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Updates

e 11 August 2015: Fixed a glaring typo in the definition of dependsg, 5 (—)
in Section 6.4. Previously, the definition had omitted the N’ that actually
contributes elements to the recursive unfolding.

e 19 March 2015: Thanks to Edward Yang for pointing out a bug in the
definition of thinning (Section 6.4). It has been fixed. See the notes on
the thinning rule for more information.

e 30 May 2014: Fixed a typo in Lemma 92. Thanks Edward Yang.
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1 Introduction

This appendix expands on the POPL’14 submission of the same name (“the pa-
per”). It presents the full definition and metatheory for Backpack. The version
of Backpack presented in the paper (“Paper Backpack”) makes various simplifi-
cations of the system in this appendix (“Backpack”) for clarity and readability.

We describe those differences here:

e Paper Backpack eliminates the syntactic category of expressions, F, and

folds the functionality of this category (and its relevant judgments) into
straightforward “duplications” of the p = F binding. Instead of p = F and
a separate category of E, Paper Backpack defines p = [M], p::[S], and p =
p’. Backpack has an additional semantic object M which is like an atomic
version of £ in that it stores an identity and a view type 7 for a single
module. Additionally, the type of expressions, X, can either mention a
single module (in the case of module and signature expressions and atomic
names) or multiple modules (in the case of subnamespace projection).
Context shapes (in the typing rules) do not require any projection in
Paper Backpack as they do in Backpack.

Logical path names in Paper Backpack are straightforward tokens drawn
from the sort ModPaths, whereas in Backpack they are dotted lists (“path
projections”) composed of individual module component names X drawn
from sort ModCompts; these allow programmers to select subnamespaces.
For example, if A X and A.Y are bound in the context, then the binding
B = A introduces two logical bindings for B.X and B.Y that point to those
modules.



Paper Backpack has only a single (binding) rule for paths (i.e., aliases),
whereas Backpack has two: one for full path names to modules and another
for subnamespaces. We feel that Paper Backpack’s treatment of paths as
mere names is simpler and sufficiently expressive.

e Thinning is not defined in Paper Backpack, although it is described in the
tour (Paper Section 2).

e Paper Backpack simplifies some of the semantic objects in harmless, cos-
metic ways. Its definition of espc as an identity and a dent is a mi-
nor technical simplification that facilitates pattern matching in the rules;
moreover, dent in Paper Backpack is ds~pc in Backpack. The data part of
dent is omitted in Paper Backpack.

e Paper Backpack simplifies some semantic objects in more significant ways.
There, module types (and shapes) have only two components, whereas
in Backpack they have a third component—a list of imported module
identities. This is needed in the definition of thinning, specifically, in the
definition of one identity depending on another, dependsg(—).

e The multiple-bindings shaping judgment also synthesizes a substitution in
Backpack; in Paper Backpack it does not.

Part 1
Backpack definition

2 Package Syntax

(package names) P € PkgNames
(module variables) X €  ModCompts
(paths) p,q == ¢€]|pX
(modules) M = ...
(signatures) S = ...
(expressions) E = p|[M]][:95]
(bindings) B = p=F]|includePtr
(thinning) t z= (D)
(renaming) T = (p—p)
(package definitions) D = package P t where B
top-level bindings n=
(top-level bindings) T D
(paths) X L e x
X.e e e x
X.(p.x) ¥ (xp)x

3 Miscellaneous Examples

e It might seem strange that logical type (and shape) contexts keep a “view
type” (7) on each mapped identity v, even though the corresponding phys-
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ical type context already contains a module type for v. Consider the
following example:

package view-type where

A o [x :: Int]

C=A

C=[x=1;,y =2

B = [import A; export (y); y = x + 5]

The import A within the B module resolves to the identity of the A binding
which is v, due to the alias C = A. This alias ties together C and A so
that they will have the same module identity, thus when we bind C to some
module in the third line, we are actually implementing the hole specified
by the first, A binding.

With that in mind, which exact entity named y is exported by B? [va]y or
[vB]y? In Backpack it is the latter. Why? We specifically want imports to
path p to see the interface of what p has been bound to. In this example,
we did not actually bind A to anything after the first binding; therefore
its interface only exposes an x value. That means that B only sees the
x value, and the y that it exports unambiguously refers to its own local
value.

In order to support this semantics (in which the “logical” interface for p
comes from the bindings of name p only), we need to store a module type
in the logical context in addition to the real, physical type in the physical
context. (In the example above, the real physical type for A is that of v¢;
it exposes both x and y.)

Semantic Objects

4.1 Stamps

Stamps represent module identity. Each (non-variable) stamp uniquely identifies
a module and its dependencies. Like a closure in the A-calculus, stamps contain
the code and, recursively, the closures (stamps) of its free variables (imports,

resp.).

(stamp variables) o, 8 € StampVars
(stamp constructors) K €  StampCtors
(stamps) v = a|pakT
(stamp substitutions) ¢,0 == {a=v}

Stamp variables « correspond to identities of signatures without corre-
sponding implementations, and to the provenances of code entities speci-
fied in signatures.

Each application pa./C 7 represents the closure of a particular module K
with the identities of all its imported modules 7. We assume a bijection
between stamp constructors I and module source code M. The p-binder



is used for recursive modules that (transitively) import themselves. When
a does not appear in 7 we leave off the binder:

(stamps) K7 &ef peJC T for some « & fv(D)

Because stamps are recursively we cannot simply compare them for syntactic
equality. Instead we need a coinductive interpretation of equivalence:

F{ag = pay K 71} =4 {02 = pas.K 72}0,

Fa=,a Fuoy K7 =4 poas K Uy

Clearly this doesn’t lend itself naturally to an algorithm, so we appeal to unifi-
cation of first-order, recursive terms to decide equivalence. Due to a well-known
correspondence of recursive types to DFAs and DFA minimization,'2 there exists
a normalization function

norm(—) : Stamps — Stamps

on stamps, which is used for the elaboration.
For the elaboration into the IL, we assume an injection from stamps (up to
=, equivalence) to plain Haskell module names,

(=) : Stamps/=, — ILModNames

We lift this to an injection from module types 7 to plain Haskell interfaces ftyp
which translates each stamp occurring in 7 to its injected module name,

(=) : ModTypes/=, — ILModTyps

4.2 Semantic Signatures

In the tradition of The Definition of Standard ML we classify package expres-
sions with “semantic objects.” Well-typed package expressions are classified
with ¥ and package definitions with ®, defined below.

(module polarity) m = + |-

(physical type contexts) @ = T

(logical atomic types) M = ver

(logical type contexts) L n= pr— var

(package types) =0 = (9;L)

(expression types) b w= (L) | (Ps M)
(package environments) A = .| A, P=)Xa.dexpVNa.Z

Ihttp://dcommon.bu.edu/xmlui/handle/2144/1800
?http://gallium.inria.fr/~fpottier/publis/gauthier-fpottier-icfp04.pdf
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e Coercing typey things into shapey things:

shape((®; £)) & (shape(®); shape(L))
shape((®; M)) o (shape(®); shape(M))

_ def m
shape(v:t™) = w:shape(7)
shape(p : M) def p : shape(M)

def

shape(var) = wvashape(r)
shape({ dspc ; espc ;7 ))) ef (shape(dspc) ; espe ; 7))
shape(x :: typ) L
shape(data T kenv) ©f gata T
shape(data T kenv = K typ) L gata T(K)

e The domain of a binding signature or context, and the restriction to a
given prefix:

dom(p=war) ¥ (p}
dom((®;:£)) % dom(L)
dom,(£) C | p =pp”, P €dom(L)}

dom,((®;£)) %' dom,(L)

defined similarly for shapes and contexts

e Projection from a binding signature and context, forming an expression
signature:

Loy def {./\/l if (p—>M)eL

(0 > M| P = p.p", (o s M) € £) if p & dom(L) and dom, (L) # 0
def

(®:L)p = (®;L.p)
defined similarly for shapes

This is defined when p is directly bound to a module signature in =, or
when p is a prefix of a path (or paths) in Z. Similarly for T.

e Removal of a path from a signature:

Ly ¥ @WeMeL|p#pp

(@;L)\p = (®:L\p)

defined similarly for shapes



e Consing a path onto an expression signature, forming a binding signature:

def
cons(p; var) = pvaer

def ————
= pp —rver

cons(p; p/ — var)

cons(p; (2;M)) < (®;cons(p; M)

cons(p; (; L)) E(®;cons(p; £))
defined similarly for shapes

e Applying a renaming to a signature:

rename({-); L) oL
= rename((p] = 7); L)
dom,, (£) # 0, dom,, (£) = 0
L = L\ps, cons(pg; L.ps)
rename(r; (®; L)) def (®; rename(r; L))
defined similarly for shapes

rename({(ps — py, P, — p}); L)

where

e Creating a stamp from a context of imported module (shapes):

o K encodes M
mkident(M; (®; £)) ef K vy ...V, where M imports py,...,pn

Vi€ [l.n]: L(p;) = v;@7;

5 Syntax and Semantics of Haskell

The core fragment of our external language, Haskell modules M (and signatures
S), roughly looks just like the core fragment of the internal language. The only
difference lies in the different sorts of names and the lack of a named module
header in M.

Module names in external Haskell comprise logical path names p, whereas in
internal Haskell they’re module/file names f. The syntax of imports, exports,



and definitions therefore differ only in their respective sorts of names.

(entity names) X w= z|T|K
(module names) m = p| Local
(entity refs) eref n= x| mx
(entity imports) import = x| x| xC.
(entity exports) export = eref | eref ) | eref (..) | module m
(import declarations) impdecl = import [qualified| p [[as p]] impspec
(imported module specs) impspec = 0 | Gemport)
(imports) impdecls = impdecl
(export lists) expdecl = () | export (export)
(entity definitions) defs = data T kenv = K ulyp
| [:: utyp] = vexp
(entity declarations) decls = data T kenv
| data T kenv = K utyp
| a:utyp
(IL entity refs) eref = x| fx
(IL entity exports) export = eref | eref ()
(IL entity imports) import = x| xG
(IL imported module specs) impspec = (import)
(IL export lists) expdecl == 0 | Cexport)

The syntax of modules differ primarily in their arrangements of the imports, ex-
ports, and definitions, and with the additional module name in the IL. The new
signature form S resembles M but leaves out the exports and swaps definitions
for mere declarations.

(modules) M == impdecls; expdecl; defs
(signatures) S w=  impdecls; decls
(IL modules) hsmod ::= module f expdecl where impdecls; defs
(physical names) phnm == [V]x
(types) typ = a | [V]T typ | forall kenv. typ
(kinds) knd = * | knd -> knd
(kind environments)  kenv = a:knd
(entity specs) dspc = data T kenv

| data T kenv =K typ

. |  xutyp

(entity spec shapes)  dspc == data T

| data T(K)

| =«
(export specs) espc  u= [Vlx | [V]x(X)
(entity spec sets) dspcs = dspc
(export spec sets) espcs = E€spc
(module types) T = (| dspcs ; espes 5V )
(module shapes) 7 = (dspcs ; espes ;3 D)
(signature types) o = (0;espes;v)
(signature shapes) o = (0sespes;v)
(entity environments) eenv = {eref — phnm};espc



(augmented entity environments) aenv = aenv’ | aenv~

(augmented mod entity environments) aenvt = (®;wp; defs)
(augmented sig entity environments) aenv™ = (D;7; decls)
(IL augmented entity environments) aenv  u= (fenw; f; defs)

Note: We treat export spec sets espcs synonymously with vectors of export
specs, espc. In both cases they act as finite maps from [v]x to the full export
specs. In this way, substitution on espcs is partial. For example,

{o = v} (WIx: [edx (X))

is undefined since the merged result would be invalid. dspcs and dspc are simi-
larly synonymous.

Typing both levels of Haskell modules occurs in three phases: first, build an
environment of entity names gotten from the imports and the locally defined
entities; second, type check the definitions; and third, expose only the exported
entities. We define the internal level of Haskell type checking first:

fenv; fo HF impdecls; defs ~ eenv

fenv; fo; eenv HX defs : dspc  fo; eenv H- expdecl ~ espc

- - - — - (ILCoOrREMOD)
fenv HE (module fy expdecl where impdecls; defs) : { dspc 3 espc 5 imps(impdecls) )

e The first premise/judgment constructs an entity environment, eenv, which
maps imported and defined entity names to their physical names anno-
tated with stamps. The fenv is used to resolve imported module names
to their imported entities, while the current module name, fy, is used to
resolve those entities defined by the current definitions, defs. In GHC this
is the environment constructed and used by the Renamer just before type
checking.

e The second premise/judgment performs the actual type/kind checking of

the definitions, defs, which produces the static specifications dspe.

e The third premise/judgment parses the module’s export list, expdecl, into
a list of exported physical names, espc. The fenv is needed for a corner
case of Haskell module semantics—resolving exports of entire, imported
modules.

