, pb0).(S���(e), pb).PB00,B. As such, from (A�S���) we have:

P, S,M, PB,B,H ,� ) P, S,M, (N���, pb0).(S���(e), pb).PB00,B,H , �.�
That is, there existsM 0 = M , PB0 = (N���, pb0).(S���(e), pb).PB00 and B0 = B such that P, S,M, PB, B,
H ,� ) P, S,M 0, PB0,B0,H ,� 0. Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we
also have wf(M 0, PB0, B0,H ,� 0) and thus from the de�nition of confs(., .) we have (M 0, PB0, B0) 2
confs(�,� 0), as required.

Case 6: � = PShei
Let tid(e) = � . In an analogous way to that in case (3) we can demonstrate that B(� ) = � . In what

follows we demonstrate that PB = PB0. As such, from (AM�PS���)we have:M, PB, B
PShe i����! M, PB, B.
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Persistence Semantics for Weak Memory 1:53

As such, from (A�S���) we have:
P, S,M, PB,B,H ,� ) P, S,M, PB,B,H , �.�

That is, there existsM 0=M , PB0=PB and B0=B such that P, S,M, PB, B,H ,� ) P, S,M 0, PB0, B0,H ,� 0.
Moreover, since wf(M, PB,B,H ,� ) holds, from its de�nition we also have wf(M 0, PB0,B0,H ,� 0)
and thus from the de�nition of confs(., .) we have (M 0, PB0,B0) 2 confs(�,� 0), as required. We
next demonstrate that PB = PB0.

Let us suppose PB , PB0, i.e. there exist e 0 and (oe 0, pbe 0) 2 PB such that either i) oe 0 = S���(e 0);
or ii) there exists y such that e 0 2 pbe 0(y). Once again, from the de�nition of wf(M, PB,B,H ,� )
we know that there exists �e 0 2 � such that �e 0 = Bhe 0i, or �e 0 = Uhe 0,�i or �e 0 = PFhe 0i, that
PBhe 0i < � (and thus PBhe 0i < �.� ) and that �e 0 �� .� �. Moreover, since � 2 �.� and wf(�, �.� )
holds, from the de�nition of wf(., .) and the de�nition of wfp(., .) we know that PBhe 0i �� .� PShei.
This however leads to a contradiction as PBhe 0i < �.� . We can thus conclude thatPB = PB0.

Case (G�C����)
Let � = (Gn ,�). · · · .(G1,�). From (G�C����) we know there exists � 00 and G such that P0 =
recover, S0 = S0, �0 = (G, (� 00,� )).�, � 0 = � , comp(� ,� 00) and getG(Gn . · · · .G1,� ,� 00) = G. since
wf(M, PB,B,H ,� ) holds, from its de�nition we know that for all events e and all (o, pb) 2 PB:

i) e 2 B(tid(e)) () Whei 2 � ^ Bhei < � ; and that
ii) e 2 pb(loc(e)) _ o = S���(e) () PBhei < � ^ (Bhei 2 � _ Uhe,�i 2 � _ PFhei 2 � ).

As such, from the de�nition of comp(., .) we know for all events e and all (o, pb) 2 PB:
i) e 2 B(tid(e)) () Bhei 2 � 00;
ii) e 2 pb(loc(e)) _ o = S���(e) () PBhei 2 � 00.

As such, from the de�nition of!p we have M, PB,B
� 00
!p �, PB0,B0. Consequently, from (A�S���)

we have:
P, S,M, PB,B,H ,� ) P0, S0,M, PB0,B0, (� 00,� ).H ,� 0

That is, there exists M 0 = M , PB0 = PB0, B0 = B0 and H 0 = (� 00,� ).H = hist(�0) such that:
P, S,M, PB,B,H ,� ) P, S,M 0, PB0,B0,H 0,� 0. Since comp(� ,� 00) holds, by de�nition we have
complete(� 00.� ). Moreover, since wf(M, PB,B,H ,� ) holds and wf(�0,� 0) holds, from their de�-
nitions we also have wf(M 0, PB0,B0,H 0,� 0) and thus from the de�nition of confs(., .) we have
(M 0, PB0,B0) 2 confs(�,� 0), as required.

⇤

Theorem 5 (Completeness). Given a program P, for all PTSO-valid execution chains E of P with
outcome O , there exists M ,H and � such that

P, S0,M0, PB0,B0, �, � )⇤ skip| | · · · | |skip,O,M, PB0,B0,H ,�
P����. Follows from Corollary 1, Lemma A.3 and Lemma A.6. ⇤

A.4 Equivalence of PTSO Operational and Intermediate Semantics
Let

Rl ,
⇢

((� : l), �) (9e . getE(�) = e ^ tid(e) = � ^ lab(e) = l) _ (� = Eh� i ^ l = �)
_(9e . � = Bhei ^ tid(e) = � ^ l = �) _ (9e . � = PBhei ^ l = �)

�

Lemma A.7. For all P, S,P0, S0:

• for all � , l, if P, S
� :l��! P0, S0, then there exists � such that: ((� , l), �) 2 Rl and P, S

��! P0, S0;
• for all �, if P, S

��! P0, S0, then there exists � , l such that: ((� , l), �) 2 Rl and P, S
� :l��! P0, S0.
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P����. By straightforward induction on the structures of � :l��! and ��!. ⇤

Let

Rm ,

8

>

>

>

><

>

>

>

>

:

((M,PB,B),
(M, PB,B))

(M,PB,B) 2 M�� ⇥ PB��� ⇥ BM��
^(M, PB,B) 2 AM�� ⇥ APB��� ⇥ ABM��
^8x,� . M(x) = � () val

w

(M(x)) = �
^simpb(PB, PB) ^ simb(B,B)

9

>

>

>

>=

>

>

>

>

;

simpb(PB, PB) , PB = PB = � _
9pb, pb,PB0, PB0. PB = PB0.(�, pb) ^ PB = PB0.pb ^ simpb(PB0, PB0)
^8x. simw(pb(x), pb(x))

simw(s1, s2) , (s1 = s2 = �) _ (9�, s 01, s 02, e . s1 = s 01.� ^ s2 = s 02.e ^ val

w

(e) = �)
simb(B,B) , (B = B = �) _ (9x,�,B0,B0, e . B = B0.(x,�) ^ B = B0.e ^ val

w

(e) = � ^ loc(e) = x)

Lemma A.8. For allM,PB,B,M, PB,B,M 0, PB0,B0:
• ((M0,PB0,B0), (M0, PB0,B0)) 2 Rm ;
• for allM0,PB0,B0,� , l, if ((M,PB,B), (M, PB,B)) 2 Rm and (M,PB,B) � :l��! (M0,PB0,B0), then
there exist M 0, PB0,B0, � such that ((� , l), �) 2 Rl , ((M0,PB0,B0), (M 0, PB0,B0)) 2 Rm and
(M, PB,B) ��! (M 0, PB0,B0).

• for all M 0, PB0,B0, �, if ((M,PB,B), (M, PB,B)) 2 Rm and (M, PB,B) ��! (M 0, PB0,B0), then
there exist M0,PB0,B0,� , l such that ((� , l), �) 2 Rl , ((M0,PB0,B0), (M 0, PB0,B0)) 2 Rm and
(M,PB,B) � :l��! (M0,PB0,B0).

P����. The proof of the �rst part follows immediately from the de�nitions of M0, PB0, B0, M0,
PB0, B0. The proofs of the last two parts follow from straightforward induction on the structures of
� :l��! and ��!. ⇤

Let

R ,
⇢((P, S,M,PB,B),
(P, S,M, PB,B,H ,� ))

P 2 P��� ^ S 2 SM�� ^H 2 H��� ^ � 2 P���
^((M,PB,B), (M, PB,B)) 2 Rm

�

Lemma A.9. For all P,M,PB,B,M, PB,B,M 0, PB0,B0,H ,� :
• ((P, S0,M0,PB0,B0), (P, S0,M0, PB0,B0, �, �)) 2 R;
• for all P0, S0,M0,PB0,B0, if ((P, S,M,PB,B), (P, S,M, PB, B,H ,� )) 2 R and (P, S,M,PB,B) )
(P0, S0,M0,PB0,B0), then there existM 0, PB0, B0,H 0,� 0 such that ((P0, S0,M0,PB0,B0), (P0, S0,M 0,
PB0,B0,H 0,� 0)) 2 R and (P, S,M, PB,B,H ,� ) ) (P, S0,M 0, PB0,B0,H 0,� 0).

• for all P0, S0,M 0, PB0, B0,H 0,� 0, if ((P, S,M,PB,B), (P, S,M, PB, B,H ,� )) 2 R and (P, S,M, PB,
B,H ,� ) ) (P0, S0,M 0, PB0, B0,H 0,� 0), then there existM0,PB0,B0 such that ((P0, S0,M0,PB0,B0)
, (P0, S0,M 0, PB0,B0,H 0,� 0)) 2 R and (P, S,M, PB,B) ) (P0, S0,M 0, PB0,B0).

P����. The proof of the �rst part follows immediately from the de�nitions of R and Lemma A.8.
The proofs of the last two parts follow from straightforward induction on the structures of � :l��!, ��!,
Lemma A.7 and Lemma A.8. ⇤

Theorem 6 (Intermediate and operational semantics equivalence). For all P, S:
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• for allM, if P, S0,M0,PB0,B0 )⇤ skip| | · · · | |skip, S,M,PB0,B0, then there existM ,H , � such
that P, S0,M0, PB0, B0, �, � )⇤ skip| | · · · | |skip, S,M, PB0, B0,H ,� and ((M,PB0,B0), (M, PB0,
B0)) 2 Rm ;

• for all M,H ,� , if P, S0,M0, PB0,B0, �, � )⇤ skip| | · · · | |skip, S,M, PB0,B0,H ,� , then there
existsM such that P, S0,M0,PB0,B0 )⇤ skip| | · · · | |skip, S,M,PB0,B0 and ((M,PB0,B0), (M,
PB0,B0)) 2 Rm .

P����. Follows from Lemma A.9 and straightforward induction on the length of )⇤. ⇤
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B SIMPLE QUEUE LIBRARY
For an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of a program P with
Gi = (E0, EP , E, po, rf, tso, nvo), observe that when P comprisesk threads, the trace of each execution
era (via start() or recover()) comprises two stages: i) the trace of the setup stage by the master
thread �0 performing initialisation or recovery, prior to the call to run(P); followed (in po order)
by ii) the trace of each of the constituent program threads �1 · · · �k , provided that the execution did
not crash during the setup stage.
Note that as the execution is PTSO-valid, thanks to the placement of the persistent fence oper-

ations (pfence), for each thread �j , we know that the set of persistent events in execution era i ,
namely EPi , contains roughly a pre�x (in po order) of thread �j ’s trace. More concretely, for each
constituent thread �j 2 {�1 · · · �k } = dom(P), there exist P j1 · · · P jn such that:

1) P[�j ] = o0j ; · · · ;o
P j1
j ;oP

j
1+1

j ; · · ·oP
j
2

j ; · · · ;oP
j
n�1+1
j ; · · · ;oP jnj , comprising enq and deq operations;

and
2) at the beginning of each execution era i 2 {1 · · ·n}, the program executed by thread �j

(calculated in P’ and subsequently executed by calling run(P’)) is that of sub(P[�j ],P i�1j +1),
where P0

j = �1, for all j; and
3) in each execution era i 2 {1 · · ·n}, the trace H(i, j) of each constituent thread �j 2 dom(P) is of

the following form:

H(i, j) , H (oP
i�1
j +1

j , P i�1j +1,�j ,n
P i�1j +1
j ) po! · · · po! H (oP

i
j

j , P
i
j ,�j ,n

P ij
j )

po! H (oP
i
j +1

j , P ij+1,�j ,n
P ij +1
j ) po! · · · po! H (om

i
j�1

j ,mi
j�1,�j ,n

mi
j�1

j )
po! H 0(om

i
j

j ,m
i
j ,�j ,n

mi
j

j )

for somemi
j , n

P i�1j +1
j , · · · ,nP

i
j

j ,n
P ij +1
j , · · · ,nm

i
j

j , where:

• The �rst line denotes the execution of the (P i�1j +1)st to (P ij )th library calls of thread �j , with
H (o,� ,p,n) de�ned shortly. Moreover, before crashing and proceeding to the next era, all
volatile events (those in PE) inH (oP

i�1
j +1

j , P i�1j +1,�j ,n
P i�1j +1
j ) po! · · · po! H (oP

i
j �1

j , P ij�1,�j ,n
P ij �1
j )

have persisted, and a pre�x (in po order) of the volatile events in H (oP
i
j

j , P
i
j ,�j ,n

P ij
j ) have per-

sisted. Note that this pre�x may be equal to H (oP
i
j

j , P
i
j ,�j ,n

P ij
j ), in which case all its events

have persisted.
• The second line denotes the execution of the subsequent library calls of thread �j where
mi

j  Pnj , with none of their volatile events having persisted.
• The last line denotes the execution of the (mi

j )th call of thread �j (mi
j  Pnj ), during which the

program crashed and thus the execution of era i ended. TheH 0(o,� ,p,n) denotes a (potentially
full) pre�x of H (o,� ,p,n).

The trace H (o,� ,p,n) of each library call is de�ned as follows:

H (deq(),� ,p,n) , inv=I(�p , deq, ()) po! R(pc,p) po! R(tid� ,� )
po! R(q.lock, 1)⇤ po! ql=U(q.lock, 0, 1)
po! r=R(q.head,h) po! r=R(q.data[h],n)
po! lin1=W(map[�], (p,n)) po! S1

po! PF

po! S2
po! qu=W(q.lock, 0) po! ack=A(�p , deq,n)
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with

S1 =

(

; if n = null

R(n.t,� 0) po! R(n.pc,p 0) po! R(map[� 0], (tp, tn)) po! S3 otherwise

S3 =

8

>

>

><

>

>

>

:

; if tp > p 0

U(map[� 0], (tp 0, tn0), (p 0+1,?)) if tp  p 0 and (tp 0, tn0)=(tp, tn)
R(map[� 0], (tp 0, tn0)) otherwise

S2 =

(

; if n = null

lin2=W(q.head,h+1) po! PF otherwise

for some � 0, p 0, tp, tn, tp 0, tn0; and

H (enq(�),� ,p,n) , inv=I(�p , enq,n) po! R(pc,p) po! R(tid� ,� )
po! W(n.val,�) po! W(n.tid,� ) po! W(n.pc,p)
po! W(map[�], (p,n)) po! PF

po! R(q.lock, 1)⇤ po! U(q.lock, 0, 1) po! R(q.head,h)
po! R(q.data[h],�0) po! · · · po! R(q.data[h+s�1],�s�1)
|                                                                       {z                                                                       }

s times
po! R(q.data[h+s], null) po! lin=W(q.data[h+s],n)
po! PF

po! W(q.lock, 0) po! ack=A(�p , enq, ())
for some s � 0, and for all � 2 {�0 · · ·�s�1}, � , null. In the above traces, for brevity we have
omitted the thread identi�ers (�j ) and event identi�ers and represent each event with its label only.
We use the H (enq(-),� ,p,n) pre�x to extract its speci�c events, e.g. H (enq(-),p,n).inv.

It is straightforward to demonstrate that hbi = (poi [ rfi )+ restricted to the lock events in
–

�j 2dom(P)

mi
j

–

l=P i�1j +1
{H (olj ,�j , l ,nlj ).ql,H (olj ,�j , l ,nlj ).qu} is a strict total order.

In particular, we know there exists an enumeration Ci = H (c1i ,� 1i ,p1i ,n1i ). · · · . H (ctii ,� tii ,ptii ,ntii )
of

–

�j 2dom(P)
{H (oP

i�1
j +1

j ,�j , P i�1j +1,n
P i�1j +1
j ) · · ·H (oP

i
j

j ,�j , P
i
j ,n

P ij
j }, such that:

⇢(H (cki ,� ki ,pki ,nki ).ql,H (cki ,� ki ,pki ,nki ).qu),
(H (cli ,� li ,pli ,nli ).qu,H (cl+1i ,�

l+1
i ,p

l+1
i ,n

l+1
i ).ql)

k 2 {1 · · · ti }
^ l 2 {1 · · · ti�1}

�+

✓
(hbi )loc |imm

Let lp(H (o,� ,p,n)) ,
8

>

>

><

>

>

>

:

H (o,� ,p,n).lin if o=enq(�)
H (o,� ,p,n).lin1 if o=deq() and H (o,� ,p,n).S2=;
H (o,� ,p,n).lin2 if o=deq() and H (o,� ,p,n).S2,;

For each �j 2 dom(P) let:
EP(i, j) = EPi \ �

e tid(e) = �j
 

E0
(i, j) = EP(i, j) [ S(i, j)
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where

S(i, j) ,

8

>

>

>

>

>

>

><

>

>

>

>

>

>

>

:

A(�,m, r )

9o,a,p,n, inv.
inv = I(�,m,a) = max

⇣

nvo|EP(i, j )\I
⌘

^ inv 2 H (o,�j ,p,n) ^ 8r 0. A(�,m, r 0) < H (o,�j ,p,n)
^ lp(H (o,�j ,p,n)) 2 EP(i, j)
^ (m=deq ) r=n) ^ (m=enq ) r=())

9

>

>

>

>

>

>

>=

>

>

>

>

>

>

>

;

Let E0
i =

–

�j 2dom(P)
E0
(i, j). From the de�nition of each E0

(i, j) and EP(i, j) we then know that EPi ✓ E0
i and

E0
i 2 comp(EPi ). Let Ti = trunc(E0

i ) and
Hi =H (c1i ,� 1i ,p1i ,n1i ).inv . H (c1i ,� 1i ,p1i ,n1i ).ack
. · · · .H (ctii ,� tii ,ptii ,ntii ).inv . H (ctii ,� tii ,ptii ,ntii ).ack

Let
isQ(q,Q, nvo, E0, EP ) , (initq = max

⇣

nvo|EP\(W[U )q
⌘

^Q=�)
_(9h, s . |Q | =s ^ 8� 2 Q . � , null

^val
w

(max
⇣

nvo|EP\(W[U )q .head
⌘

)=h
^8k 2 {0 · · · s�1}.
val

w

(max
⇣

nvo|EP\(W[U )q .data[h+k]
⌘

)= Q |k
^8k � s .

val

w

(max
⇣

nvo|E0\(W[U )q .data[h+k]
⌘

)=null
^(EP \ E0) \ (W [ U )q .data[h+k] = ;)

and

getQ(s,H ) ,

8

>

>

>

>

>

>

>

>

>

><

>

>

>

>

>

>

>

>

>

>

:

s if H=�
getQ(s;n,H 0) if 9n,H 0, �. n,null ^ H=I(�, enq,n).A(�, enq, ()).H 0

getQ(s 0,H 0) if 9n,H 0, �, s 0. n,null ^ s=n; s 0

^ H=I(�, deq, ()).A(�, deq,n).H 0

getQ(s,H 0) if 9H 0, �. s=� ^ H=I(�, deq, ()).A(�, deq, null).H 0

unde�ned otherwise

Lemma B.1. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned
as above with Ci = H (c1i ,� 1i ,p1i ,n1i ). · · · .H (ctii ,� tii ,ptii ,ntii ). For all i 2 {1 · · ·n}, and a,b, let Ob

a =

H (cai ,� ai ,pai ,nai ).inv.H (cai ,� ai ,pai ,nai ).ack. · · · .H (cbi ,�bi ,pbi ,nbi ).inv.H (cbi ,�bi ,pbi ,nbi ).ack.
For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi , for all Q0

i and for all l 2 {0 · · · ti }, k=ti�l , Eki =
EPi \

ti
–

x=k+1
H (cxi ,� xi ,pxi ,nxi ).E, and Qk

i :

getQ(Q0
i ,O

k
1 ) = Qk

i ^ isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) )

9Qt
i . getQ(Qk

i ,O
ti
k+1) = Qt

i ^ isQ(q,Qt
i , nvoi , E

0
i , E

P
i )

P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn . Let Hi and Ci be as de�ned as
above for all i 2 {1 · · ·n}. Pick an arbitrary i 2 {1 · · ·n}, Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ) and
Hi . We proceed by induction on l .
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Base case l = 0, k = ti
Pick arbitrary Q0

i and Q
k
i such that getQ(Q0

i ,O
k
1 ) = Qk

i and isQ(q,Qk
i , nvoi , E

0
i , E

k
i ). As k = ti , we

have isQ(q,Qk
i , nvoi , E

0
i , E

P
i ). As Oti

k+1=� , we have getQ(Qk
i ,O

ti
k+1) = Qk

i , as required.

Inductive case 0 < l  ti

8Q . 8k 0 > k . getQ(Q0
i ,O

k 0
1 ) = Q ^ isQ(q,Q, nvoi , E0i , Ek

0
i ) )

9Qt
i . getQ(Q,Oti

k 0+1) = Qt
i ^ isQ(q,Qt

i , nvoi , E
0
i , E

P
i )

(I.H.)