5.1 Semantics of (External) Haskell
5.1.1 Module and Signature Judgments

For the external level of Haskell, we need four separate judgments: each combi-
nation of shaping vs. typing, and signatures vs. modules.

The external module typing judgment directly corresponds to the internal
typing judgment above. Since the syntax and semantics of imports and exports
is different in the EL (in that they are slightly more permissive), we need new

10



import and export resolution judgments for the EL module typing. On the
other hand, definition checking has the same semantics as in the IL, so we reuse
that judgment by translating all stamps v into file names v* in the “inputs” and
“outputs” of this judgment. We know the specs will all be of the form dspc*
because the only file names they can refer to—from the environment “inputs”—

are themselves in the image of the (—)” translation.

shape(L); vy Ik impdecls; defs ~ eenv
O*; v5; refsy (eenw) H- refs) (defs) : dspes™
vg; eenv Ik expdecl ~~ espces
N = {L(imp(impdecl)) | impdecl € impdecls}
hsmod = mkmod(L; vy; eenv; impdecls; defs; espcs) M
(®; £); vo ke (impdecls; expdecl; defs) : { dspcs 5 espes 5 N ) ~» hsmod (CoreMon)

The remaining judgments for typing and shaping are given below:

e Module shaping;:

£~; v |k i?}lpdecls; defs ~ eenv  vy; eenv Ik expdecl ~~ espcs
defs T dspes N = {L(imp(impdecl)) | impdecl € impdecls}

(®; L); v ke (impdecls; expdecl; defs) : {dspes 5 espes 5 N)

e Signature typing:

shape(L); 7 Ik impdecls; decls ~ eenv ~ ®; eenv b decls ~ dspc T Ik decls ~ espc

(®; £); 7 ke (impdecls; decls) ~ (@ ;5 espe ; O ); mksigenv(dspc; €spc)

e Signature shaping:
T ke decls ~ espc  decl C d5~pc decls = decl
(®; L); 7 Ik (impdecls; decls) ~ (0 ; espe 3 0); mksigenv(dspe; espe)

mksigenv(dspc; espc) = D sepecaspe (ident(espe):{ dspe 5 espe ;0 ) )
espceespc
dspcCespc

mksigenv(dspc; espe) def @ds}oceds}m(ident(espc):q dspe 5 espe; 0 ) )

espcEeespc
dspcCespc

5.1.2 Checking, Import Resolution, and Export Resolution

o | ®; eenv; T k. decls ~ dspc;espe ‘ Axiom!

e | L Ik, impdecl ~~ eenv ‘ Resolution of import declarations into an entity

environment.
L; p lk impspec ~ €spe
€eNUpase = Mkeenv(espe)  eenvqual = qualify(p[']; eenvpase)

Lk (import p [as p'] impspec) ~> (€€nvpase B €€NVqual)

11



L;plk impspec ~~ €spe
eenvpase = Mkeenv(espe)  eenvqua = qualify(p[']; eenvpase)

L Ik, (import qualified p [as p/] impspec) ~ eenvqual

— First resolve the individual entity imports for module p to get an environ-
ment eenvpase-

— eenvqual contains only the qualified versions of entities imported from p;
eenv contains both qualified and unequalified versions of the entities.

— The optional substitution da.s renames the imported module name p to the
aliased name p’ if an alias is given in the import; the default substitution
0 does nothing.

— The final environment eenvsinal applies either § or das to the entity references
in the environment—this environment will be the full one for p, eenv,
or only the qualified one, eenvquai, depending on the optional qualified
keyword. The environment from the rest of the import statements is joined
onto this one.

qualify(m; eenv) def {m.x — phnm | x — phnm € eenv};locals(eenv)
where Veref € dom(eenv) : Ix : eref = x

o |L; p Ik impspec ~» espc |  Resolution of a single imported module’s spec-
ification.

espc € lj(p)
L;p k0~ espe

— Simply gather up all the export specs in this module.

L:p Ik import ~ espc
L;p k. Gmport) ~ D specespelespet

— Resolve each imported entity into an environment, and then join them all
together.

L:p Ik import ~ espc‘ Resolution of a single imported module’s im-

ported entity.

espc € £~(p) espe = [v]x espc € E(p) espe < espc’ = [v]x()
Liplke x ~ espe Liplke x ~ espc’

espc € L(p)  espe < espc’ = [V]x(X)
Liplk X (X') ~ espc’

— First make sure that x is actually exported by the module at path p. Then
check that the imported subordinate names %' are among those exported.

— Both x and the subordinate names X’ are added to the entity environment.

espc € E(p) espc = [V]x(X')
£~;pll—C x(..) ~ espc

12



— Like the previous case, but adds all subordinate names to the environment.

L; vy It impdecls; defs ~ eenv ‘ Resolution of all the imports of a mod-
ule, along with the naming of the locally defined entities.

Vi € [1.n]: LIk impdecl; ~ eenv;  eenvimp = Dici1.. cenvi

~ _ _ (EENVRES)
L; vy Ik impdecly, . .., impdecl,,; defs ~ eenvimp, @ mklocaleenv(vy; defs)

— We don’t have a path name for “this” module—only a semantic identity.
Instead of allowing qualified names for the locally defined entities using
this module’s name, we allow a distinguished path Local.

° £~; T Ik impdecls; decls ~» eenv ‘ Resolution of all the imports of a signa-
ture, along with the naming of the locally defined entities.

Vi€ [l.n]: Lk impdecl; ~ eenv;  eenvimp = ®ie[1..n] eenv;

£~; 7 Ik impdecly, . .., impdecl,,; decls ~~ eenvimp, ® mklocaleenv(7; decls)

e | 1; eenv Ik expdecl ~~ espc ‘ Resolution of module exports.

phnm = ([v]x | Local.x — [V]x € eenv)

- —~—— (ExPLOCAL)
vo; eenv Ik~ filterespcs(locals(eenv); phnm)
Vi € [1.n] : vy; eenv I export; ~ €spc;
espc = P, espc;  nooverlap(espc)
et m] (EXPLIST)

vp; eenv |k Cexportq, ..., export, ) ~ €spc

° ’ vo; eenv Ik export ~~ Wpc‘ Resolution of a single entity export. Haskell
permits export of subordinate names without their owning names in the
case of class methods. We don’t currently allow this because every ex-
ported entity must have its own espc, but a class method does not! We
could perhaps add such subordinate names as their own espcs (without
subordinate lists).

eenv(eref) = [v]x : [V]x
vo; eenv Ik eref ~ [v]x

(EXPSIMPLE)

— If the exported entity has no subordinate names, then it gets a normal
export spec.

eenv(eref) = [v]x : [V]x(X')
vo; eenv Ik eref ~~ [V]x()

(ExPSIMPLEEMPTY)

— If the exported entity does have subordinate names, then it gets a subor-
dinate export spec with zero subordinates.

13



/

eenv(eref) = [V]x : [V]x(X', X")
vo; eenv Ik eref (X') ~~ [V]x(X')

(EXPSUBLIST)

eenv(eref) = [V]x : [v]x(X')
vo; eenv I eref (..) ~ [v]x(X')

(EXPSUBALL)

— The full espc € eenv that matches this entity should contain all subordi-
nate names that are available qualified or unqualified. With this definition,
it’s less clear that this is the case, but it should be true!

phnm = ([V]x | x = [V]x € eenv, m.x — [V]x € eenv)
Vv]x € phnm : eenv(x) = [V]x A eenv(m.x) = [v]x

- (ExpMODALL)
vo; eenv Ik module m ~- filterespcs(locals(eenv); phnm)

— Exactly those entities which are accessible both unqualified and qualified
(with m) are exported; these are the physical names in phnm.

— The resulting export specs are those whose name is in phnm, and in the
case of specs with subordinates, only the subordinate names in phnm are
exported.

— The final premise checks that every name included in this set is unambigu-
ously identified by both the qualified and unqualified names.

filterespc([v]x; phnm) def [V]x

filterespc([v]x(x’'); phnm) def [V]x(x") where {[v]x"} = {[v]x'} N {phnm}
espc € espe,

filterespcs(espe; phnm) def filterespc(espc; phnm) | phnm € phnm,
espc C phnm

o | 7 Ikt decls ~ espc ‘ Translation of signature declarations into export spec-
ifications.

7 = (dspc ; espcy, espe 5 V') decl C espch < espc,

7 Ik decl ~ espc)

e | aenv Ik eenv wf ‘ Determine whether the physical names in the range of
the entity environment are indeed exported from their defining modules,
or from a local definition. Also check that the locally available export
specs all make sense.

aenv Ik espc wf

def
aenv ke eenv wf &

Vespc € eenv :
P {mkphnms(espc) C rng(eenv)

aenv Ik eref — phnm wf

N — ph € :
eref — phnm € eenv {p}mmemkphnms(locals(eenv))

14



e | aenv Ik eref — phnm wf ‘ Determine whether the physical name in the

range of the mapping is indeed exported from its defining module, or from
a local definition.
eref = x or m.x
(eref = Local.x) = islocal(aenv; [v]x)

aenv k. eref — [v]x wf

e | aenv Ik espc WfH aenv |k, espc Wf‘ Check that a locally available export

spec is well formed with respect to a local definition and/or a spec in the
context.

espcy = locmatch(aenv; espe)  espe; = ctxmatch(aenv; espe)  espey @ espe; < espc

aenv Ik espe wf

espcy = locmatch(aenv; espc)  noctxmatch(aenv; espc)  espey < espe

aenv |k espc wf

nolocmatch(aenv; espc)  espe; = ctxmatch(aenv; espc)  espe; < espe

aenv Ik espe wf

_ def _
aenv Ik, €spe wf S Vespe € €spe = aenv |k espe wf

5.1.3 Auxiliary Definitions

The following auxiliary definitions are needed in much of the formalism of the
core language.

islocal(aenv; espc) ‘ ’islocal(aenv;phnm) ‘ Is the given entity’s identity

the same as the local module? Or, in the case of signatures, is this entity
one of the locally specified ones? (This does not check for a matching
definition/declaration; it merely looks at the identity.)

islocal ((®; vo; defs); espc) o ident(espc) = v

islocal ((®; 7; decls); espc) &f Jespc’ € 71 espc’ L espc
islocal ((®; vo; defs); [V]x) & =y

islocal ((®; 7; decls); [v]x) & Jespe' € 71 espe’ T [V]x

. ’ locmatch(aenv; espc) H ctxmatch(aenv; espe) H nolocmatch(aenv; espc) H noctxmatch(aenv; espe) ‘

Find a matching export spec in the context or the local environment.

islocal(aenv; espc),

locmatch(aenv; espe) def espc’ if 3d € aenv.ds : d C espc’,
espc’ L espc
def espc’ € aenv.®(ident(espc)),

ctxmatch(aenv; espc) espc’ if ,
espc’ L espc
¢ islocal(aenv; espc) =

nolocmatch(aenv; espc) &
(  espe) Vespc',d € aenv.ds : d E espc’ = espc’ [ espc

Q.
D

(N
D
h

noctxmatch(aenv; espc) &  Vespe' € aenv.®(ident(espc)) : espc’ [ espe

15



mkeenv(espc) H mkeenv(espc) ‘ Create the entity environment that maps

every unqualified name given in the export spec(s).

mkeenv([v]x) o {x = [VIx}s [vlx
mkeenv(]x(¥)) ¥ ({x— IxIU{X = I | X € XD VX))

def

mkeenv(espc) D cspecespe Mkeenv(espe)

localespcs(vp; defs) ‘ ’ localespcs(7; decls) ‘ Construct the export specs of
all locally defined/declared entities.

localespcs(vp; defs) =f (mkespc(vp; d) | d € defs)
localespces(7; decls) fef (espc’ | espc € 7, Ad € decls : d C espc’ < espc)

mklocaleenv(vy; €spe) H mklocaleenv(vy; defs) H mklocaleenv(7; decls) ‘ Cre-

ate the entity environment that maps all local entity names, qualified and
unqualified.

mklocaleenv(espe) def mkeenv(espc) @ qualify(mkeenv(espe); Local)
def

mklocaleenv(vy; defs) mklocaleenv(localespcs(vy; defs))

def

mklocaleenv(7; decls) mklocaleenv(localespcs(7; decls))

e | haslocaleenv(eenv; vy; defs) ‘ ’ haslocaleenv(eenv; 7; decls) ‘ Specifies that
eenv contains all the locally defined entities and, moreover, that this subset
is disjoint from the remainder of the environment.

eenv = mklocaleenv(vy; defs) & eenv’
Veref € dom(eenv’) : eref # Local.x

de
haslocaleenv(eenv; vg; defs) <  Jeenv’ :

-

def

- eenv = mklocaleenv(7; decls) @ eenv’
haslocaleenv(eenv; 7; decls) <  Jeenv’ : (7 )

Veref € dom(eenv’) : eref # Local.