Pick arbitrary Q0
i and Q

k
i such that getQ(Q0

i ,O
k
1 ) = Qk

i and isQ(q,Qk
i , nvoi , E

0
i , E

k
i ). We are then

required to show that there exists Qt
i such that getQ(Qk

i ,O
ti
k+1) = Qt

i and isQ(q,Qt
i , nvoi , E

0
i , E

P
i ).

We then know:
Oti
k+1 = H (ck+1i ,�

k+1
i ,pk+1i ,n

k+1
i ).inv.H (ck+1i ,�

k+1
i ,pk+1i ,n

k+1
i ).ack.Oti

k+2

There are now three cases to consider: 1) there existsm such that ck+1i =enq(m) and nk+1i =m; or 2)
there existsm , null such that ck+1i =deq() and nk+1i =m; or 3) ck+1i =deq() and nk+1i =null.

In case (1), as getQ(Q0
i ,O

k
1 ) = Qk

i , from its de�nitionwe have getQ(Q0
i ,O

k+1
1 ) = Qk

i .m. LetQk+1
i =

Qk
i .m. Given H (ck+1i ,�

k+1
i ,pk+1i ,n

k+1
i ), since from the PTSO-validity ofGi we have E0i ⇥ (EPi \ E0i ) ✓

nvoi and as isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) holds, from its de�nition we have isQ(q,Qk+1

i , nvoi , E
0
i , E

k+1
i ).

From (I.H.) we know there exists Qt
i such that getQ(Qk+1

i ,O
ti
k+2) = Qt

i and isQ(q,Qt
i , nvoi , E

0
i , E

P
i ).

As getQ(Qk+1
i ,O

ti
k+2) = Qt

i , from its de�nition we also have getQ(Qk
i ,O

ti
k+1) = Qt

i , as required.

In case (2), given the trace of H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i ) we know that there existsw, r ,a such that

w=W(q.data[a],m), r = H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i ).r and (w, r ) 2 rfi . As hbi is acyclic and Gi is

PTSO-valid, we know either:
i)w 2 E0i and for all j 2 {1 · · ·k}, H (c ji ,� ji ,p ji ,nji ).E \ (W [ U )

q.data[a] = ;; or
ii) exists j s.t. 1  j  k andw 2 H (c ji ,� ji ,p ji ,nji ) and for all j 0 2 {j+1 · · ·k}, H (c j0i ,� j

0
i ,p

j0
i ,n

j0
i ).E \(W [ U )

q.data[a] = ;.
As E0i ✓ EPi and the events ofH (c ji ,� ji ,p ji ,nji ) are persistent (discussed above in the construction of

Hi ), we know thatw 2 Eki . Moreover, as the lock events are totally ordered by hbi , and hbi ✓ po[tso
(Lemma E.2), given the placement of pfence instructions and the construction of the enumeration
Ci , we know that for all locations x, ifw1 = W(x,�) 2 H (c fi ,�,�,�),w2 = W(x,�) 2 H (c�i ,�,�,�),
and f < �, then (w1,w2) 2 nvoi . As such, in both cases we know thatmax

⇣

nvo|Eki \(W[U )
q.data[a]

⌘

=w .

Moreover, since isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) holds, we know that val

w

(max
⇣

nvo|Eki \W q.data[a]

⌘

)= Qk
i

�

�

0.
We thus have Qk

i

�

�

0 =m.
LetQk

i =m.Q
0 for someQ 0 and letQk+1

i = Q 0. As getQ(Q0
i ,O

k
1 ) holds, from its de�nition we also

have getQ(Q0
i ,O

k+1
1 ) = Qk+1

i . Given the trace H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i ), as isQ(q,Qk

i , nvoi , E
0
i , E

k
i )

holds, from its de�nition we have isQ(q,Qk+1
i , nvoi , E

0
i , E

k+1
i ). From (I.H.) we then know there

existsQt
i such that getQ(Qk+1

i ,O
ti
k+2) = Qt

i and isQ(q,Qt
i , nvoi , E

0
i , E

P
i ). As getQ(Qk+1

i ,O
ti
k+2) = Qt

i ,
from its de�nition we also have getQ(Qk

i ,O
ti
k+1) = Qt

i , as required.
Case (3) is analogous to that of case (2) and is omitted here.

⇤

Corollary 2. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned
as above. For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi and for all Q0

i :

isQ(q,Q0
i , nvoi , E

0
i , E

0
i ) )
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9Qt
i . getQ(Q0

i ,Hi ) = Qt
i ^ isQ(q,Qt

i , nvoi , E
0
i , E

P
i )

P����. Follows immediately from the previous lemma when k = 0. ⇤

Lemma B.2. Given a PTSO-valid execution E = G1; · · · ;Gn , if H = H1. · · · .Hn with Hi de�ned as
above for all i 2 {1 · · ·n}, then:

9Q . getQ(�,H ) = Q
P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn , with H = H1. · · · .Hn and Hi

de�ned as above for all i 2 {1 · · ·n}. LetQ0
1 = � . By de�nition we then have isQ(q,Q0

1, nvo1, E
0
1, E

0
1).

On the other hand from Corollary 2 we have:

9Qt
1 . getQ(Q0

1,H1) = Qt
1 ^ isQ(q,Qt

1, nvo1, E
0
1, E

P
1 )

8Q0
2 . isQ(q,Q0

2, nvo2, E
0
2, E

0
2) )

9Qt
2 . getQ(Q0

2 ,H2) = Qt
2 ^ isQ(q,Qt

2, nvo2, E
0
2, E

P
2 )

· · ·
8Q0

n . isQ(q,Q0
n , nvon , E0n , E0n) )

9Qt
n . getQ(Q0

n ,Hn) = Qt
n ^ isQ(q,Qt

n , nvon , E0n , EPn )
For all j 2 {2 · · ·n}, let Q0

j = getQ(Q0
j�1,Hj�1). From above we then have :

9Qt
1, · · · ,Qt

n .
getQ(Q0

1,H1) = Qt
1 ^ getQ(Qt

1,H2) = Qt
2 ^ · · · ^ getQ(Qt

n�1,Hn) = Qt
n

From its de�nition we thus know there exists Qt
n such that getQ(Q0

1,H1. · · · .Hn) = Qt
n . That is,

there exists Q such that getQ(�,H ) = Q , as required. ⇤

Theorem 7. For all client programs P of the queue library (comprising calls to enq and deq only)
and all PTSO-valid executions E of start(P), E is persistently linearisable.

P����. Pick an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of P. For each
i 2 {1 · · ·n}, construct Ti and Hi as above. It then su�ces to show that:

8i 2 {1 · · ·n}. 8a,b 2 Ti . (a,b) 2 hbi ) a �Hi b (34)
fifo(�,H ) holds when H = H1. · · · .Hn (35)

TS. (34)
Pick arbitrary i 2 {1 · · ·n},a,b 2 Ti such that (a,b) 2 hbi .We then know there exist c,� ,p,n, c 0,� 0,p 0,
n0 such that a 2 H (c,� ,p,n), b 2 H (c 0,� 0,p 0,n0) and either:
1) H (c,� ,p,n)=H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).inv and b = H (c,� ,p,n).ack; or
2) H (c,� ,p,n)=H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).ack and b = H (c,� ,p,n).inv; or
3) H (c,� ,p,n) , H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).inv and b=H (c 0,� 0,p 0,n0).ack; or
4) H (c,� ,p,n) , H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).inv and b=H (c 0,� 0,p 0,n0).inv; or
5) H (c,� ,p,n) , H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).ack and b=H (c 0,� 0,p 0,n0).inv; or
6) H (c,� ,p,n) , H (c 0,� 0,p 0,n0), a=H (c,� ,p,n).ack and b=H (c 0,� 0,p 0,n0).ack.
In case (1) the desired result holds immediately. In case (2) we have b

poi! a
hbi! b, and since

poi ✓ hbi we have b
hbi! a

hbi! b. Consequently, from the transitivity of hbi we have (b,b) 2 hbi ,
contradicting the acyclicity of hbi in Lemma E.1.

In case (3) from the totality of hbi on lock events (see above), we know that either i) (H (c,� ,p,n).qu,
H (c 0,� 0,p 0,n0).ql) 2 hbi ; or ii) (H (c 0,� 0,p 0,n0).qu,H (c,� ,p,n).ql) 2 hbi . In case (3.i) from the con-
struction of Ci we know that a �Hi b, as required.
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In case (3.ii), as (a,b) 2 hbi andH (c,� ,p,n) , H (c 0,� 0,p 0,n0), we know there existsw, r ,d, e,w 0, r 0
such that either:

a) d < H (c,� ,p,n), e < H (c 0,� 0,p 0,n0) and a poi! d
hbi! e

poi! b; or

b)w 2 W \ H (c,� ,p,n), e < H (c 0,� 0,p 0,n0) and a poi! H (c,� ,p,n).ql hbi!
⇤
w

rfi! r
hbi! e

poi! b; or

c) r 2 R \ H (c 0,� 0,p 0,n0), d < H (c,� ,p,n) and a poi! d
hbi!

⇤
w

rfi! r
poi! H (c 0,� 0,p 0,n0).qu poi! b; or

d) w 2 W \ H (c,� ,p,n), r 2 R \ H (c 0,� 0,p 0,n0) and a
poi! H (c,� ,p,n).ql poi! w

rfi! r 0
hbi! w 0 rfi!

r
poi! H (c 0,� 0,p 0,n0).qu poi! b.
We next demonstrate that in all four cases (a-d) we have H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu. We

then have H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu hbi! H (c,� ,p,n).ql, and thus from the transitivity of
hbi we have (H (c,� ,p,n).ql,H (c,� ,p,n).ql) 2 hbi , contradicting the acyclicity of hbi in Lemma E.1.
In case (3.ii.a) we also have H (c,� ,p,n).ql poi! d and e

poi! H (c 0,� 0,p 0,n0).qu. As such we
have H (c,� ,p,n).ql poi! d

hbi! e
poi! H (c 0,� 0,p 0,n0).qu, i.e. from the transitivity of hbi we have

H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu. In case (3.ii.b) we also have e
poi! H (c 0,� 0,p 0,n0).qu. As such

we have H (c,� ,p,n).ql hbi!
⇤
w

rfi! r
hbi! e

poi! H (c 0,� 0,p 0,n0).qu, i.e. from the transitivity of hbi we
have H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu. In case (3.ii.c) we also have H (c,� ,p,n).ql poi! d . As such

we have H (c,� ,p,n).ql poi! d
hbi!

⇤
w

rfi! r
poi! H (c 0,� 0,p 0,n0).qu, i.e. from the transitivity of hbi

we have H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu. In case (3.ii.d) from the transitivity of hbi we have
H (c,� ,p,n).ql hbi! H (c 0,� 0,p 0,n0).qu.
In case (4) we then have a

hbi! b
poi! H (c 0,� 0,p 0,n0).ack, and thus as poi ✓ hbi and hbi is tran-

sitively closed, we have a
hbi! H (c 0,� 0,p 0,n0).ack. As such, from the proof of part (3) we have

a �Hi H (c 0,� 0,p 0,n0).ack, and consequently since H (c,� ,p,n),H (c 0,� 0,p 0,n0), from the construc-
tion Hi we have a �Hi b, as required.

In case (5) we then have H (c,� ,p,n).inv poi! a
hbi! b

poi! H (c 0,� 0,p 0,n0).ack, and thus as poi ✓
hbi and hbi is transitively closed, we have H (c,� ,p,n).inv hbi! H (c 0,� 0,p 0,n0).ack. As such, from
the proof of part (3) we have H (c,� ,p,n).inv �Hi H (c 0,� 0,p 0,n0).ack, and consequently since
H (c,� ,p,n) , H (c 0,� 0,p 0,n0), from the construction Hi we have a �Hi b, as required.

In case (6) we then have H (c,� ,p,n).inv poi! a
hbi! b, and thus as poi ✓ hbi and hbi is transitively

closed, we haveH (c,� ,p,n).inv hbi! b. As such, from the proof of part (3) we haveH (c,� ,p,n).inv �Hi

b, and consequently since H (c,� ,p,n),H (c 0,� 0,p 0,n0), from the construction Hi we have a �Hi b,
as required.

TS. (35)
From Lemma B.2 we know there exists Q such that getQ(�,H ) = Q . From the de�nition of fifo(., .)
we know fifo(�,H ) holds if and only if there exists Q such that getQ(�,H ) = Q . As such we have
fifo(�,H ), as required.

⇤

C MICHAEL-SCOTT QUEUE LIBRARY
As before, for an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of P with
Gi = (E0, EP , E, po, rf, tso, nvo), observe that when P comprisesk threads, the trace of each execution
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era (via start() or recover()) comprises two stages: i) the trace of the setup stage by the master
thread �0 performing initialisation or recovery, prior to the call to run(P); followed (in po order)
by ii) the trace of each of the constituent program threads �1 · · · �k , provided that the execution did
not crash during the setup stage.

As before, thanks to the placement of the persistent fence operations (pfence), for each thread �j ,
we know that the set of persistent events in execution era i , namely EPi , contains roughly a pre�x (in
po order) of thread �j ’s trace. More concretely, for each constituent thread �j 2 {�1 · · · �k } = dom(P),
there exist P1

j · · · Pnj such that:

1) P[�j ] = o0j ; · · · ;o
P 1
j

j ;o
P 1
j +1

j ; · · ·oP
2
j

j ; · · · ;oP
n�1
j +1

j ; · · · ;oP
n
j

j , comprising enq and deq operations;
and
2) at the beginning of each execution era i 2 {1 · · ·n}, the program executed by thread �j

(calculated in P’ and subsequently executed by calling run(P’)) is that of sub(P[�j ],P i�1j +1),
where P0

j = �1, for all j; and
3) in each execution era i 2 {1 · · ·n}, the trace H(i, j) of each constituent thread �j 2 dom(P) is of

the following form:

H(i, j) , H (oP
i�1
j +1

j ,�j , P i�1j +1,n
P i�1j +1
j , e

P i�1j +1
j )

po! · · · po! H (oP
i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j )

po! H (oP
i
j +1

j ,�j , P ij+1,n
P ij +1
j , e

P ij +1
j )

po! · · · po! H (om
i
j�1

j ,�j ,mi
j�1,n

mi
j�1

j , e
mi
j�1

j )
po! H 0(om

i
j

j ,�j ,m
i
j ,n

mi
j

j , e
mi
j

j )

for somemi
j , n

P i�1j +1
j , · · · ,nP

i
j

j ,n
P ij +1
j , · · · ,nm

i
j

j , e
P i�1j +1
j , · · · , eP

i
j

j , e
P ij +1
j , · · · , em

i
j

j where:

• The �rst two lines denote the execution of the (P i�1j +1)st to (P ij )th library calls of thread �j ,
with H (o,� ,p,n, e) de�ned shortly. Moreover, before crashing and proceeding to the next era,
all volatile events (those in PE) in H (oP

i�1
j +1

j , · · · ) po! · · · po! H (oP
i
j �1

j , · · · ) have persisted, and
a pre�x (in po order) of the volatile events in H (oP

i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j ) have persisted. Note that

this pre�x may be equal to H (oP
i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j ), in which case all its events have persisted.

• The next two lines denote the execution of the subsequent library calls of thread �j where
mi

j  Pnj , with none of their volatile events having persisted.
• The last line denotes the execution of the (mi

j )th call of thread �j (mi
j  Pnj ), during which the

program crashed and thus the execution of era i ended. As before, the H 0(o,� ,p,n, e) denotes
a (potentially full) pre�x of H (o,� ,p,n, e).

The trace H (o,� ,p,n, e) of each library call is de�ned as follows:

H (deq(),� ,p,n,h) , inv=I(�p , deq, ())
po! R(pc,p) po! R(tid� ,� )

po! FE
po! rh=R(q.head,h)

po! r=R(q.data[h],n)
po! S0

po! lin1=W(map[�][p],n)
po! S1

po! PF

po! S2
po! ack=A(�p , deq,n)

where FE denotes the sequence of events, attempting but failing to set the rem �eld of the head
node, with

S0 =

(

; if n = null

U(n.rem, null,� ) otherwise
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S1 =

(

; if n = null

R(n.t,� 0) po! R(n.pc,p 0) po! W(map[� 0][p 0],>) otherwise

S2 =

(

; if n = null

lin2=W(q.head,h+1) po! PF otherwise
for some � 0, p 0; and

H (enq(�),� ,p,n, e) , inv=I(�p , enq,n)
po! R(pc,p) po! R(tid� ,� )

po! W(n.val,�) po! W(n.tid,� ) po! W(n.pc,p) po! W(n.rem, null)
po! W(map[�][p],n) po! PF

po! R(q.head,h)
po! R(q.data[h],�0)

po! A0 · · · R(q.data[h+s�1],�s�1)
po! As�1

|                                                                                   {z                                                                                   }
s times

po! R(q.data[h+s], null) po! lin=U(q.data[h+s], null,n)
po! PF

po! ack=A(�p , enq, ())
for some s � 0 such that h+s = e , and for all k 2 {0 · · · s�1}, either 1) �k , null and Ak = ;; or
�k = null andAk = R(q.data[h+k],� 0

k )with� 0
k , null. In the above traces, for brevity we have

omitted the thread identi�ers (�j ) and event identi�ers and represent each event with its label only.
We use the H (enq(-),� ,p,n, e) pre�x to extract its speci�c events, e.g. H (enq(-),� ,p,n, e).inv.

Let us write q.tail to denote the index of the last entry in the queue. Observe that each
enq operation leaves the q.head value unchanged while increasing q.tail by 1. Similarly, each
deq operation leaves q.tail unchanged while increasing q.head by one. Note that in each
H (enq(�),� ,p,n, e), the e�1 denotes the value of q.tail immediately before the insertion of node
n by H (enq(�),� ,p,n, e), i.e. the e denotes the value of q.tail immediately after the insertion
of node n by H (enq(�),� ,p,n, e). Similarly, in each H (deq(),� ,p,n,h), the h denotes the value of
q.head immediately before the removal of node n by H (deq(),� ,p,n,h).
Let:

lp(H (o,� ,p,n, e)) ,
8

>

><

>

>

:

H (o,� ,p,n, e).lin if o=enq(�)
H (o,� ,p,n, e).lin1 if o=deq() and H (o,� ,p,n, e).S2=;
H (o,� ,p,n, e).lin2 if o=deq() and H (o,� ,p,n, e).S2,;

For each �j 2 dom(P) let:
EP(i, j) = EPi \ �

e tid(e) = �j
 

E0
(i, j) = EP(i, j) [ S(i, j)

where

S(i, j) ,

8

>

>

>

>

>

>

><

>

>

>

>

>

>

>

:

A(�,m, r )

9o,a,p,n, inv, e .

inv = I(�,m,a) = max
✓

nvo|EP(i, j )\I
◆

^ inv 2 H (o,�j ,p,n, e) ^ 8r 0. A(�,m, r 0) < EP(i, j)
^ lp(H (o,�j ,p,n, e)) 2 EP(i, j)
^ (m=deq ) r=n) ^ (m=enq ) r=())

9

>

>

>

>

>

>

>=

>

>

>

>

>

>

>

;

Let E0
i =

–

�j 2dom(P)
E0
(i, j). From the de�nition of each E0

(i, j) and EP(i, j) we then know that EPi ✓ E0
i and

E0
i 2 comp(EPi ). Let Ti = trunc(E0

i ).
LetCi denote an enumeration of

–

�j 2dom(P)
{H (oP

i�1
j +1

j ,�j , P i�1j +1,n
P i�1j +1
j ) · · ·H (oP

i
j

j ,�j , P
i
j ,n

P ij
j } that

respectsmemory order (in tsoi ) of linearisation points. That is, for allH (o,�j ,p,n, e),H (o0,�j0,p 0,n0, e 0),
if lp(H (o,�j ,p,n, e)) tsoi! lp(H (o0,�j0,p 0,n0, e 0)), then H (o,�j ,p,n, e) �Ci H (o0,�j0,p 0,n0, e 0).
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When Ci is enumerated as Ci = H (c1i ,� 1i ,p1i ,n1i , e1i ). · · · . H (ctii ,� tii ,ptii ,ntii , etii ), let us de�ne
Hi =H (c1i ,� 1i ,p1i ,n1i , e1i ).inv . H (c1i ,� 1i ,p1i ,n1i , e1i ).ack
. · · · .H (ctii ,� tii ,ptii ,ntii , etii ).inv . H (ctii ,� tii ,ptii ,ntii , etii ).ack

Lemma C.1. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Ci be as
de�ned above. Then, for all H (o,� ,p,n, e), H (o0,� 0,p 0,n0, e 0), a,b, c,d , if a 2 H (o,� ,p,n, e) and b 2
H (o0,� 0,p 0,n0, e 0), Ci |c = H (o,� ,p,n, e), Ci |d = H (o0,� 0,p 0,n0, e 0) and (a,b) 2 hbi , then either 1)
c = d and (a,b) 2 poi ; or 2) c < d .