. ’mkphnms(espc)‘ Get the set of all physical names mentioned by the
espc.

mkphnms(espc) = {[ident(espc)]x | x € allnames(espc)}

mkphnms(espc) = U.gpeeespe Mkphnms(espe)

o | cenv @ eenv || eenv L eenv Merge two entity environments.

f
eenvy @ eenvs L {eref — phnm | eref — phnm € eenvi or eenvs};

(locals(eenvy) & locals(eenvs))

def
eenvy L eenvy < locals(eenvy) L locals(eenvs)

o | ecenv(eref)| Look up the (single!) physical name referred to by eref in
the environment.

eenv = {eref + phnm, eref’ — phnm'}; espe,

eref & eref’

eenv(eref) Lof phnm  where {
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e | eenv(eref) = phnm : espc‘ Look up the (single!) physical name referred
to by eref in the environment, and also extract the relevant local espc from

the eenwv.

espc € locals(eenv),
eenv(eref) = phnm : espc & phnm = eenv(eref),

phnm € mkphnms(espc)

e | rng(eenv) Get the set of all physical names that entities in the envi-

ronment refer to.

rng(eenv) def {phnm | eref — phnm € eenv}

e [espc € L(p)||espe € L(p)| Checks that the given export specs are pro-
vided and visible in a logical context. The latter checks that those are all
the export specs provided.

espc € L(p) PEJ - (X1 ; espc, espc’ 3 V') where (p — voT) € L
espe € L(p) EEJ - {x1 ; espe ; V') where (p — vaf) € L

. ’ name(dspc) H name(espc) H name(def) H name(decl) ‘Get the name of some

entity.
def

name(data T kenv) = T i def

—, def name([v]x(X')) =

name(data T kenv = K typ) = T def

def name([v]x) =

name(z:typ) = =

def
—— def name(data T kenv) =
name(data T kenv = K utyp) = T —— def
def name(data T kenv = K utyp) =
name(z [:: utyp] = uexp) = =« def
name(z :: utyp) =

. ’ names(dspc) ‘ ’ names(espc) H names(def) H names(decl) ‘ Get the subordi-
nate names of some entity, such as data constructors or class methods.

names(data T kenv) L

— 4t names([v]x(X') < {¥)
names(data T kenv = K typ) = {K} names([v]y) undefined
names(x :: typ) undefined

— — names(data 1" kenv
names(data T kenv = K utyp) def {K} ( )

names(x [:: utyp] = uexp) undefined names(data T kenv = K utyp)

names(x :: utyp)

. ’ hasSubs(dspc) H hasSubs(espc) ‘ ’ hasSubs(def) ‘ ’ hasSubs(decl) ‘ Determine
whether an entity has subordinate names.

def

hasSubs(data T' kenv)
hasSubs(data T kenv = K typ)
hasSubs(z :: typ)

true e
ot hasSubs([v]x (%)) < true
= true def
o hasSubs([]y)
= false

false
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hasSubs(data T kenv) = true
hasSubs(data T kenv = K utyp) = true
hasSubs(z :: utyp) ' false

hasSubs(data T kenv = K utyp) ' true

hasSubs(z [:: utyp] = uexp) ' false

. ’allnames(dspc) allnames(espc) ‘ ’ allnames(def) ‘ ’ allnames(decl) ‘ Get the

set containing the name and any subordinate names of the given entity.

{name(A)} Unames(A) if hasSubs(A)

for A = dspc, , def , decl
{name(4)} otherwise o 5pe, espe, def, dec

allnames(A) e {

nooverlap(def) || nooverlap(decl) | Get

e | nooverlap(dspc)

nooverlap(espc)

the set containing the name and any subordinate names of the given entity.

nooverlap(4y,...,A4,) W ovije [1..n]s.t. i % j: allnames(A;) # allnames(A,)
for A = dspc, espc, def , decl

° ’ def T dspc H def C espc H dspc C espc H espc T phnm ‘ This relation spec-

ifies that two core entities are syntactically similar; that a definition
syntactically matches a specification, that a specification syntactically
matches an export specification, and that an export specification matches
a physical name. This is a very weak statement; for example, the relation
includes the pair

z:Int =5 C x: [y]Bool

despite its obvious differences.

data T kenv = K utyp data T kenv = K utyp

def C decl c
x [ utyp] = vexp T x::utyp
data T kenv C data T kenv
data T kenv = K utyp T data T kenv = K typ
zuutyp T xotyp
data T kenv C  [v]|T()
data T kenv =K typ T [V|T(K)
zutyp C [z
X) E [x
= oh Ix(X') E
Vix T Dbl
def C espc &f ddecl, dspc : def T decl E dspc E espc

decl C espc &f ddspc : decl E dspc C espc

. ’ validspc(dspc; m) ‘ States whether this specification is valid in a module

type with the given polarity. This is required because not all kinds of
specs are valid in both modules and signatures.

validspc(dspc;m) =

def false if m =+ and dspc = (data T kenv)
true otherwise
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6 Semantics

The static semantics are split into two distinct phases (per-package), shaping
and typing.

e Shaping characterizes structural well-formedness of a package: do the
module-level imports make sense, what are the names of the code entities
that each module defines, what are the module bindings in each package,
and, most importantly, what are the identities of the concerning modules
and the provenances of the concerning code entities. No Haskell-level type-
or kind-checking is performed.

e Typing characterizes traditional well-typedness of the code entities defined
in a package. Given a shape that describes the identities of everything,
type-check the Haskell modules.

6.1 Shaping

(SHPATH2)

AR M < L (SHPATH1) e do~m(F) donjp(l“) 70
Ll-p= (0; M) Ll-p= (0;T.p)

e If p is directly bound in the context, use that. Otherwise, assemble a signature
for the subnamespace.

Divie M :7 v = mkstamp(M;T)
T IF [M] = (v:7+; vaT)

(SHMoD)

a, B fresh f;ﬂb[s”*&?‘i’ff espee T W(SHSIG)

28] = ((a:67,®s); ad)

=
?

A;TIFB=E

TIFE=YX
= — (SHBIND)
A;TIFp=FE = cons(p; 2)

afresh (P:VazZ;))eA FE LyE, 5= shape(rename(r; Z2))
A;T IFinclude P t r = =3

(SHINC)

AlFB=Z; ¢

ATosg i OINT)

AFB =556 AEFB=E F5+5=5¢
AlF By, By = E; ¢/¢

(SHSEQ)
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6.2 Typing

[;Ypg F E: %~ deap

P MeT (TyPatnl) P ¢~dom(F) dom,(T") # 0
[ Spg b o (0; M) ~ {} T Yok Fp i (0;T.p) ~ {}

(TYPATH2)

Tivgbe M 7~ hsmod
[ (®; vp07) F [M] : (vo:7F; vpaT) ~ {1 +— hsmod}

(TyMob)

7k S ; Dy 0”1 &,
]T 27 i (TySic)

[ (®; vp07) F [:8] : (vp:0~ @ By ); vp@0) ~ mkstubs(vg; o; B, )

AT Zpkg - B : Z ~ deap

T Epgp - B X~ dexp
AT épkg Fp=FE:cons(p;X) ~ dexp

(TYyBIND)

@fresh (P=Xa.dep : VaE)e A +E-57
Z =rename(r;Z')  FEng <z E'~¢ @ =andom(Z.P)
A;T;Z g Finclude P ¢ 7 : apply(¢; Z) ~ ¢*(filter(dexp; Z'))

(TyINC)

e The first premise looks up the type of P in the context, =.

=/

e The second applies thinning to E, resulting in the type =’ (with unnecessary
stamps and bindings dropped).

e The fourth premise matches the context shape épkg against the thinned and
renamed shape Z”, producing a unifier for the variables @, ¢.

e The fifth premise applies the substitution ¢, which maps the variables @ into
their expected identities from the context shape, to the thinned and renamed
type Z, and then simplifies/merges it into the final type ="’. This is necessary
since the substitution might result in duplicate typings in the stamp context for
various stamps.

e The elaboration filters the contents of the package, dexp, to only those stamps
still in use after thinning.

A;épkg F B :Z ~» dexp

= (TYNIL)
A; Epkg I_(D (07 (D) ~ {}

[1]x

A;Bpg - B1 i E1 ~ dexp;, AjE1;Spkg E Ba 1 Eg ~» dexp, B Lo

A;Zpg b Br, Byt B © By ~ deap, @ dexp,

(TYSEQ)

A+ D :Va.Z ~ \a.dexp ‘
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Ir
[T

AFB=Z;¢ Epg= N = dom(Z'.®)
A;Zpg b B Z ~ dexp FE L= {a} ={a | a e N}

— — (TYPKG)
A+ package P t where B : Va.=' ~~ \a.(dexp|n+)

e The first premise computes the shape of the contents of the package (before
thinning). It produces a shape, a definite substitution, and a set of constraints
that must hold (under that substitution). The third premise verifies the latter
condition.

e The second premise actually types the module contents.
e The fourth premise thins the type of the contents accordingly.

e The resulting type is the thinned contents’ type, generalized over the free stamp
variables.

e The elaboration filters that of B to only the necessary stamps (files) 7 (v*,
resp.), and then generalizes over the free variables (signature files).

A+D
AF D :Va.Z ~ \a.dexp
(TyDNIL) A, (P = )\a.dexp : Ya.E) + D’ (TyDCons)
—— (TYDNIL — Y N
AFD AFD,D
6.3 Auxiliary definitions
Matching Judgment F épkg <gE~¢

[1]x

dom(¢) = {a} fv(¢) # pke < apply(¢; shape(Z))

e This declarative judgment is implemented algorithmically like that of F-ing Mod-

ules:
lookup,(Z; Z) Lef lookup,, (Z; Z)

lookup,, ((®; £); (®; £)) Y foarr” € ®and pr aer’ € L and p s vai € L

ot €® vim e d
v & Ay def p— aar €L p—vai' € L

lookup,s ((®; £); (®;£)) = vy if x:espc € T and x:espc € T

ident(espc) = 8 ident(espc) = vy
apply(¢; @)

apply(¢;0) <= 0
apply(¢; (v:7™, @')) (¢v):(¢7)™ @ apply(¢; ')

Q
Ile;
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O Lwfl|DIFLwf

DIF7Fwf B) <7
= = (WFSHLOGSIG)
DIk p— ver wf

= wf||dIF= wf
O wf DD L wf I wf DD I L wf
— (WFSIG) —
@F(CI);E)Wf (I)”‘((D/;ﬁl)wf

OFTwf Pw)<T (WrLocSIq)
F I
d+Fp—=wvar wf

(WFSHSIG)

The definitions below are defined exactly as in IL. They’re listed below for
posterity.

& wf||dIFdwf

®LP PP P specswf PP F P exports-wf DD P+ D deps-wf

SED Wi (WFPHCTX)
PLPY PP I+ SE)ecs—le O @ P I P exports-wf (WrSHPHOTX)
@ - P wf
® F & specs-wf ’ PI-d specs—wf‘ ’ N specs—wf‘ ’ ® I+ 7™ specs-wf
d - &' specs-wf Y vprm e @ oF specs-wf
P I- ® specs-wf & ovprm e d: dIFFm specs-wf
nooverlap(dspc Vdspc € dspc: @ dspc wf A validspc(dspe; m
p(dspc) p pe: OFdsyp pc(dspe; m) (WrSpES)
O+ ( dspc ; espe 3 U )™ specs-wf
nooverlap(dspc Vdspe € dspc: I+ dspe wf A validspc(ds; c;m
p(dspc) p p p pc(dspe; m) (WrSHSPECS)

o I- st})c ; espe 3 U)™ specs-wf

’ PP exports—wf‘ ’ O I-d exports—wf‘ ’ dFT exports—wf‘ ’ ® I+ 7 exports-wf

® - & exports-wf W ovprmed : b7 exports-wf

€

P I @ exports-wf & V™ e @' : P |- 7 exports-wf

—

(o}
—h

nooverlap(espc) Vespc € espc: @ F espc wf

— (WFEXPORTS)
O+ ( dspc ; espe 3 U ) exports-wf

nooverlap(espc)  Vespe € espe : @ I espe wf

— 4 (WFSHEXPORTS)
@ IF {dspc ; espc ; U) exports-wf

® + & deps-wf|| D F v:7™ deps-wf
| | |

O @ depswf & Vuirm e ' @b vir™ deps-wf
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imps(7) C dom(®)  provs(r) C {v} U (Uy,eimps(ﬂ dependsg (V') U {;ﬂ})
DeEpPsM
@+ v:7T deps-wf (WrDEPSMOD)

imps(7) =0
® F v~ deps-wf

(WrDEPSSIG)

O 7 wf||®IFFwf

nooverlap(dspcs)  Vdspe € dspes : @ b dspe wf
nooverlap(espcs)  Vespe € espes : @+ espe wf
{7} C dom(®)
WrMoDTYP
O F ( dspes 5 espes 3 U ) wf ( )

nooverlap(dsi)cs) Vdspe € dspes : @ IF dspe wf
nooverlap(espcs)  Vespe € espes + @ I espe wf
{7} C dom(®)

= = (WFMODSH)
O I+ (dspes 5 espes 3 U wf
® + dspe wf || @ I dspe wf
D; Ok typ =2 *
— (WFVAL —— (WFVALSH
@F(z::typ)wf( ) (I)H—.Z‘Wf( )

WFrDATAABS =—————— (WFDATAABSS
<I>}—dataTkem;wf( FDATAABS) @IFdatawa( FDATAABSSH)

D; kenv k¢ typ 2 *

(WFDATACON)

— (WFDATACONSH)
® F data T kenv = K Typ wf f

P IF data T(K) w

® F espe wf||® I espe wf

dspcg, espcy € P(ident(espc dspcy C espcy < espey < espc
peo, espey € P(ident(espe))  dspey E espepy < espey < esp (WrESPC)
D F espc wf

dSNC,ESC € (ident(espc dspey T espely < espey < espe
DCo, €5PCy ( (Iz)) PCo = €5PCy = €5pCy = €SP (WFSHESPC)
® IF espc wf

’@; kenv k. typ knd‘

(a::knd) € kenv
®; kenv k. a :: knd

®: kenv, kenv' k. typ o *
(KNDVAR) : (KNDALL)
D; kenv k. (forall kenv'. typ) :: *

kknd(®(v)(T)) = knd -> knd"  ®;k K typ :: knd
mkknd(®(v)(T)) = kn nd Oikenvle typ sihnd oo aron)
®; kenv . ([V]T typ) :: knd

mkknd(data T a:: knd) e Fnd -> *
mkknd(data T a:knd = K fyp) = Tnd ->*
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6.4 Thinning

Thinning filters out undesired and unnecessary modules from a package signa-
ture. A thinning spec (p) says that the paths p are desired. All identities that
the modules identified by p depend on must also be named by a logical path in
P.

t

FE—

(1]
(1]

—
—
—

(®:£) N=U,

_ e({£(p)} U depends, (£(p))
= = (e ® |veN) Ly

) Vwir~ € 2 locatedz (V)
p

L= @

e The second premise gathers up the transitive closure of necessary stamps, start-
ing with the stamps indicated by paths p, into the set V.

e The third premise asserts that the resulting type, Z’, is gotten by filtering the
physical context ® to include only those stamps in N and by filtering the logical
context £ to include only the paths p.

e The final premise checks that every hole in the signature is located, i.e., that
there is some path in p that points to this hole or that points to another hole that
depends on this hole. Without this premise, we might get a thinned package
that has holes that have no p by which to implement them!

e Note that we require that the paths p all be atomic; i.e., they cannot mention
subnamespaces. We would not want this to be the case in a surface language.

e UPDATE: At the time of publication of the POPL’14 paper, there was a bug
in this definition. It was not properly checking that every hole in the result is
located by some path. It has been fixed on 19 March 2015. Thanks to Edward
Yang for pointing out this glaring problem! (Soundness proof did not catch the
bug since it concerned completeness rather than soundness.)

dependsg (V) = dependsg (V) where v € dom(®)
dependsg. () 0 where v € N, v € dom(®)
dependsg, (1) e Nu (UV ren dependsg. () 1/’))
where » & N, N’ = provs(7) Uimps(T) %f vttt e d
N’ = provs(T) ifvir-e®

e The dependsg(v) function merely computes the reachability set on the graph
whose nodes are identities in ® and with an edge (v,v’) if

V' € provs(t) Uimps(r) ifvitt € ®
v’ € provs(T) ifvir- e ®

provs({ dspc 5 €spc ; U )) def (Udspcem provs(dspc)) U {ident(espc)}

provs(data T kenv) ey

provs(data T kenv = K typ) & U

wpeis Provs(typ)

provs(x :: typ) Lef provs(typ)
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provs(a) ECI)
provs(forall kenv. typ) def provs(typ)

def

provs([V]T" typ) {v} UUsypemgp Provs(typ)

imps({ dspc s espe ;7)) < v

e The located=(v) function asserts that there exists some p in = that points to a
hole v, and that either v is a hole that v, depends on or it is v, itself. In other
words, we can implement v by linking an implementation for the hole v, (via
p)-

def

|OCated(<p;g)(V) & E'p, Vp, €spe : ( pOI(q)(Vp)) = — VAN p = vpQTy € L A )

(v=vp V (espc € T, A ident(espc) =v))
6.5 Algebras for semantic objects

6.5.1 Partial merge operations and their definedness

def

E1®Ey = (P10 Dy L1 DLy
E1 = (P1:4)
where { = = (D L)

(D1:L1) L (D;L2) & Dy Ldy A £y L Lo

de

n

p—ver, L}, L),

Ly = pevven,Ll]
Lo = prvar, L)

= T1 DT

dom(L}) # dom(L%)

def —var € L
L1l L, & Vp, v, T1,To : p ! ! =7 L7
p— vaTy € Lo
def —
DD, = virm, P D,

O = v, P

Oy = vy, P
where -2 2 2
T = BTy

dom(®}) # dom(d})

vim™ e Oy
l/ITQm2 € (I)Q

def

® L Py & VYV, 71,72, M1, Mo : ( ):TlmlLTQmQ

_ —  def _
T d1y = (n®T)
— def .
mern = o1 ifn<n
—  def .
merny = 1 ifn<n
def .
mern T o1 ifn=mn
mi,mg = —,— = 71 L7
def miy,mg=—,+ = T <T
7.17711 J_7-2m2 & 1, 7702 ) 2 x7T1
mi,mg=+,— = T <7
miy, Mg = +,+ = T1 =T



—e+ = 4
ro- & o4
mom def m

(dspey 5 espey 371 ) @ { dspey s espey 37 ) (dspe s espe ;7 )
dspc dspc, @ dspey

espc = espcq D espcy

nooverlap(dspc) A nooverlap(espc)

{7y = {mmyu{m} = {71} or {In}

where

dspey L dspe,
espcy L espey

(dspey sesper s o1 ) L { dspey s espc; 572 ) S { nooverlap(dspe; @ dspey)
nooverlap(espc; @ espcy)

{ri} u{m} = {1} or {7}

—— o def S 7 7
dspcy @ dspey = dspe, dSPC/fa dSPCIQ/ espcy & espcy def ‘espc, espcl, espc’Q’
dspc, = dspch, dspcl espc; = espch, espcl
d = dspcy, dspcy espc, = ! g

where SpCy - spc?7 SpCy : where €5pCy = espc/27 espcy :

dspc = dspcy @ dspc, espc = espcy D espcy

name(dspcY) # name(dspcy ) mkphnm(espcy) # mkphnm(espcy)

name(dspc;) = name(dspcs,)
dspcy € dspcy N dspey € dspe,

def

dspcy L dspcy, & Vdspey, dspes : ( = dspc; L dspeqy

mkphnm(espc,) = mkphnm(espc,)

= espcy L espc
espc; € espc; N\ espcy € €spcy ) e pez

. def
espc, L espcy & Vespcy, espey - (

(data T kenv) ® (data T kenv = K typ) = data T kenv =K typ
(data T kenv = K typ) ® (data T kenv) = data T kenv =K typ
dspc

dspc @ dspc

dspcy, dspey = (data T kenv = K typ), (data T kenv) V )

def
dspc, L dspcy & dspcy = dspcy V —
Pe P P pea ( dspcy, dspcy = (data T kenv), (data T kenv = K typ

~

pIx(x) @ vIx(xe) = [Ix(X)  where {X'} = {Xx1} U {Xz}

ident(espc,) = ident(espcsy)
espcy L espey « name(espc,) = name(espey)
hasSubs(espc,) = hasSubs(espcs)

-

26



6.5.2 Partial order (induced from merge)

( dspcy, dspcy ; €spey, espc) 3 1 ) < { dspey, 3 €3pey 5 Vo )
def
=

dspey < dspey N espey < espey A {1} 2 {72}

(data T kenv = K typ) < (data T kenv) E always

dspc < dspc 4! always

def

Vix(x1) < Wix(x2) <= {xa} 2 {x2}
vlix < [v]x o always

6.6 Unification for semantic object shapes

e Merging of two composite signature shapes. The merging of logical con-
texts produces a substitution ¢. The physical contexts are then merged

after applying ¢. ’ 242 = 5, ¢‘

IFLi+Lo=L; ¢ = apply(p; D1) @ apply(¢; P2)
Ik (®1;L1) + (Po2; L2) = (D5 £); ¢

e Merging of two logical contexts. ’ FL+L=L; ¢‘

dom(Ly) # dom(Ly)
[+ El +£~2 = 21,22; id

unify(y = o) ~ ¢ Ik @F + dfa = 71 ¢ I FOLy + ¢ PLy = L; ¢
- (p = viaFy), L1 + (p > vaaTs), Lo = (p = (¢"¢'v1)a(¢"7)), L; ¢"¢'¢

e Merging of two module shapes. The unification occurs in the provenances

of the export specs. ’ F74+7 =7 ¢‘

~ / ~
name(dspc,) # name(dspcy)  name(espc)) # name(espch)
dspe = dspe, ® dspe, |- €spe; + €spe; = €spe; ¢ vy = {ér1} U {gin}

- — 0
. R -
71 = (dspcq, dspey 5 €spey, espe 5 U1

- — -
. R i
To = {dspcy, dspey 5 €Spes, espch 3 T3

-7+ T = 4ds~pc ; espc, espe, espch 5 U ¢

’ I espc + espc = espc; gi)‘

Ik espeq + espey, = espe; ¢ I despc + dpespcly = espe’; ¢
) + 0=0; id Ik (espcy, espcy) + (espey, espeh) = (espe, espc’); ¢'d

’H— espc + espc = espc; qﬁ‘

unify(v1 = 1) ~ ¢ unify(vy =v2) ~ ¢ {X'} = {X1} U {Xa}
= [vilx + [v2lx = [ov1]x; ¢ = [1x(X1) + [elx(X2) = [ovilx(X'); ¢

27



7 Internal Language

7.1 Syntax
(source names) f.g € ILModNames
(source expressions) fexrp = hsmod | —
(source types) ftyp = { dspc s espe s [ )
(typed source expressions) tfexp = fexp : ftyp
(directory expressions) dexp == {fw— tfexp}
(file environments) fenv = fiftyp™
(file name replacements) ¢ w= {f =g}

e EL physical module contexts are isomorphic to file environments whose file
names all lie in the range of the translation function (—)*. Similarly with
EL module types and source types, and EL identity substitutions and file
name replacements. We implicitly rely on this isomorphism by not dupli-
cating definitions which are “parametric” in the identity/file names, like
all semantic object well-formedness judgments and algebraic definitions.

e Coercing a directory expression into a file environment:

mkfenv({f + fexp : ftyp, f' > tfexp'}) def mkfenv({f’ + tfexp’}), f:ftyp
mkfenv({}) )

e File name replacement in various syntactic forms. Replacement on file
names, source modules, file types, and file expressions is straightforward
as there are no binding sites and thus no concern for capture. Replace-
ment on directory expressions is trickier since we must recursively merge
each substituted file into the rest. (Consider what happens when a dexp
containing two files/file names get substituted with the same name.)