P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn , with Ci de�ned as above for
all i 2 {1 · · ·n}. Let hb0i = poi [ rfi and hbj+1i = hb0i ; hb

j
i for all j 2 N. It is then straightforward

to demonstrate that hbi =
–

j 2N
hbji . As such, it su�ces to show that for all j 2 N, H (o,� ,p,n, e),

H (o0,� 0,p 0,n0, e 0), a,b, c,d :
a 2 H (o,� ,p,n, e) ^ b 2 H (o0,� 0,p 0,n0, e 0) ^ (a,b) 2 hbji^ Ci |c = H (o,� ,p,n, e) ^ Ci |d = H (o0,� 0,p 0,n0, e 0)

) (c = d ^ (a,b) 2 poi ) _ c < d

We thus proceed by induction on j.

Base case j = 0
Pick arbitrary H (o,� ,p,n, e), H (o0,� 0,p 0,n0, e 0), a,b, c,d such that a 2 H (o,� ,p,n, e) and b 2
H (o0,� 0,p 0,n0, e 0), Ci |c = H (o,� ,p,n, e), Ci |d = H (o0,� 0,p 0,n0, e 0) and (a,b) 2 hb0i .

There are now 5 cases to consider: 1) c = d ; or 2) c , d , o = enq(�) and o0 = enq(� 0
) for some

�,� 0; or 3) c , d , o = enq(�) and o0 = deq() for some � ; or 4) c , d , o = deq() and o0 = enq(� 0
)

for some � 0; or 5) c , d , o = deq() and o0 = deq().
In case 1) we then know that either (a,b) 2 poi or (b,a) 2 poi . In the former case the desired

result holds immediately. In the latter case we then have a
hb0i! b

poi! a, i.e (a,a) 2 hbi , contradicting
the assumption that hbi is acyclic (Lemma E.1).
In case (2), there are two more cases to consider: i) (a,b) 2 poi , or ii) (a,b) 2 rfi . In case (2.i),

we then know that lp(H (o,� ,p,n, e)) poi! lp(H (o0,� 0,p 0,n0, e 0)). As both linearisation points are in
W[U , from the PTSO-validity ofGi we also know that lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)).
As such, from the de�nition of Ci we know that c < d , as required.

In case (2.ii) we know that either a) � = � 0 or b) � , � 0. In case (2.ii.a) we then have (a,b) 2 poi
(since otherwise we would have a cyclic hbi ) and thus from t he proof of part (2.i) we have c < d
as required. In case (2.ii.b) we then know that a = lp(H (o,� ,p,n, e)), i.e. loc(a) = q.data[e].
Moreover, from the PTSO-validity of Gi and since (a,b) 2 rfi we know that (a,b) 2 tsoi . On
the other hand, from the shape of enq traces we know that (b, lp(H (o0,� 0,p 0,n0, e 0))) 2 poi and
thus from the PTSO-validity of Gi we have (b, lp(H (o0,� 0,p 0,n0, e 0))) 2 tsoi . We thus have a

tsoi!
b

tsoi! lp(H (o0,� 0,p 0,n0, e 0)) and thus from the transitivity of tsoi we have a=lp(H (o,� ,p,n, e)) tsoi!
lp(H (o0,� 0,p 0,n0, e 0)). As such, from the de�nition of Ci we know that c < d , as required.
In case (3) there are two more cases to consider: i) (a,b) 2 poi , or ii) (a,b) 2 rfi . In case (3.i),

we then know that lp(H (o,� ,p,n, e)) poi! lp(H (o0,� 0,p 0,n0, e 0)). As both linearisation points are in
W[U , from the PTSO-validity ofGi we also know that lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)).
As such, from the de�nition of Ci we know that c < d , as required.
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In case (3.ii) we know that either a) � = � 0 or b) � , � 0. In case (3.ii.a) we then have (a,b) 2 poi
(since otherwise we would have a cyclic hbi ) and thus from t he proof of part (3.i) we have c < d as
required.
In case (3.ii.b) we then know that either 1) a = lp(H (o,� ,p,n, e)), b = H (o0,� 0,p 0,n0, e 0).r , i.e.

e = e 0; or 2) loc(a) = n.t or loc(a) = n.pc. In case (3.ii.b.1) from the PTSO-validity ofGi and since
(a,b) 2 rfi we know that (a,b) 2 tsoi . On the other hand, from the shape of deq traces we know that
(b, lp(H (o0,� 0,p 0,n0, e 0))) 2 poi . Thus from PTSO-validity ofGi we have (b, lp(H (o0,� 0,p 0,n0, e 0)))
2 tsoi . We thus have a

tsoi! b
tsoi! lp(H (o0,� 0,p 0,n0, e 0)) and thus from the transitivity of tsoi we

have a=lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)). As such, from the de�nition of Ci we know
that c < d , as required.

In case (3.ii.b.2) from the shape of the traceswe also know
�

lp(H (o,� ,p,n, e)),H (o0,� 0,p 0,n0, e 0).r �
2 rfi and thus from the proof of part (3.ii.b.1) we have c < d , as required.
In case (4) there are two more cases to consider: i) (a,b) 2 poi , or ii) (a,b) 2 rfi . In case (4.i),

we then know that lp(H (o,� ,p,n, e)) poi! lp(H (o0,� 0,p 0,n0, e 0)). As both linearisation points are in
W[U , from the PTSO-validity ofGi we also know that lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)).
As such, from the de�nition of Ci we know that c < d , as required.

In case (4.ii) we know that either a) � = � 0 or b) � , � 0. In case (4.ii.a) we then have (a,b) 2 poi
(since otherwise we would have a cyclic hbi ) and thus from t he proof of part (4.i) we have c < d as
required.
In case (4.ii.b) we then know that a = lp(H (o,� ,p,n, e)). From the PTSO-validity of Gi and

since (a,b) 2 rfi we know that (a,b) 2 tsoi . On the other hand, from the shape of enq traces
we know that (b, lp(H (o0,� 0,p 0,n0, e 0))) 2 poi and thus from the PTSO-validity of Gi we have
(b, lp(H (o0,� 0,p 0,n0, e 0))) 2 tsoi . We thus have a

tsoi! b
tsoi! lp(H (o0,� 0,p 0,n0, e 0)) and thus from

the transitivity of tsoi we have a=lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)). As such, from the
de�nition of Ci we know that c < d , as required.
In case (5) there are two more cases to consider: i) (a,b) 2 poi , or ii) (a,b) 2 rfi . In case (5.i),

we then know that lp(H (o,� ,p,n, e)) poi! lp(H (o0,� 0,p 0,n0, e 0)). As both linearisation points are in
W[U , from the PTSO-validity ofGi we also know that lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)).
As such, from the de�nition of Ci we know that c < d , as required.

In case (5.ii) we know that either a) � = � 0 or b) � , � 0. In case (5.ii.a) we then have (a,b) 2 poi
(since otherwise we would have a cyclic hbi ) and thus from t he proof of part (5.i) we have c < d as
required.
In case (5.ii.b) we then know that a = lp(H (o,� ,p,n, e)) From the PTSO-validity of Gi and

since (a,b) 2 rfi we know that (a,b) 2 tsoi . On the other hand, from the shape of deq traces
we know that (b, lp(H (o0,� 0,p 0,n0, e 0))) 2 poi and thus from the PTSO-validity of Gi we have
(b, lp(H (o0,� 0,p 0,n0, e 0))) 2 tsoi . We thus have a

tsoi! b
tsoi! lp(H (o0,� 0,p 0,n0, e 0)) and thus from

the transitivity of tsoi we have a=lp(H (o,� ,p,n, e)) tsoi! lp(H (o0,� 0,p 0,n0, e 0)). As such, from the
de�nition of Ci we know that c < d , as required.

Inductive case j =m+1

8j 0 2 N. 8H (o,� ,p,n, e),H (o0,� 0,p 0,n0, e 0),a,b, c,d .
j 0  m ^ a 2 H (o,� ,p,n, e) ^ b 2 H (o0,� 0,p 0,n0, e 0) ^ (a,b) 2 hbj

0
i

^ Ck
i

�

�

c = H (o,� ,p,n, e) ^ Ck
i

�

�

d = H (o0,� 0,p 0,n0, e 0)
) (c = d ^ (a,b) 2 poi ) _ c < d

(I.H.)
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Pick arbitrary H (o,� ,p,n, e), H (o0,� 0,p 0,n0, e 0), a,b, c,d such that a 2 H (o,� ,p,n, e) and b 2
H (o0,� 0,p 0,n0, e 0), Ck

i

�

�

c = H (o,� ,p,n, e), Ck
i

�

�

d = H (o0,� 0,p 0,n0, e 0) and (a,b) 2 hbji . From the
de�nition of hbji we then know there exists f such that (a, f ) 2 hb0i and (f ,b) 2 hbm . We
thus know there exists H (o00,� 00,p 00,n00, e 00) and � such that f 2 H (o00,� 00,p 00,n00, e 00) and Ci |� =
H (o00,� 00,p 00,n00, e 00). From the proof of the base case we then know that (c = �^(a, f ) 2 poi )_c < �.
Similarly, from (I.H.) we know (� = d ^ (f ,b) 2 poi ) _� < d . There are then four cases to consider:
1) (c = �^ (a, f ) 2 poi ) and (� = d ^ (f ,b) 2 poi ); or 2) (c = �^ (a, f ) 2 poi ) and � < d ; or 3) c < �
and (� = d ^ (f ,b) 2 poi ); or 4) c < � and � < d .

In case (1) from the transitivity of = and poi we have c = d ^ (a,b) 2 poi , as required. In case (2)
since c = � and � < d we have c < d , as required. In case (3) since c < � and � = d we have c < d ,
as required. In case (4) from the transitivity of < we have c < d , as required.

⇤

Lemma C.2. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned as
above withCi = H (c1i ,� 1i ,p1i ,n1i , e1i ). · · · .H (ctii ,� tii ,ptii ,ntii , etii ). For all i 2 {1 · · ·n}, and a,b, letOb

a =

H (cai ,� ai ,pai ,nai , eai ).inv.H (cai ,� ai ,pai ,nai , eai ).ack. · · · .H (cbi ,�bi ,pbi ,nbi , ebi ).inv.H (cbi ,�bi ,pbi ,nbi , ebi ).ack.
For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi , for all Q0

i and for all l 2 {0 · · · ti }, k=ti�l , Eki =
EPi \

ti
–

x=k+1
H (cxi ,� xi ,pxi ,nxi , exi ).E, and Qk

i :

getQ(Q0
i ,O

k
1 ) = Qk

i ^ isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) )

9Qt
i . getQ(Qk

i ,O
ti
k+1) = Qt

i ^ isQ(q,Qt
i , nvoi , E

0
i , E

P
i )

P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn . Let Hi and Ci be as de�ned as
above for all i 2 {1 · · ·n}. Pick an arbitrary i 2 {1 · · ·n}, Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ) and
Hi . We proceed by induction on l .