(f=r.g=g}  f where f¢7g
(=g} € f where f¢7

o} < {8
o{f > tfexp, f'— tfexp’y = {of — otfeap} ® o{f > tfexp’}

e Note that we require this operation to respect translation:
o' ()= (9()”

e Merging of (typed) file expressions, file types, entity specs, export specs,
directory expressions, directory types, and file environments.

(hsmody : ftyp,) @  (hsmod : ftyps) = hsmody : ftyp,
(hsmod; : ftyp,) @ (= : ftypy) ©f hsmod; : ftypy
(—:ftypy) @ (hsmods : ftyp,) = hsmods : ftyp,
(= ftypy) @ (= fypy) = = (fypy © ftyp,)

where ftyp, = ftyp,
where ftyp, < ftyp,
where ftyp, < ftyp,
where ftyp, L ftyp,



def

dexpy ® dexpy = {f v (tfexpy @ tfeap,), f1 > tfeapl, fo rr tfeapy}
dexpy = [ teapy, fi = tfeap)
where dexp, = [ tfexpy, fo > tfexpl
fi# fz

° Filtering a directory expression.

dexp|p def {f > tfexp € dexp | f € F'}

. ’ alias(impdecl) ‘ ’ aliases(impdecls) ‘ ’ aliases(hsmod) ‘ The name or names

of module name aliases on imports.

alias(import [qualified] f as f’) def f
aliases(impdecls) def {alias(impdecl) | impdecl € impdecls}

aliases(module fy expdecl where impdecls; defs) def aliases(impdecls)

. ’ imp(impdecl) ‘ ’ imps(impdecls) ‘ ’ imps(hsmod) ‘ The name or names of

imported modules.

imp(import [qualified] f as f’) = f
imps(impdecls) {imp(impdecl) | impdecl € impdecls}

def

imps(module fy expdecl where impdecls; defs) imps(impdecls)

7.2 Semantics

° Directory expression typing. Truncate a directory expres-

sion into an environment by stripping away module source files, and then
type check each source file in that environment. Like doing GHC type
checking if all modules already had a binary interface file.

The dexp resembles a recursive module and its constituent ftyps its for-
ward declaration, which might itself be a recursively dependent signature
(r.d.s.). We proceed as in RMC by checking the well-formedness of the for-
ward declaration and then checking the module contents with the forward
declaration as an assumption.

fenv' = mkfenv(dexp)  fenv b fenv' wf
Vf € dom(dexp) : fenv @ fenv'; f - dexp(f)

fenv F dexp

(ILTYPDEXP)

. ’ fenv; fo tfexp‘ Typed file expression typing. For source files, resolve

the imports to particular files and types in the environment, and then
type check the file. The inferred type of the file (from GHC) must check
against the given type.

name(hsmod) = fo  fenv H hsmod : ftyp

fenv; fo b (hsmod : ftyp)

(ILTyPHSMOD)
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fenv = ftyp wf
Jenvs fo = (= : ftyp)

(ILTYPSTUB)

7.3 Core Language

e | fenv HF impdecl ~ eenv Resolution of an import declaration into an

entity environment.

fenv; f HX impspec ~~ espc
eeNUpase = Mkeenv(espc)  e€nvgual = qualify(f'; eenvpase)

fenv HE (import f as f' impspec) ~ (€€nvpase © €€Mvqual)

fenv; f HE impspec ~ espc
eeNUbase = Mkeenv(espc)  eenvqual = qualify(f’; eenvpase)

fenv HY (import qualified f as f’ impspec) ~ e€nvqual

o | fenv; fo KX impdecls; defs ~ ecnw Resolution of all the imports of a

module, along with the naming of the locally defined entities.

Vi€ [1.n] : fenv K impdecl; ~ eenw;
eeMVimp = D1, €€ e€hvioc = mklocaleenv(fo; defs)

— — - - - (ILEENVRES)
fenv; fo Y impdecly, . . ., impdecl,,; defs ~ (e€nVimp & eenvioc)

° ’ fenv; f HX impspec ~ espc| Resolution of a single module’s import spec-

ification. Note: This is different from EL since fewer import spec forms.

fenv; f HE import ~ espc

fenv; f HE Gimport) ~~ @esvpce?pc{esvpc}

o | fenv; f HX import ~ espc ‘ Resolution of a single entity import.

espc € fenv(f)  espc = [f']x
fenv; f HE x ~ espe

— Differs from EL in that it must be an entity with no subordinate names.

espe € fenv(f)  espc < espc’ = [f']x(X)
fenv; f R x (X)) ~ espc’

o | fo; eenv K- expdecl ~ espcs ‘ Resolution of module exports.

Vi € [1.n] : fo; eehw B export; ~ espe;
espes = @;er. ,{€spe;}  nooverlap(espes)

fo; eenv HE Cexporty, . .., export,) ~ espcs
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e | fo; eenwv B export ~~ espc|  Resolution of a single entity export. The

notational use of eenv as a mapping requires that the given ervef maps
to only a single physical name. NOTE! In the IL, only a single espc is
gotten from this judgment.

Haskell permits export of subordinate names without their owning names
in the case of class methods. We don’t currently allow this because every
exported entity must have its own espc, but a class method does not! We
could perhaps add such subordinate names as their own espcs (without
subordinate lists).

eenv(eref) = [f1x : [f]x
fo; eenv HE eref ~- [flx

(ILEXPSIMPLE)

— If the exported entity has no subordinate names, then it gets a normal
export spec.

eenv(eref) = [f]x : [fIx(X>X")
fos eenv HE eref (X') ~ [f]x(X)

(ILEXPSUBLIST)

(Deliberately removed rule for when an eref refers to a name with subor-
dinates.)

(Deliberately removed rule for elided subordinate names.)

(Deliberately removed rule for module export.)

7.3.1 Augmented environments in IL

With the augmented entity environments there is not a direct translation from
EL to IL definitions because the IL aenv contains a full fenv, rather than some-
thing corresponding to ®. The semantics are copied below, but the only other
change lies in the eenv mapping judgment, which no longer requires that “self”
entity references have a local identity.

. ’ aenv H eenv wf ‘ Determine whether the physical names in the range of

the entity environment are indeed exported from their defining modules,
or from a local definition. Also check that the locally available export
specs all make sense.

. . aenv FF espc wf
Vespc € eenv : j 5
wew B como w4t mkphnms(espc) C rng(eenv)
0 . .
. - aenv H- eref — phnm wf
Veref — phnm € eenv : o€ fp
phnm € mkphnms(locals(eenv))

e [acnv HE eref — phnm wf| Determine whether the physical name in the

range of the mapping is indeed exported from its defining module, or from
a local definition. 5
eref = x or f.x
aenv K- eref — [f]x wf
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e | acnv H" espe wf ‘ ’ aenv B espc wf ‘ Check that a locally available ex-

port spec is well formed with respect to a local definition and/or a spec
in the context.

espc, = locmatch(aenv; espe)  espe, = ctxmatch(aenv; espe)  espe, ® espe; < espc

ST
aenv FF espc wf

espe, = locmatch(aenv; espc)  noctxmatch(aenv; espe)  espcy < espc

ST
aenv F espe wf

nolocmatch(aenv; espc)  espc; = ctxmatch(aenv; espe)  espe; < espe

SRR TR
aenv H" espc wf

- < d f ~ - < ~ ~
aenv Ik espc wf S Vespe € espe : aenv H" espe wf

. ’islocal(aeﬁw; es})c)‘ islocal (aenwv; phnm) Is the given entity’s identity
the same as the local module? Or, in the case of signatures, is this entity

one of the locally specified ones? (This does not check for a matching
definition/declaration; it merely looks at the identity.)

islocal((fenv; fo; defs); espc) &f ident(espc) = fo
def

islocal((fenw; fo; defs): [flx) € f=fo

. ’ locmatch(aenv; espc) H ctxmatch(aenv; espe) H nolocmatch(aenv; espe) H noctxmatch(aenv; espc) ‘
Find a matching export spec in the context or the local environment.

islocal(aenv; espe),
locmatch(aenv; espe) Lof espc’ if Jdef € aenv.defs : def T espc’,
espc’ L espe
ctxmatch(aenv; espc) = espc if es:pc: < ae?zv.fenv(ident(esj)c)),
espc’ L espc

nolocmatch(aenv; espc) &f i5Iocal(aIeh1{; estC)v ~ - y .y .

Vespc', def € aenv.defs : def T espc’ = espc’ [ espc

de

noctxmatch(aenv; espc) & Vespc' € aenv.fenv(ident(espc)) : espc’ L espc

—h

7.4 Elaboration definitions

o |refs) (eref) ‘ ’ refs; (eenv) ‘ Translation of entity references in Haskell

programs. This extends to a function on any syntactic category that
contains eref. Note that it is injective since p € Paths and v* ¢ Paths for
all v. On entity envs it acts as such on the erefs but as (—)* on the rest.

refsy, (x) =y
def

refs, (p-x) = px
def

refs;, (Local.y) = (v0*).x

refs; (eenv) o {refs; (eref) — phnm™ | eref — phnm € eenv};locals(eenv)”
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e | mkmod(L; eenv; vg; impdecls; defs; espes) ‘ Module patching. Translates
an EL module into a directory expression containing a single, plain, IL
module. Rewrite the logical imports to the identities’ names; limit what
entities are imported from each module; and limit what entities are ex-

ported.

mkmod(L; eenv; vo; impdecls; defs; espes)
def

module vp* mkexpdecl(espes; eenv) where
mkimpdecls(L; impdecls)

refs; (defs)
mkexpdecl(espcs; eenv) def ((mkexp(espc; eenv) | espc € espes))

mkexp([v]x; eenv) refs;, (eref) where [v]x E eenv(eref)

mkexp([v]x(X'); eenv) = refs; (eref) (X') where [V]x(X') C eenv(eref)

The existence of such a eref is proven for all espc resulting from export
resolution.

mkimpdecls(L; impdecls) e (mkimpdecl(L; impdecl) | impdecl € impdecls)
mkimpdecl(L; import [qualified] p impspec)
def import [qualified] £*(p) as p mkimpspec(L; p; impspec)

mkimpdecl(L; import [qualified] p as p’ impspec)
def import [qualified] £L*(p) as p’ mkimpspec(L; p; impspec)

mkimpspec(L; p; 0) (mkentimp(espc)) if ‘espc € L(p)

def
lef

mkimpspec(L; p; (import)) (mkentimp(L; p; import))

mkentimp(L; p; x) Lf mkentimp(espc)  if {;S]:ri\nft(e]()lspc)
espc € L(p)

mkentimp(L; p; x (. .)) def mkentimp(espc)  if X = name(espc)
hasSubs(espc)

mkentimp(L; p; x (X)) e XD

mkentimp([v]x) & X
. _ def _
mkentimp([V]x (X)) = x&X
Note that instance declarations won’t have names, so we need some new
GHC magic to allow us to explicitly import and export them.

o | mkstubs(®)| Converts a module context of all signatures into a set of

IL stubs. ot
mkstubs(v:it-) = {vF— —:7*}
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o | P - D ~ dexp ‘ ’ F (vir™) ~ (f — tfexp) ‘ Relate the EL context ® to
the IL term dexp. Essentially, this shows a direct correspondence between
a module type in ® and a file in dexp. Due to the way imports are
elaborated, this is not merely checking for direct syntactic equivalence.

Dy FOwWE D =wvim™ L T
(I)ctx*'_dexp demp:{fl Htfexpl,...,fn»ﬁtfexpn}
Vi e [l.n]: b (vpm™) ~ (fi = tfexp;)

Py F P ~ dexp

vi=Ff T =ftyp
F (™) ~ (f = = ftyp)
v =f 1 =ftyp hsmod = mkmod(L; eenv;v; impdecls; defs; espcs)
F (v:mT) ~ (f = hsmod : ftyp)

— The last premise says that the term was the result of our elaboration. This
is needed to show that any (translated) identity substitution is valid on
this term.

Part 11
External language metatheory

8 Hauptsatze

Theorem 1 (Regularity of EL typing). Assume I' = (®; L), where applicable.

(1) TP-T wfand T;p ke M : 7 and ® L vo:7", then @ b vp:7+ wi.

(2) If - T wf and T;7 & S ~ 0;®, and ® L &, and ® L vg:o~, then
PF P, wfand & ® ¢, F vg:o~ wf.

(3) I O-T wfand T; X - E: ¥ and @ | X.®, then ® - ¥ wf.

(4) If - A wf and 0F T' wf and A;F;épkg FB:ZandI" L Z, then ® - = wf.
(Proof uses reg on F; subst invariance on Z wf; weakening on = wf; wi-
preservation of thinning (Lemma 8); and wi-preservation of path manip
(Lemma 11).)

(5) If H A wf and A; épkg F B : Z, then 0F Z wf. (Proof, by induction, uses
reg on Bj itself; and cut (Lemma 7).)

(6) If - A wf and A - D : Va.E, then - = wf. (Proof uses reg on B and
wi-preservation of thinning (Lemma 8).)

Theorem 2 (Soundness of the elaboration). Assume I' = (®; £), where appli-
cable.

(1) O T wfand T;u ke M : 7 ~ hsmod and ® L vg:7", then ®* B hsmod :
7*. (Proof follows from Lemma 115 and Lemma 118.)

(2) If O T wf and T ipkg FE:Y~ dexpand ® | 3.0, then ® - X.® ~ dexp.

(3) If = A wf and @ T" wf and A;F;épkg FB:Z~ dexp and I' L Z, then
P F =0~ dexp.

(4) If - A wf and A;Zpg F B : Z ~ dexp, then O Z.& ~ dexp.
(5) If F A wfand A+ D : Va.ZE ~ \a.dezp, then - Z.& ~ dexp.
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9 Judgmental properties of classifiers

Lemma 3 (Weakening physical context preserves well-formedness). Suppose
D L Dyy.

(1) If ®; kenv k¢ typ :: knd then ® @ Dw; kenv . typ :: knd.

(2) If ® F dspc wf then ® @ Dy + dspe wi.

(3) If @ F espc wf then & @ Py - espe wi.

(4) If & F 7 wf then ® @ Dy F 7 wf.

(5) If ® - &' specs-wf then ® @& Oy - O specs-wf.

(6) If ® - & exports-wf then ® @& Dy - &’ exports-wf.

(7) If ® - &' deps-wf then & & Py F @’ deps-wf. (Proof uses antitonicity of
depends [Property 49] and Property 60.)

(8) If F &' wf and @' L Dy, then & & Dy - P’ wf.

(9) If @+ £ wf then ® @ Py + L wi.
(10) If @ - = wf and 2.9 L Py, then & @ Dy F = wf.

Lemma 4 (Merging preserves well-formedness). Suppose ®; 1 ®5.
(1) If validspc(dspcy;my) and validspc(dspey; me) and dspe; L dspe,, then
validspc(dspcy @ dspey; my @ ma).
(2) If @1 F dspc; wf and @y F dspe, wf and dspe; L dspey, then @1 @ $o H
dspcy @ dspcy wi.
(3) If &1 F espcy wf and @5 F espey, wf and espe; L espe,, then & ¢ $y F
espe; D espey wi.

(4) ¥ &1 F 7 wfand &3 F 75 wf and 71 L 7o, then &1 @ O3 F 71 B 75 wif.
(Proof uses merge and weakening on dspc and espc.)

(5) If @y - &) specs-wf and Po - D) specs-wf and @) L P, then &1 & Py -
D & D), specs-wf. (Proof uses merge and weakening on dspc.)

(6) If &1 F @) exports-wf and P F P} exports-wf and &) L @), then &1 DDy
D & DY, exports-wf. (Proof uses merge and weakening on espc.)

(7) If &1 - @) deps-wf and Py b Pf, deps-wf and | L P, then & & $y -
D) @ DY, deps-wf. (Proof uses antitonicity of depends, Property 49.)

(8) If @y &) wf and P - &) wf and &) L &, and ®; L P}, and Py L P,
then @1 @ @ F &) @ D, wf. (Proof uses merge and weakening on espc and
Property 71.)

(9) If &1 F Ly wf and ®9 - Lo wf and £ L Loy, then &1 & $o - L1 & Lo wi.
(Proof uses merge and weakening on 7.)

(10) If &y + =; wf and &3 F 2o wf and =Z;.® L Z.® and &; L Z5.9 and

®y | E,.9, then &1 @ $o F Z1 @ Ep wl. (Proof uses merge on £ and ®.)

Lemma 5 (Invariance of well-formedness under substitution). Suppose 0 ® wf
and let @y = apply(#; ®) be defined.

(1) If ®; kenv k¢ typ :: knd then ®g; kenv k. Otyp :: knd.

(2) If @ F dspc wf then ®y F Odspe wf.

(3) If @ F espc wf then &g - fespe wi.
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(4) If & F 7 wf then ®y - 07 wf.

(5) If & - @’ specs-wf and apply(6; ®') defined then @y - apply(; ®’) specs-wf.
(Proof uses invariace and merge on dspc.)

(6) If & F &’ exports-wf and apply(6; @) defined then @y - apply(6; ®’) exports-wf.
(Proof uses invariace and merge on espc.)

(7) If & - &' deps-wf and apply(6; ') defined then @y - apply(6; ®’) deps-wf.
(Proof uses Property 50.)

(8) If @ + &' wf and apply(#; ') is defined and Py L apply(6; ?’), then
Dy I apply(8; ') wf. (Proof uses Lemma 7 and invariance on exps/specs-
wif.)

(9) If @+ £ wf then ®y - 0L wf. (Proof uses Lemma 7.)
(10) If @ + = wf and apply(6; Z.®) is defined and ®y L apply(d;E.9), then
Dy - apply(0; Z) wf. (Proof uses Lemma 7 and invariance on £ and ®.)

Lemma 6 (Preservation of well-formedness under context strengthening). Sup-
pose N C dom(®).
(1) If ®; kenv k. typ :: knd and provs(typ) C N, then ®|y; kenv k. typ :: knd.
(2) If ® F dspc wf and provs(dspc) C N, then ®|x - dspe wi.
(3) If ® F espc wf and ident(espc) € N, then ®|y - espe wi.

(4) If ® F 7 wf and provs(7) € N, then ®|x F 7 wf.

(5) If & F & specs-wf and dependsg(N) C N, then @|y - @|y specs-wi.

(6) If ® F & exports-wf and dependsg(N) C N, then ®|y - ®|x exports-wf.

(7) If ® - & deps-wf and dependsg(N) C N, then ®|y - ®|x deps-wf. (Proof
uses Lemma 51.)

(8) If O @ wf and dependsg(N) C N, then OF ®|x wf.

(9) If @ - £ wf and dependsg(N) C N, then @|x - L]y wf.
(10) If OF (®; L) wf and dependsgy (N) C N, then OF (®; £)|y wf.

Lemma 7 (Cut on physical contexts and signatures).
(1) If ¢+ ‘1’1 Wfandq)@q)l F @2 Wf7 then ‘1’1 1 (I)Q and ® + @1@‘1)2 wif.
(Proof uses merge on exps/specs/deps-wi.)
(2) If f- =y wf and Z1.@ - Z5 wf and =1 L S, then O =y ¢ =5 wf. (Proof
uses cut on physical contexts and merge on logical contexts.)

Lemma 8 (Thinning preserves well-formedness). If ) = wf and F Z L=
then OF Z wf and dependsz (N) C N, where N = dom(Z'.®).

Lemma 9 (Well-formed contexts contain all modules’ dependencies). If ) ® wf
then dependsg (dom(®)) C dom(®P).

Lemma 10 (Well-formed contexts contain all modules’ dependencies). If Q-
O’ wf and v:7~ € @', then ® - 7 wf. (Proof straightforward since this judgment
checks the same properties as the context judgments.)

Lemma 11 (Path manipulation preserves well-formedness).
o If cons(p; X) is defined and ® - X wf, then ® - cons(p; ) wf.
e If rename(r; E) is defined and ® - = wf, then ® F rename(r; Z) wf.
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10 Invariants of auxiliary EL module machinery

10.1 Import resolution

Lemma 12 (Soundness of module entity environment construction (EL)). If
OIF (®; L) wf and L; vy Ik smpdecls; defs ~ eenv and aenvt = (®;vy; defs) [and
nooverlap(defs)], then aenv™ Ik eenv wf and haslocaleenv(eenv; vo; defs).

Lemma 13 (Soundness of signature entity environment construction (EL)). If
OIF (®; L) wf and L£; 7 Ik impdecls; decls ~ eenv and aenv™ = (®; 7; decls) and
[and nooverlap(defs)], then aenv™ Ik eenv wf and haslocaleenv(eenv; 7; decls).

Lemma 14 (Soundness of import declaration resolution (EL)). If QI (®; L) wf
and L |k impdecl ~ eenv and aenv = (®;vp; ds) [and nooverlap(aenv)], then
aenv Ik, eenv wf.

Lemma 15 (Soundness of imported module specification resolution (EL)).
If OIF (®;L) wf and L;p k. impspec ~ espc and aenv = (®;vp;ds) [and
nooverlap(aenv)], then aenv Ik, espe wf.

Lemma 16 (Soundness of imported module entity resolution (EL)). If @IF
(®; L) wf and L;p k. import ~ espc and aenv = (®;1p;ds), then aenv Ik
espc wf.

10.1.1 Technical lemmas needed

Property 17 (Local entity environment is always well-formed).
o (®:uyp; defs) I mklocaleenv(vy; defs) wf
o (®;7; decls) Ik mklocaleenv(7; decls) wf

Lemma 18 (Qualification preserves entity env well-formedness). If aenv Ik
eenv wf then aenv Ik qualify(eenv; m) wf.

Lemma 19 (Merging well-formed entity environments produces well-formed
entity environments).
e If aenv |k espe; wf and aenv Ik espe, wf [and nooverlap(defs)] and espc; L
espcy, then aenv Ik espcy @ espey, wi.
o If aenv |k espe; wf and aenv Ik espe; wf [and nooverlap(defs)] and espe; L
€spc,, then aenv Ik espe; @ espe, wif.
o If aenv Ik eenvy wf and aenv |k eenvy wf [and nooverlap(defs)] and
eenvy L eenvs, then aenv Ik eenvy @ eenvy wi.

Lemma 20.
o If aenv Ik espe wf then aenv k. mkeenv(espe) wf.
e If aenv Ik espe wf then aenv Ik mkeenv(espe) wf.

Property 21 (Domains of certain kinds of entity environments).

Veref € dom(qualify(m; eenv)) : eref = m.x for some x.

Veref € dom(mkeenv(espcs)) : eref = x for some .

Veref € dom(mklocaleenv(espes;)) : eref = x or Local.x for some Y.
Veref € dom(mklocaleenv(v; defs)) : eref = x or Local.x for some .
Veref € dom(mklocaleenv(7; decls)) : eref = x or Local.x for some Y.
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Property 22 (Distributivity of substitution over entity environment merging).
This is a corollary to Property 65.

(1) If eenv) = apply(0; eenvy) is defined and if eehvly, = apply(0; eenvs) is
defined and eehv; L eehvy and eehv)| L eenvl, then apply(f; eenvi @ eehvg)
is defined and equals eenv] @® eenv).

(2) If Vi € [1..n] : apply(0; eenv;) defined and Vi,j € [1..n] : eenv; L eenv; A
apply(0; eenv;) L apply(6; eenv;) defined, then apply(G;@ie[l“n] eenv;) is
defined and equals ®ie[1..n] apply(6; eenv;).

10.2 Definition and declaration checking

Axiom 23 (Soundness of module definition checking in IL). If fenv H" defs :
dspc and O fenv wf and fenv; fo; defs K eenv wf and ftyp = ( dspc ; espe 3 f )
and fenv L f:ftyp™, then fenv ® f:ftyp™ + ftyp™ specs-wf.

Corollary 24 (Soundness of module definition checking in image of transla-

tion). If ®* KX [: refsy (eenw)][vg]refs) (defs)dspc™ and OF ® wf and shape(®); vo; defs Ik
eenv wfand 7 = { dspc 3 €spe ;v ) and ® L vg:7T, then ®Drg: 7" F 77 specs-wf.

The proof of this corollary was sketched on paper (around 11 Jan; later 26 Feb)

and requires a few lemmas that were also proved/sketched on paper.

Axiom 25 (Regularity of definition checking in IL). If fenv; eenv; f K Td :

dspc then |def| = |dspc| and def T dspe and nooverlap(def) and {provs(dspc)} C
dom(fenv) U {fo}.