Base case l = 0, k = ti
Pick arbitrary Q0

i and Q
k
i such that getQ(Q0

i ,O
k
1 ) = Qk

i and isQ(q,Qk
i , nvoi , E

0
i , E

k
i ). As k = ti , we

have isQ(q,Qk
i , nvoi , E

0
i , E

P
i ). As Oti

k+1=� , we have getQ(Qk
i ,O

ti
k+1) = Qk

i , as required.

Inductive case 0 < l  ti

8Q . 8k 0 > k . getQ(Q0
i ,O

k 0
1 ) = Q ^ isQ(q,Q, nvoi , E0i , Ek

0
i ) )

9Qt
i . getQ(Q,Oti

k 0+1) = Qt
i ^ isQ(q,Qt

i , nvoi , E
0
i , E

P
i )

(I.H.)

Pick arbitrary Q0
i and Q

k
i such that getQ(Q0

i ,O
k
1 ) = Qk

i and isQ(q,Qk
i , nvoi , E

0
i , E

k
i ). We are then

required to show that there exists Qt
i such that getQ(Qk

i ,O
ti
k+1) = Qt

i and isQ(q,Qt
i , nvoi , E

0
i , E

P
i ).

We then know:

Oti
k+1 = H (ck+1i ,�

k+1
i ,pk+1i ,n

k+1
i , e

k+1
i ).inv.H (ck+1i ,�

k+1
i ,pk+1i ,n

k+1
i , e

k+1
i ).ack.Oti

k+2

There are now three cases to consider: 1) there existsm such that ck+1i =enq(m) and nk+1i =m; or 2)
there existsm , null such that ck+1i =deq() and nk+1i =m; or 3) ck+1i =deq() and nk+1i =null.
In case (1), as getQ(Q0

i ,O
k
1 ) = Qk

i , from its de�nition we have getQ(Q0
i ,O

k+1
1 ) = Qk

i .m. Let
Qk+1
i = Qk

i .m. Given the trace H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i , e

k+1
i ), since from the PTSO-validity of Gi

we have E0i ⇥ (EPi \ E0i ) ✓ nvoi and as isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) holds, from its de�nition we have

isQ(q,Qk+1
i , nvoi , E

0
i , E

k+1
i ). From (I.H.) we know there exists Qt

i such that getQ(Qk+1
i ,O

ti
k+2) = Qt

i
and isQ(q,Qt

i , nvoi , E
0
i , E

P
i ). As getQ(Qk+1

i ,O
ti
k+2) = Qt

i , by de�nition we also have getQ(Qk
i ,O

ti
k+1)
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= Qt
i , as required.

In case (2), given the trace of H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i ) we know that there existsw, r ,a such that

w 2 U , loc(w)=q.data[a], val
w

(w)=m, r = H (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i ).r and (w, r ) 2 rfi . Since Gi

is PTSO-valid, we know either:
i)w 2 E0i and for all j 2 {1 · · ·k} H (c ji ,� ji ,p ji ,nji , e ji ).E \ (W [ U )

q.data[a]

=;; or
ii) there exists j such that 1  j  k andw=H (c ji ,� ji ,p ji ,nji , e ji ).lin and c ji = enq(m).
As E0i ✓ EPi and the events ofH (c ji ,� ji ,p ji ,nji , e ji ) are persistent (discussed above in the construction

of Hi ), in both cases we know thatw 2 Eki .
It is straightforward to demonstrate that each enq operation in Hi writes to a unique index

in q.data. I case (ii) we thus know for all j 0 2 {1 · · ·k} \ {j}, H (c j0i ,� j
0

i ,p
j0
i ,n

j0
i , e

j0
i ).E \ (W [

U )
q.data[a] = ;. That is, max

⇣

nvo|Eki \(W[U )
q.data[a]

⌘

= w . Consequently, in both cases we have

max
⇣

nvo|Eki \(W[U )
q.data[a]

⌘

= w . On the other hand, since isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) holds, from its

de�nition we know val

w

(max
⇣

nvo|Eki \(W[U )
q.data[a]

⌘

) = Qk
i

�

�

0. We thus have Qk
i

�

�

0 =m.
LetQk

i =m.Q
0 for someQ 0 and letQk+1

i = Q 0. As getQ(Q0
i ,O

k
1 ) holds, from its de�nition we also

have getQ(Q0
i ,O

k+1
1 ) = Qk+1

i . Given the traceH (ck+1i ,�
k+1
i ,pk+1i ,n

k+1
i , e

k+1
i ), as isQ(q,Qk

i , nvoi , E
0
i , E

k
i )

holds, from its de�nition we have isQ(q,Qk+1
i , nvoi , E

0
i , E

k+1
i ). From (I.H.) we then know there exists

Qt
i such that getQ(Qk+1

i ,O
ti
k+2) = Qt

i and isQ(q,Qt
i , nvoi , E

0
i , E

P
i ). As getQ(Qk+1

i ,O
ti
k+2) = Qt

i , from
its de�nition we also have getQ(Qk

i ,O
ti
k+1) = Qt

i , as required.
Case (3) is analogous to that of case (2) and is omitted here.

⇤

Corollary 3. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned
as above. For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi and for all Q0

i :

isQ(q,Q0
i , nvoi , E

0
i , E

0
i ) )

9Qt
i . getQ(Q0

i ,Hi ) = Qt
i ^ isQ(q,Qt

i , nvoi , E
0
i , E

P
i )

P����. Follows immediately from the previous lemma when k = 0. ⇤

Lemma C.3. Given a PTSO-valid execution E = G1; · · · ;Gn , if H = H1. · · · .Hn with Hi de�ned as
above for all i 2 {1 · · ·n}, then:

9Q . getQ(�,H ) = Q

P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn , with H = H1. · · · .Hn and Hi
de�ned as above for all i 2 {1 · · ·n}. LetQ0

1 = � . By de�nition we then have isQ(q,Q0
1, nvo1, E

0
1, E

0
1).

On the other hand from Corollary 3 we have:

9Qt
1 . getQ(Q0

1,H1) = Qt
1 ^ isQ(q,Qt

1, nvo1, E
0
1, E

P
1 )

8Q0
2 . isQ(q,Q0

2, nvo2, E
0
2, E

0
2) )

9Qt
2 . getQ(Q0

2 ,H2) = Qt
2 ^ isQ(q,Qt

2, nvo2, E
0
2, E

P
2 )

· · ·
8Q0

n . isQ(q,Q0
n , nvon , E0n , E0n) )

9Qt
n . getQ(Q0

n ,Hn) = Qt
n ^ isQ(q,Qt

n , nvon , E0n , EPn )
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For all j 2 {2 · · ·n}, let Q0
j = getQ(Q0

j�1,Hj�1). From above we then have :

9Qt
1, · · · ,Qt

n .
getQ(Q0

1,H1) = Qt
1 ^ getQ(Qt

1,H2) = Qt
2 ^ · · · ^ getQ(Qt

n�1,Hn) = Qt
n

From its de�nition we thus know there exists Qt
n such that getQ(Q0

1,H1. · · · .Hn) = Qt
n . That is,

there exists Q such that getQ(�,H ) = Q , as required. ⇤

Theorem 8. For all client programs P of the queue library (comprising calls to enq and deq only)
and all PTSO-valid executions E of start(P), E is persistently linearisable.

P����. Pick an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of P. For each
i 2 {1 · · ·n}, construct Ti and Hi as above. It then su�ces to show that:

8i 2 {1 · · ·n}. 8a,b 2 Ti . (a,b) 2 hbi ) a �Hi b (36)
fifo(�,H ) holds when H = H1. · · · .Hn (37)

TS. (36)
Pick arbitrary i 2 {1 · · ·n},a,b 2 Ti such that (a,b) 2 hbi .We then know there exist c,� ,p,n, e, c 0,� 0,
p 0,n0, e 0 such that a 2 H (c,� ,p,n, e), b 2 H (c 0,� 0,p 0,n0, e 0) and either:
1) H (c,� ,p,n, e)=H (c 0,� 0,p 0,n0, e 0), a=H (c,� ,p,n, e).inv and b = H (c,� ,p,n, e).ack; or
2) H (c,� ,p,n, e)=H (c 0,� 0,p 0,n0, e 0), a=H (c,� ,p,n, e).ack and b = H (c,� ,p,n, e).inv; or
3) H (c,� ,p,n, e) , H (c 0,� 0,p 0,n0, e 0).
In case (1) the desired result holds immediately. In case (2) we have b

poi! a
hbi! b, and since

poi ✓ hbi we have b
hbi! a

hbi! b. Consequently, from the transitivity of hbi we have (b,b) 2 hbi ,
contradicting the acyclicity of hbi in Lemma E.1. In case (3) from Lemma C.1 and the de�nition of
Hi we have a �Hi b, as required.

TS. (37)
From Lemma C.3 we know there exists Q such that getQ(�,H ) = Q . From the de�nition of fifo(., .)
we know fifo(�,H ) holds if and only if there exists Q such that getQ(�,H ) = Q . As such we have
fifo(�,H ), as required.

⇤

D NON-BLOCKING MICHAEL-SCOTT QUEUE LIBRARY
As before, for an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of P with
Gi = (E0, EP , E, po, rf, tso, nvo), observe that when P comprisesk threads, the trace of each execution
era (via start() or recover()) comprises two stages: i) the trace of the setup stage by the master
thread �0 performing initialisation or recovery, prior to the call to run(P); followed (in po order)
by ii) the trace of each of the constituent program threads �1 · · · �k , provided that the execution did
not crash during the setup stage.

As before, thanks to the placement of the persistent fence operations (pfence), for each thread �j ,
we know that the set of persistent events in execution era i , namely EPi , contains roughly a pre�x (in
po order) of thread �j ’s trace. More concretely, for each constituent thread �j 2 {�1 · · · �k } = dom(P),
there exist P1

j · · · Pnj such that:

1) P[�j ] = o0j ; · · · ;o
P 1
j

j ;o
P 1
j +1

j ; · · ·oP
2
j

j ; · · · ;oP
n�1
j +1

j ; · · · ;oP
n
j

j , comprising enq and deq operations;
and
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1. q.enq(v) ,
2. pc:= getPC(); t:= getTC();

3. n:= newNode(v,t,pc);

4. map[t][pc]:= n; pfence;

5. h:= q.head;

6. find: while (q.data[h] != null)

7. h:= h+1;

8. if (!CAS(q.data[h], null, n))

9. goto find;

10. pfence;

11. q.deq() ,
12. pc:= getPC(); t:= getTC();

13. try: h:= q.head; n:= q.data[h];

14. map[t][pc]:= n;

15. if (n != null) {

16. t’:= n.t; pc’:= n.pc;

17. map[t’][pc’]+1:=>;
18. } pfence;

19. if (n!=null) {

20. if (!CAS(q.head,h,h+1))

21. goto try;

22. pfence;

23. map[t][pc]+1:=>; pfence

24. } return n;

25. rem(n) ,
26. for(t in P){

27. pc:= 0

28. while(map[t][pc]!=?){
29. m:= map[t][pc];

30. a:= map[t][pc]+1;

31. if(n==m && a==>) return 1;

32. pc++;

33. }

34. }

35. return 0;

36. recover() ,
37. if (q==null || map==null)

38. goto start();

39. for(t in P) enq[t]:= -1;

40. for(t in P) {

41. (pc,n,a):= getProg(t);

42. if (pc>=0 && isDeq(P[t][pc])) {

43. if (n==null)

44. P’[t]:= sub(P[t],pc+1);

45. else {

46. if (a==>)
47. P’[t]:= sub(P[t],pc+1);

48. else if (inIn(q,n) || rem(n))

49. P’[t]:= sub(P[t],pc);

50. else {

51. P’[t]:= sub(P[t],pc+1);

52. map[t][pc]+1:=>}
53. t’:= n.t; pc’:= n.pc;

54. enq[t’]:=max(enq[t’],pc’+1);}

55. } else if (pc<0) P’[t]:= P[t]; }

56. for(t in P) {

57. (pc,n,a):= getProg(t);

58. if (pc>=0 && isEnq(P[t][pc])) {

59. if (pc < enq[t])

60. P’[t]:= sub(P[t],enq[t]);

61. else if (a==> || isIn(q,n))

62. P’[t]:= sub(P[t],pc+1);

63. else

64. P’[t]:= sub(P[t],pc); }

65. } pfence;

66. run(P’);

67. getProg(t) ,
68. pc:= -1; n:=?; a:=?;
69. while (map[t][pc+1] !=?) pc++;
70. if (pc>=0) {

71. n:= map[t][pc]; a:= map[t][pc]+1;

72. } return (pc,n,a);

Fig. 8. A non-blocking persistent Michael-Sco� queue implementation with persistence code in blue

2) at the beginning of each execution era i 2 {1 · · ·n}, the program executed by thread �j
(calculated in P’ and subsequently executed by calling run(P’)) is that of sub(P[�j ],P i�1j +1),
where P0

j = �1, for all j; and
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3) in each execution era i 2 {1 · · ·n}, the trace H(i, j) of each constituent thread �j 2 dom(P) is of
the following form:

H(i, j) , H (oP
i�1
j +1

j ,�j , P i�1j +1,n
P i�1j +1
j , e

P i�1j +1
j )

po! · · · po! H (oP
i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j )

po! H (oP
i
j +1

j ,�j , P ij+1,n
P ij +1
j , e

P ij +1
j )

po! · · · po! H (om
i
j�1

j ,�j ,mi
j�1,n

mi
j�1

j , e
mi
j�1

j )
po! H 0(om

i
j

j ,�j ,m
i
j ,n

mi
j

j , e
mi
j

j )

for somemi
j , n

P i�1j +1
j , · · · ,nP

i
j

j ,n
P ij +1
j , · · · ,nm

i
j

j , e
P i�1j +1
j , · · · , eP

i
j

j , e
P ij +1
j , · · · , em

i
j

j where:

• The �rst two lines denote the execution of the (P i�1j +1)st to (P ij )th library calls of thread �j ,
with H (o,� ,p,n, e) de�ned shortly. Moreover, before crashing and proceeding to the next era,
all volatile events (those in PE) in H (oP

i�1
j +1

j , · · · ) po! · · · po! H (oP
i
j �1

j , · · · ) have persisted, and
a pre�x (in po order) of the volatile events in H (oP

i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j ) have persisted. Note that

this pre�x may be equal to H (oP
i
j

j ,�j , P
i
j ,n

P ij
j , e

P ij
j ), in which case all its events have persisted.

• The next two lines denote the execution of the subsequent library calls of thread �j where
mi

j  Pnj , with none of their volatile events having persisted.
• The last line denotes the execution of the (mi

j )th call of thread �j (mi
j  Pnj ), during which the

program crashed and thus the execution of era i ended. As before, the H 0(o,� ,p,n, e) denotes
a (potentially full) pre�x of H (o,� ,p,n, e).

The trace H (o,� ,p,n, e) of each library call is de�ned as follows:

H (deq(),� ,p,n,h) , inv=I(�p , deq, ()) po! R(pc,p) po! R(tid� ,� ) po! FE
po! rh=R(q.head,h)

po! r=R(q.data[h],n)
po! lin1=W(map[�][p],n) po! S1

po! PF

po! S2
po! ack=A(�p , deq,n)

where FE denotes the sequence of events, attempting but failing to set the rem �eld of the head
node, with

S1 =

(

; if n = null

R(n.t,� 0) po! R(n.pc,p 0) po! W(map[� 0][p 0]+1,>) otherwise

S2 =

(

; if n = null

lin2=W(q.head,h+1) po! PF

po! c=W(map[�][p]+1,>) po! PF otherwise
for some � 0, p 0; and

H (enq(�),� ,p,n, e) , inv=I(�p , enq,n)
po! R(pc,p) po! R(tid� ,� )

po! W(n.val,�) po! W(n.tid,� ) po! W(n.pc,p)
po! W(map[�][p],n) po! PF

po! R(q.head,h)
po! R(q.data[h],�0)

po! A0 · · · R(q.data[h+s�1],�s�1)
po! As�1

|                                                                                   {z                                                                                   }
s times

po! R(q.data[h+s], null) po! lin=U(q.data[h+s], null,n)
po! PF

po! ack=A(�p , enq, ())
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for some s � 0 such that h+s = e , and for all k 2 {0 · · · s�1}, either 1) �k , null and Ak = ;; or
�k = null andAk = R(q.data[h+k],� 0

k )with� 0
k , null. In the above traces, for brevity we have

omitted the thread identi�ers (�j ) and event identi�ers and represent each event with its label only.
We use the H (enq(-),� ,p,n, e) pre�x to extract its speci�c events, e.g. H (enq(-),� ,p,n, e).inv.

Let us write q.tail to denote the index of the last entry in the queue. Observe that each
enq operation leaves the q.head value unchanged while increasing q.tail by 1. Similarly, each
deq operation leaves q.tail unchanged while increasing q.head by one. Note that in each
H (enq(�),� ,p,n, e), the e�1 denotes the value of q.tail immediately before the insertion of node
n by H (enq(�),� ,p,n, e), i.e. the e denotes the value of q.tail immediately after the insertion
of node n by H (enq(�),� ,p,n, e). Similarly, in each H (deq(),� ,p,n,h), the h denotes the value of
q.head immediately before the removal of node n by H (deq(),� ,p,n,h).
Let:

lp(H (o,� ,p,n, e)) ,
8

>

><

>

>

:

H (o,� ,p,n, e).lin if o=enq(�)
H (o,� ,p,n, e).lin1 if o=deq() and H (o,� ,p,n, e).S2=;
H (o,� ,p,n, e).lin2 if o=deq() and H (o,� ,p,n, e).S2,;

For each �j 2 dom(P) let:

EP(i, j) = EPi \ �

e tid(e) = �j
 

E0
(i, j) = EP(i, j) [ S(i, j)

where

S(i, j) ,

8

>

>

>

>

>

>

><

>

>

>

>

>

>

>

:

A(�, enq, ())

9o,p,n, inv, e .

inv = I(�, enq,n) = max
✓

nvo|EP(i, j )\I
◆

^ inv 2 H (o,�j ,p,n, e) ^ 8r 0. A(�, enq, r 0) < EP(i, j)
^ lp(H (o,�j ,p,n, e)) 2 EP(i, j)

9

>

>

>

>

>

>

>=

>

>

>

>

>

>

>

;

[

8

>

>

>

>

>

>

><

>

>

>

>

>

>

>

:

A(�, deq,n)

9o,p, inv, e .

inv = I(�, deq, ()) = max
✓

nvo|EP(i, j )\I
◆

^ inv 2 H (o,�j ,p,n, e) ^ 8r 0. A(�, deq, r 0) < EP(i, j)
^ lp(H (o,�j ,p,n, e)) 2 EP(i, j) ^ (n , null ) H (o,�j ,p,n, e).c 2 EP(i, j))

9

>

>

>

>

>

>

>=

>

>

>

>

>

>

>

;

[

8

>

>

>

>

>

>

>

>

>

>

>

>

>

><

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

A(�, deq,n)

n , null ^ 9o,p, inv, e .

inv = I(�, deq, ()) = max
✓

nvo|EP(i, j )\I
◆

^ inv 2 H (o,�j ,p,n, e) ^ 8r 0. A(�, deq, r 0) < EP(i, j)
^H (o,�j ,p,n, e).lin1 2 EP(i, j)
^8k < j . 8p0, e 0. H (deq(),�k ,p0,n, e 0).lin1 < EP(i,k )
^9k,p0, e 0. k � j ^ H (deq(),�k ,p0,n, e 0).lin2 2 EP(i,k )

^H (deq(),�k ,p0,n, e 0).c < EP(i,k ))

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;

Let E0
i =

–

�j 2dom(P)
E0
(i, j). From the de�nition of each E0

(i, j) and EP(i, j) we then know that EPi ✓ E0
i and

E0
i 2 comp(EPi ). Let Ti = trunc(E0

i ).
LetCi denote an enumeration of

–

�j 2dom(P)
{H (oP

i�1
j +1

j ,�j , P i�1j +1,n
P i�1j +1
j ) · · ·H (oP

i
j

j ,�j , P
i
j ,n

P ij
j } that

respectsmemory order (in tsoi ) of linearisation points. That is, for allH (o,�j ,p,n, e),H (o0,�j0,p 0,n0, e 0),
if lp(H (o,�j ,p,n, e)) tsoi! lp(H (o0,�j0,p 0,n0, e 0)), then H (o,�j ,p,n, e) �Ci H (o0,�j0,p 0,n0, e 0).
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When Ci is enumerated as Ci = H (c1i ,� 1i ,p1i ,n1i , e1i ). · · · . H (ctii ,� tii ,ptii ,ntii , etii ), let us de�ne
Hi =H (c1i ,� 1i ,p1i ,n1i , e1i ).inv . H (c1i ,� 1i ,p1i ,n1i , e1i ).ack
. · · · .H (ctii ,� tii ,ptii ,ntii , etii ).inv . H (ctii ,� tii ,ptii ,ntii , etii ).ack

Lemma D.1. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Ci be as
de�ned above. Then, for all H (o,� ,p,n, e), H (o0,� 0,p 0,n0, e 0), a,b, c,d , if a 2 H (o,� ,p,n, e) and b 2
H (o0,� 0,p 0,n0, e 0), Ci |c = H (o,� ,p,n, e), Ci |d = H (o0,� 0,p 0,n0, e 0) and (a,b) 2 hbi , then either 1)
c = d and (a,b) 2 poi ; or 2) c < d .