Corollary 26 (Regularity of definition checking in image of translation). If

®*; refs), (eenv); vy HE refs; (def) : dspe then |refs) (def)| = |dspc| and dspe s.t. dspc™ =
dspc and def T dspc and nooverlap(def) and {provs(dspc)} C dom(®) U {vp}.

Axiom 27 (Soundness of declaration checking in EL). If ®; eenv;d k. decls ~»
dspc and dspc C espc and ®, = mksigenv(dspc;espc) and - ® wf and ® 1 D,
then ® @ shallow(®,) - &, specs-wf.

Axiom 28 (Regularity of declaration checking in EL). If ®; eenv; 7 decl ~
dspe then |decl| = |dspc| and decl T dspc and nooverlap(decl) and {provs(dspc)} C
dom(®) U provs(7).

10.3 Export resolution

Lemma 29 (Soundness of module export resolution (EL)). If vy; eenv Ik expdecl ~~
espc and P @ wf and aenvt = (shape(®);vy; def) and aenv™ I eenv wf [and
nooverlap(def)] and def C dspc and 7 = { dspc ; €spc 3 v/ ) and @ L vo:7+, then

® @ vy:7T - T exports-wf.

Lemma 30 (Soundness of declaration exports in EL). If 7 Ik, decls ~ €spé and
nooverlap(decls) and dspc C espc and P~ ® wf and ®, = mksigenv(dspc; espc)
and ® L &,, then ® ¢ &, - &, exports-wf.

Lemma 31 (Regularity of declaration exports in EL). If 7 Ik, decl ~ espc then
|decl| = |espe| and decl C espe.

Lemma 32 (Kinding is liftable). If ®*;kenv H- typ* :: knd then ®;kenv kK
typ :: knd.
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10.3.1 Technical lemmas needed

Lemma 33 (Soundness of single export resolution (EL)). If vp; eenv Ik export ~~
espe and - ® wf and aenvt = (shape(®); vo; def) and aenv™ I eenv wf and
consistent(aenvt) and def C dspc and 7 = { dspc 3 espc 3 v/ ) and ® L vo:rt,
then ® @ vy:7~ b 7 exports-wf. (Note the polarity of T in the context of the
conclusion.)

Lemma 34. If OF ® wf and aenv = (shape(®);vo; def) and aenv Iz espc wf
and consistent(aenv) and ident(espc) = vy and espc € espe and def T dspc and
7 = {dspc;espc; v ) and ® L vp:7t, then ® @ vo:7™ + espe wf. (Used in
proof of export soundness for the local exports case. This is not worth making
a lemmal! Just inline it.)

Lemma 35 (Consistent augmented environments come from mergeable modules
(EL)). If def C dspc and dspc € 7 and ® L vo:7* [and nooverlap(def), then
consistent(aenv), where aenv = (®;vp; defs). (Proof very straightforward; uses
Lemma 58.)

Lemma 36 (Export well-formedness is invariant to polarity in the context). If
V7™ = @ exports-wf then, for any m’ s.t. |m/| = |m|, v:7™  ® exports-wf.

Property 37 (Matching in augmented environments succeeds or it doesn’t).

e Either Jespc, : espc, = locmatch(aenv; espe) or nolocmatch(aenv; espc),
but not both.

e Either Jespc; : espc; = ctxmatch(aenv; espc) or noctxmatch(aenv; espce),
but not both.

Property 38 (Matching in augmented environments is unique).
o If espcy = locmatch(aenv; espe) then, Vespef, : espcf, = locmatch(aenv; espe),
espch = espcy.
o If espc; = ctxmatch(aenv; espe) then, Vespe) : espc) = ctxmatch(aenv; espc),
espc) = espcy.

Property 39 (Matching in augmented environments is preserved under merge-

ability).
o If espcy = locmatch(aenv; espe) and espc’ L espe then, espe, = locmatch(aenv; espc’).
e If espc; = ctxmatch(aenv; espe) and espc’ L espe then, espe; = ctxmatch(aenv; espe’).
e If nolocmatch(aenv; espc) and espe’ L espc then, nolocmatch(aenv; espc’).
e If noctxmatch(aenv; espc) and espc’ L espe then, noctxmatch(aenv; espc’).

Lemma 40 (In consistent definition environments, a context match implies a
better local match). If fi- ® wf and aenvt = (®; v; defs) and consistent(aenv™)
and ident(espc) = vy and espc; = ctxmatch(aenv™; espe), then Jespe, : espey =
locmatch(aenv™; espc) and espcy < espey.

Corollary 41. If I ® wf and aenvt = (®;1y; defs) and consistent(aenv™)
and espcy = locmatch(aenv™; espc) and espc; = ctxmatch(aenv™; espc), then
espcy < espcy .

Corollary 42. If §IF ® wf and aenv™ = (®; vg; defs) and consistent(aenv™) and
nolocmatch(aenv™; espc) and espc; = ctxmatch(aenv™; espe), then ident(espc) #
L.
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Definition 43 (Consistent augmented local environments in EL). If vy exists
within @ then for each specification therein, there is an implementing definition
among defs.

nooverlap(defs),
consistent((®; vp; defs)) P Vdspe € ®(1y) : Idef € defs, dspc’ -
def T dspc’ A shape(dspc’) < dspe

10.4 Dependency invariants

Corollary 44 (Module context strengthening for definition checking in image of
translation). If ®;vg; eenv B* defs : dspc and OF ® wfand N D (U dependsg (ident(espc)) U {ident(esg
then (®|n);vo; eenv F defs : dspe.

espce eenv

Axiom 45 (Module context strengthening for declaration checking in EL). If
®; 75 eenv Y decls : dspc and fF @ wfand N D (U dependsg (ident(espc)) U {ident(espc)}),
then (®|n); 7; eenv BY decls : dspc.

espce eenv

Lemma 46 (Locally available entities come from dependencies of imports).

o If O (®; L) wf and shape(L); vy Ik impdecls; defs ~~ eenv, then Vespc €
eenv : ident(espc) € {vo} U (U, 57 dependsg, (/) U{v/}).

o If OF (®; L) wf and shape(L) Ik impdecl ~ eenv, then Vespc € eenv :
ident(espc) € dependsg (1) U {v'}.

o If OF (®; L) wf and shape(L);p Ik impspec ~~ €spe, then Vespe € €spe :
ident(espc) € dependsg (ident(L(p))) U {ident(L(p))}.

o If O~ (®;L) wf and shape(L);p Ik import ~» espc, then ident(espc) €
dependsg (ident(L(p))) U {ident(L(p))}.

Lemma 47 (Well-typed modules preserve dependency invariants). If (®; £); v b
M : 7 and OF (®; L) wf and ® L vg:7+, then ® @ vg:7+ F vg:7T deps-wf.

Property 48. If v € dependsg (1) then dependsg () C dependsg (). (Proof
relies on graph interpretation.)

Property 49 (Antitonicity of dependencies in the context).
o If ® | &y and v € dom(®), then dependsy () C dependsggq,, (V).
o If & | &y and v € dom(®), then dependsy, () C dependsgggp,,. v (¥)-

Property 50 (Preservation of dependencies under substitution). If v € dependsg (1)
and ®g = apply(f; @) is defined, then v € dependsg, (01p). (Proof relies on
correspondence of dependsg (—) to ®-graph reachability; 6 as a graph homomor-
phism; and graph homomorphism’s preservation of connectedness.)

Lemma 51. If Vv € dom(®|y) : dependsg (v) C dom(®|x ), then Vv € dom(®|y) :
dependsg (1) = dependsg, , (v/).

Property 52 (A module’s dependencies contain the provenances of its types).
If ®(v) = 7 then provs(7) C dependsg (V).
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11 Algebraic properties of classifiers

11.1 Package signatures

Property 53. Package signatures (Z) form an idempotent partial commutative
monoid.
e Jdempotence: = | =and Z2H = = Z=.
o Commutativity: If =1 1 Z5, then Z5 1 Z1 and =1 @ Z5 = =25 B =5.
o Associativity: If 21 1 Z5 and E1 @ 25 1 =g, then Z5 1 =3 and =7 L
Eg @53 and El @Eg) @Eg = El D (Eg @53)
o Identity: (0;0) L Z and (0;0) ® = =

[

11.2 Logical module contexts

Property 54. Logical module contexts (£) form an idempotent partial com-
mutative monoid with identity element (0).

11.3 Physical module contexts

Property 55. Physical module contexts (®) form an idempotent partial com-
mutative monoid with identity element ().

Property 56 (Substitution distributes over context merging).
(1) If @) = apply(6; 1) is defined and if @, = apply(d; P2) is defined and
®; L &y and P} L ), then apply(d; D1 @ P3) is defined and equals
o) @ D5
(2) IfVi € [1..n] : apply(0; ®;) defined and Vi, j € [1..n] : &; L &,;Aapply(d; ;) L
apply(6; ®;), then apply(0; @ie[l_n] ®,) is defined and equals @ie[l_.n} apply(6; ®;).

11.4 Polarized module types

Property 57. Polarized module types (7) form an idempotent partial com-
mutative monoid with identity element { 0 ; 0 ;0 )~.

Lemma 58.
o If 7 =7" ® 7" thenm=m; ®@me and 7 =71 ® 7.
o If 7" 1L 73" and my = + then 7™ @& 75"* = 7",

11.5 Module types

Property 59. Module types (7) form an idempotent partial commutative
monoid with identity element { 0 ; 0 ;0 ).

Property 60. If 7 = 7y @ 7» then provs(7) = provs(7y) U provs(rs).

11.6 Entity specifications

Property 61. Sets of entity specifications (dspcs) form an idempotent partial
commutative monoid with identity element (0).

Property 62. Merging of two entity specifications (dspc; @ dspe,) is idempo-
tent, associative, and commutative.
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11.7 Export specifications

Property 63. Merging of two export specifications (espc; @ espcy) is idempo-
tent, associative, and commutative.

Property 64. Sets of export specifications (espcs) form an idempotent partial
commutative monoid with identity element (0).

Property 65 (Substitution distributes over espc-set merging).

(1) If espcs) = apply(0; espcsy) is defined and if espesh, = apply(6; espess) is
defined and espes; L espes, and espes) L espesh, then apply(6; espes, @
espcs,y) is defined and equals espes| @ espesh. (Proof uses “proper” defi-
nitions of merge and substitution, as Georg showed on the board.)

(2) If Vi € [1.n] : apply(6; espcs;) defined and Vi,j € [l.n] : espes; L
espes; A\ apply(0; espes;) L apply(6; espes;), then apply(6; @ie[l“n] espes;)
is defined and equals @ie[l”n] apply(8; espes;). (Proof uses previous part,
Property 72.)

Property 66 (Substitution on non-overlapping espc-sets is always defined). If
nooverlap(espcs) then apply(6; espcs) is defined. We often write fespes instead
of apply(6; espcs) for non-overlapping espcs.

Property 67 (Membership in a merging of espc-sets entails similarity to some
espe).
(1) If espc € espes, @ espesy then Ji € {1,2}, espe; € espes; : espe L espe;.
(2) If espc € By, €pes; then Ji € [L.n], espe; € espes; : espe L espe;.

Property 68 (Merge produces a greatest lower bound on espc).
(1) If espc < espeq and espe < espe, then espe < espey @ espcy.
(2) If Vi € [1..n] : espc < espe,; then espc < P

i€[l..n] ¢5PC;-

11.8 Extra properties of semantic objects

Lemma 69 (Name disjointedness of two merged sets of uniquely-named enti-
ties).

e If dspc, L dspc, and nooverlap(dspc, ) and nooverlap(dspc, ), then nooverlap(dspc, ®
dspcy) < Vxi:dspey€dspey, Xa2:dspey€dspes 8.6, X1 # X2 ¢ allnames(dspe,) #
allnames(dspc,).

e Likewise but with espc everywhere instead of dspc.

Lemma 70 (Name disjointness of three merged sets of uniquely-named entities).

e If nooverlap(dspc, @dspc,) and nooverlap(dspe,®dspes) and nooverlap(dspe,®
dspes) and Vi € {1,2,3} : nooverlap(dspc;), then nooverlap(dspc, ®(dspcy®
dspeg)).

e Likewise but with espc everywhere instead of dspc.