P����. The proof of this lemma is analogous to he proof of its counterpart lemma (Lemma C.1)
for the blocking MS queue implementation and is omitted here.

Lemma D.2. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned as
above withCi = H (c1i ,� 1i ,p1i ,n1i , e1i ). · · · .H (ctii ,� tii ,ptii ,ntii , etii ). For all i 2 {1 · · ·n}, and a,b, letOb

a =

H (cai ,� ai ,pai ,nai , eai ).inv.H (cai ,� ai ,pai ,nai , eai ).ack. · · · .H (cbi ,�bi ,pbi ,nbi , ebi ).inv.H (cbi ,�bi ,pbi ,nbi , ebi ).ack.
For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi , for all Q0

i and for all l 2 {0 · · · ti }, k=ti�l , Eki =
EPi \

ti
–

x=k+1
H (cxi ,� xi ,pxi ,nxi , exi ).E, and Qk

i :

getQ(Q0
i ,O

k
1 ) = Qk

i ^ isQ(q,Qk
i , nvoi , E

0
i , E

k
i ) )

9Qt
i . getQ(Qk

i ,O
ti
k+1) = Qt

i ^ isQ(q,Qt
i , nvoi , E

0
i , E

P
i )

P����. The proof of this lemma is analogous to he proof of its counterpart lemma (Lemma C.2)
for the blocking MS queue implementation and is omitted here.

Corollary 4. Given a PTSO-valid execution E = G1; · · · ;Gn , let for all i 2 {1 · · ·n}, Hi be de�ned
as above. For all Gi = (E0i , EPi , Ei , poi , rfi , tsoi , nvoi ), Hi and for all Q0

i :

isQ(q,Q0
i , nvoi , E

0
i , E

0
i ) )

9Qt
i . getQ(Q0

i ,Hi ) = Qt
i ^ isQ(q,Qt

i , nvoi , E
0
i , E

P
i )

P����. Follows immediately from the previous lemma when k = 0. ⇤

Lemma D.3. Given a PTSO-valid execution E = G1; · · · ;Gn , if H = H1. · · · .Hn with Hi de�ned as
above for all i 2 {1 · · ·n}, then:

9Q . getQ(�,H ) = Q
P����. Pick an arbitrary PTSO-valid execution E = G1; · · · ;Gn , with H = H1. · · · .Hn and Hi

de�ned as above for all i 2 {1 · · ·n}. LetQ0
1 = � . By de�nition we then have isQ(q,Q0

1, nvo1, E
0
1, E

0
1).

On the other hand from Corollary 4 we have:
9Qt

1 . getQ(Q0
1,H1) = Qt

1 ^ isQ(q,Qt
1, nvo1, E

0
1, E

P
1 )

8Q0
2 . isQ(q,Q0

2, nvo2, E
0
2, E

0
2) )

9Qt
2 . getQ(Q0

2 ,H2) = Qt
2 ^ isQ(q,Qt

2, nvo2, E
0
2, E

P
2 )

· · ·
8Q0

n . isQ(q,Q0
n , nvon , E0n , E0n) )

9Qt
n . getQ(Q0

n ,Hn) = Qt
n ^ isQ(q,Qt

n , nvon , E0n , EPn )
For all j 2 {2 · · ·n}, let Q0

j = getQ(Q0
j�1,Hj�1). From above we then have :

9Qt
1, · · · ,Qt

n .
getQ(Q0

1,H1) = Qt
1 ^ getQ(Qt

1,H2) = Qt
2 ^ · · · ^ getQ(Qt

n�1,Hn) = Qt
n
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From its de�nition we thus know there exists Qt
n such that getQ(Q0

1,H1. · · · .Hn) = Qt
n . That is,

there exists Q such that getQ(�,H ) = Q , as required. ⇤

Theorem 9. For all client programs P of the queue library (comprising calls to enq and deq only)
and all PTSO-valid executions E of start(P), E is persistently linearisable.

P����. Pick an arbitrary program P and a PTSO-valid execution E = G1; · · · ;Gn of P. For each
i 2 {1 · · ·n}, construct Ti and Hi as above. It then su�ces to show that:

8i 2 {1 · · ·n}. 8a,b 2 Ti . (a,b) 2 hbi ) a �Hi b (38)
fifo(�,H ) holds when H = H1. · · · .Hn (39)

TS. (38)
Pick arbitrary i 2 {1 · · ·n},a,b 2 Ti such that (a,b) 2 hbi .We then know there exist c,� ,p,n, e, c 0,� 0,
p 0,n0, e 0 such that a 2 H (c,� ,p,n, e), b 2 H (c 0,� 0,p 0,n0, e 0) and either:
1) H (c,� ,p,n, e)=H (c 0,� 0,p 0,n0, e 0), a=H (c,� ,p,n, e).inv and b = H (c,� ,p,n, e).ack; or
2) H (c,� ,p,n, e)=H (c 0,� 0,p 0,n0, e 0), a=H (c,� ,p,n, e).ack and b = H (c,� ,p,n, e).inv; or
3) H (c,� ,p,n, e) , H (c 0,� 0,p 0,n0, e 0).
In case (1) the desired result holds immediately. In case (2) we have b

poi! a
hbi! b, and since

poi ✓ hbi we have b
hbi! a

hbi! b. Consequently, from the transitivity of hbi we have (b,b) 2 hbi ,
contradicting the acyclicity of hbi in Lemma E.1. In case (3) from Lemma D.1 and the de�nition of
Hi we have a �Hi b, as required.

TS. (39)
From Lemma D.3 we know there exists Q such that getQ(�,H ) = Q . From the de�nition of fifo(., .)
we know fifo(�,H ) holds if and only if there exists Q such that getQ(�,H ) = Q . As such we have
fifo(�,H ), as required.

⇤
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E AUXILIARY RESULTS
Lemma E.1. For all PTSO-valid execution graphs G = (E0, EP , E, po, rf, tso, nvo), then acyclic(hb)
holds, where hb = (po [ rf)+.

P����. We proceed by contradiction. Let us assume that acyclic(hb) does not hold and there
exists a such that (a,a) 2 hb. From Lemma E.2 below we then have (a,a) 2 po[ tso. That is, either:
1) (a,a) 2 po; or 2) (a,a) 2 tso. However, both cases lead to a contradiction as since G is valid, we
know both po and tso are strict orders.

⇤

Lemma E.2. For all PTSO-valid execution graphs G = (E0, EP , E, po, rf, tso, nvo) and for all a,b, if
(a,b) 2 hb = (po [ rf)+, then (b,a) 2 po [ tso.

P����. Pick an arbitrary PTSO-valid execution graph G = (E0, EP , E, po, rf, tso, nvo). Note that
hb = (po [ rf)+ = (po [ (rf \ po))+. Let hb0 = po [ (rf \ po) and hbi+1 = hb0; hbi , for all i 2 N. As
hb is a transitive closure, it is straightforward to demonstrate that hb =

–

i 2N
hbi . We thus show

instead that:
8i 2 N. 8a,b . (a,b) 2 hbi ) (a,b) 2 po [ tso

We proceed by induction on i .

Base case i = 0
Pick an arbitrary a,b such that (a,b) 2 hb0. There are two cases to consider: either (a,b) 2 po, or
(a,b) 2 rf \ po. In the former case the desired result holds immediately. In the latter case, as from
the PTSO-validity of G we know rf ✓ tso [ po and as (a,b) 2 rf \ po, we know that (a,b) 2 tso, as
required.

Inductive case i = n+1
8j 2 N. 8a,b . j  n ^ (a,b) 2 hbj ) (a,b) 2 po [ tso (I.H.)

Pick an arbitrary a,b such that (a,b) 2 hbi . From the de�nition of hbi we then know there exists c
such that (a, c) 2 po [ (rf \ po) and (c,b) 2 hbn .

There are two cases to consider: either 1) (a, c) 2 po; or 2) (a, c) 2 rf \ po.
In case (1), let hb�1 = id. From the de�nition of hbn we then know there exists d such that

(c,d) 2 po [ (rf \ po) and (d,b) 2 hbn�1. There are two more cases to consider: i) (c,d) 2 po; or ii)
(c,d) 2 rf \ po.

In case (1.i) we have a
po! c

po! d and thus from the transitivity of po we have (a,d) 2 po ✓ hb0.
As (d,b) 2 hbn�1, from the de�nition of hbn we have (a,b) 2 hbn . Consequently, from (I.H.) we
have (a,b) 2 po [ tso, as required.

In case (1.ii), from the PTSO-validity of G we know rf ✓ tso [ po. Since (c,d) 2 rf \ po, we thus
know that (c,d) 2 tso. On the other hand, from the validity of G we know po \ (W ⇥ R) ✓ tso.
Moreover, as (c,d) 2 rf, we know that c 2 W . As (a, c) 2 po and c 2 W , we thus have (a, c) 2 tso.
We then have a tso! c

tso! d , and thus from the transitivity of tso we have (a,d) 2 tso. There are now
to cases to consider: a) n = 0 and thus hbn�1 = id; or b) n > 0.

In case (1.ii.a), as (d,b) 2 hbn�1 = id, we have d = b and thus (a,b) 2 tso, as required.
In case (1.ii.b), since (d,b) 2 hbn�1, from (I.H.) we have (d,b) 2 po [ tso. On the other hand,

from the validity of G we know po \ (W ⇥ R) ✓ tso. Moreover, as (c,d) 2 rf, we know that d 2 R.
As such, we have (d,b) 2 tso. We then have a tso! d

tso! b, and thus from the transitivity of tso we
have (a,b) 2 tso, as required.
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In case (2), from the PTSO-validity of G we know rf ✓ tso [ po. Since (a, c) 2 rf \ po, we thus
know that (a, c) 2 tso. On the other hand, since(c,b) 2 hbn , from (I.H.) we have (c,b) 2 po [ tso.
There are two more cases to consider: i) (c,b) 2 tso; or ii) (c,b) 2 po.

In case (2.i) we have a tso! c
tso! b, and thus from the transitivity of tso we have (a,b) 2 tso, as

required.
In case (2.ii), from the validity of G we know po \ (W ⇥ R) ✓ tso. On the other hand, since

(a, c) 2 rf, we know that c 2 R. As such, we have (c,b) 2 tso. We thus have a tso! c
tso! b, and thus

from the transitivity of tso we have (a,b) 2 tso, as required.
⇤
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