Property 71 (Partiality of multiple merges).
o If dspc; L dspcy and dspc, L dspes and dspc; L dspes, then dspe; L
(dspcy ® dspes).
o If espc; L espc, and espc, L espcs and espe; L espes, then espe; L
(espcy @ espes).
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o If dspes; L dspcs, and dspesy L dspess and dspes; L dspess, then
dspesy L (dspesy @ dspess).

o If espcs; L espcsy and espesy L espess and espes; L espess, then espes; L
(espcsy @ espess).

e Ifn L »and s L 73 and 71 L 73, then 71 L (72 @ 73). (Proof also uses
Lemma 70.)

o If 7" L 70" and 75" L 75" and 74" L 73"%, then 7" L (15" @ 73"%).

o If &y L &y and Py L &3 and $; L P3, then &y L (Do ® P3).

Property 72 (Partiality of multiple merges). If @,c(; ,, Ai defined and Vi €
[1.n] : A; L A’, then @ie[l_'n] A; L A’ where A ranges over all syntactic
categories in previous statement.

Property 73 (Preservation of entity membership by substitution).
e If apply(6; ®) and dspc € ®(v), then Idspc’ € apply(6; ®)(Ov) : dspc’ <
Adspc. Likewise for espc.
e If apply(6; espcs) and espc € espes, then Jespc’ € apply(0; espes) : espe’ <
fespc.

Property 74 (Structure of sums of environments and types).

o If @icp1.py i is fully defined and v:7™ € (B;epy.,,) i) and I = {i €
[L.n] | v € dom(®;)} and {7/ }icr = {(7)™ | v:(7')™ € ®;}ier, then
T =@jer (1)

o If B;cpy i is fully defined and x:dspc € (Bepy ,7i) and I = {i €
[1.n] | 3dspc’ : x:dspc’ € 7;} and {dspe, }icr = {dspc’ | x:dspc’ € T }icr,
then dspc = @, dspc;.

e Likewise but with espc everywhere instead of dspc.

Property 75.
o If espc; L espcy then mkphnms(espe, @espe,) = mkphnms(espe; )Umkphnms(espe,).
o Ifespc; L espe, then mkphnms(espe; espe;) = mkphnms(espe;)Umkphnms(espes).

Lemma 76. If dspc T espc and shape(dspc) < dspc then Jespc' : dspe T
espc’ < espc.

Lemma 77.
o If dspc; € ®1(v) and 1 L Py then Idspe, @ dspey @ dspey € (P1 @ Do) (v).
e Likewise for espc.

Lemma 78. If dspc; C espc, and dspcy L dspcy then Jespey : dspey T espesy,.

Property 79 (Monotonicity of spec matching).
(1) If dspey C espey and dspey, E espe, and dspey L dspes, then espey L espe,
and dspc; @ dspcy T espcy @ espe,.
(2) If dspc = @, dspe; and espc = @, espe; and Vi € I dspe; T espe,,
then dspc C espc.

Property 80 (Monotonicity of export specs).
(1) If espcy < espcy and espey < espch and espc; L espcy, then espe) L espc),
and espc; @ espey < espc @ espch.
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(2) If espc = @, ¢, espc; and espc’ = @, ., espc; and Vi € I @ espe; < espc;,
then espc < espc’.

Lemma 81. If ® | v:7t then ® L v:7™ and (® ® v:i7™)(v) = 7.

Property 82 (Substitution on singleton maps indexed by identities).
o If ® = v:7™ then apply(6; ®) is defined and equals (6v):(67)™.
o If espcs = (espc) then apply(6; espes) is defined and equals (fespc).

(All proofs straightforward by the definition of substitution in terms of merging
(over a singleton index set).)

Part 111
Internal language metatheory

12 Judgmental properties of IL terms

12.1 Strengthening

Lemma 83 (Preservation of well-formedness under context strengthening).
Suppose Vf € dom(fenv) N I : dependsy,,,,(f) C dom(fenv) N F.
(1) If fenv B hsmod : ftyp and fenv(fy) = ftyp and fy € F, then fenv|p H"
hsmod : ftyp. (Proof uses Corollary 85 to show F' is suitable for Axiom 96;
defn of dependsy,,,, (fo) to show F’ suitably large for imports and Lemma 97
for strengthening of imports.)
(2) If fenv; fo b tfexp and fenv(fo) = typ(tfezp) and fo € F, then fenv|p; fo b
tfexp. (Proof uses Property 52 and 7 part of Lemma 6.)
(3) If OF fenv wf then OF fenv|p wf. (This is no different from the analogous
statement on the EL, Lemma 6.)
(4) If OF dezp and fenv = mkfenv(dexp), then P dezp|p. (Proof uses filtering
on fenv-wf and previous part for fenv wf; Property 109 and tfexp part for
tfexp wit.)

Lemma 84 (Locally available entities come from dependencies of imports (IL)).
Directly corresponds to the analogous lemma in the EL, Lemma 46. Suppose
OF fenv wf

(1) If fenv; f H¥ dmport ~ espc, then ident(espc) € dependsy,,,,,(f) U {f}.
(Proof uses fenv b= fenv deps-wf and ident(espc) € provs(fenv(f)).)

(2) If fenv; f HY impspec ~ espcs, then Yespe € espes - ident(espc) € dependsy,,,, (f)U
{f}. (Proof uses Property 67 and previous part.)

(3) If fenw H* impdecl ~ eenv, then Vespe € espes : ident(espe) € dependsfem(imp(impvdecl))u
{imp(impdecl)}. (Proof straightforward by previous part and definition of
mkeenv(—).)

(4) If fenv; fo H- impdecls; defs ~ eenv, then Yespe € eenv : ident(espc) €

{fO}U(Uf/eimps(impaeczs) dependsy,,,, (f') U {f’}) (Proof uses Property 102
and previous part and definition of mklocaleenv(fo; —).)
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Corollary 85 (Dependencies of this mod contains those of locally available enti-
ties). If O fenv wf and fenv; fo H- impdecls; defs ~» eenv and imps(impZiecls) =
imps(fenv(fo)), then Yespc € eenv : dependsy,,,, (ident(espc)) U {ident(espc)} C
dependsy,,,,, (fo) U{fo}. (Proof splits into cases whether ident(espc) = fo, using
Lemma 84 and Property 48 in the case that it’s not fj.)

12.2 Substitutability

Lemma 86 (Invariance under substitution of IL terms). Suppose O fenv wf
and fenv, = apply(0; fenv) is defined.

(1) If fenv HE hsmod : ftyp and fenv, 1 (0 fo):0ftyp™ and validsubst(6; hsmod),
where fo = name(hsmod), then fenv, H" Ohsmod : Oftyp. (Proof uses
Lemma 87 and Lemma 99 for import resolution; Lemma 104 for export
resolution; Axiom 98 and tricky stuff on whiteboard about valid subst for
definition checking.)

(2) If fenv; fo & tfexp and fenvy L (0f0):(0ftyp)™ and validsubst(0; tfexp),
where ftyp = typ(ifexp) and m = pol(tfexp), then fenvy;0fy b Otfexp.
(Proof uses above part and invariance for 7 well-formedness Lemma 5.)

(3) If apply(8; dexp) is defined and fenv, L apply(8; dexp) and fenv - dexp and
validsubst(0; dexp), then fenv, b apply(6; dexp). (Proof uses Lemma 112
and invariance on fenv-wf and Lemma 112 for wf-ness of the dexp’s file
env; Property 108 and Lemma 88 and invariance on tfexp and merging on
tfexp for typing of files.)

Lemma 87 (Consistent augmented environments come from mergeable modules

(IL)). If def C dspc and dspc € ftyp and fenv L fo:ftyp™ [and nooverlap(@),
then consistent(aenv), where aenv = (fenv; fo; defs). (Proof very straightfor-
ward; uses Lemma 58.)

Lemma 88. If apply(0; fenv,) is defined and apply(0; fenv,) is defined and
apply(6; fenv,) L apply(8; fenv,), then apply(6; fenv, @ fenv,) is defined and
equals apply(6; fenv,) @ apply(6; fenvy) and Vf:ftyp™ € fenv, : apply(8; fenv,) L
(0f):(0ftyp)™. (First part is just Property 56; second part uses the fact that
substitution on contexts is just the merge of all substituted singletons, and that
merge is commutative and associative.)

Definition 89 (Consistent augmented local environment in IL). Analogous to
EL definition.

nooverlap(defs),
consistent((fenv; fo; defs)) &f Vdspe € fenv(fo) : Idef € defs, dgpc/ :
def C dgpc/ A ds}Jc/ < dspe
Definition 90 (Valid substitutions in IL). Analogous to EL definition. Make

sure that the substitution entirely avoids the logical import aliases in all files.

£ {apply(@; dexp) defined

(o}
@

validsubst(¢; dezxp) = .
V(f — tfexp) € dexp : validsubst(6; tfexp)
validsubst(8; — : ftyp) &f always

(o}

validsubst(8; hsmod : ftyp)

¥

of | Vf € aliases(hsmod) : 0f = f
Vf € hsmod : 0f # f = 0f & aliases(hsmod)
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12.3 Weakening

Lemma 91 (Weakening on IL term judgments). Suppose fenv L fenvy,.
(1) If fenv H hsmod : ftyp then fenv @ fenvy, H- hsmod : ftyp. (Proof uses
Axiom 94 and Lemma 95.)
(2) If fenv; fo & tfexp then fenv & fenvyy; fo b tfexp. (Proof uses weakening
on hsmod and on ftyp/tau wf.)
(3) If fenv b dexp then fenv @ fenvyy - dexp.

12.4 Merging

Lemma 92 (Merging on IL term judgments). Suppose fenv, L fenv,.

(1) If fenvy; fo b tfexp; and fenvo; fo b tfexpy and tfexp, L tfexp,, then
fenvy @ fenvy; fo b tfexp, ® tfexpy. (Proof uses weakening on tfexp and
merging on ftyp/T-wf.) (Note: edited typo on 30 May 2014.)

(2) Merging on dezp is not necessary.

12.5 Misc

Lemma 93 (Well-formedness of a directory of signatures). If fenv b fenv' wf
and fenv' < — and fenv' = mkfenv(dexp), then fenv - dexp. (Proof straightfor-
ward application of Lemma 10.)

13 Judgmental properties of auxiliary IL mod-
ule machinery

13.1 Weakening

Axiom 94 (Weakening on core definition checking). If fenv; fo; eehv K defs
dspes and fenv L fenvyy, then fenv @ fenvyy; fo; eenv Y defs : dspes.

Lemma 95 (Weakening of import judgments). Suppose fenv L fenv.
(1) If fenv; f H* import ~ espc then fenv @ fenvyy; f H* import ~ espc.
(Proof uses Lemma 77.)
(2) If fenv; f H- irvnpvspec ~ espcs then fenv @ fenvyy; f l-f; impspec ~ espcs.
(3) If fenv H- impdecl ~ eenv then fenv @ fenvy, H- impdecl ~ eenv.
(4) If fenv; fo H- impdecls; defs ~» eenv then fenv®fenvy; fo Hr impdecls; defs ~
eenuv.

13.2 Strengthening

Axiom 96 (Module context strengthening for definition checking in IL). If
fenw; fo; eenv HY defs : dspe and P fenv wf and F D (U depends;,,,, (ident(espc)) U {ident(espc)}),

then (fenv|r); fo; eenv K- defs : dspc.

espce eenv

Lemma 97 (Strengthening of import judgments).
(1) If f € F and fenv; f " import ~ espc, then fenv|p K import ~ espc.
(2) If f € F and fenv; f K- impspec ~ espcs, then fenv|p; f H¥ impspec ~
espcs.
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(3) Ifimp(impdecl) € F and fenv K- impdecl ~ eenw, then fenv|p B impdecl ~
eenv.

(4) Ifimps(impdecls) C F and fenv; fo B impdecls; defs ~ eenw, then fenv|g; fo H*
impdecls; defs ~ eenw. (All proofs very straightforward.)

13.3 Substitutability

Axiom 98 (Invariance under substitution of core definition checking). If -

fenv wf and apply(6; fenv) is defined and fenv; fo; eenv H- defs : dspc and
validsubst(8; eenw), then apply(6; fenv); 8 fo; apply(8; eenv) K- Odefs : Odspc.

Lemma 99 (Invariance under substitution of IL import resolution). Suppose
Ok fenv wf and fenv, = apply(6; fenv) is defined.

(1) If fenv; f HE import ~ espc, then fenvg; 0 f K- Oimport ~ fespc.

(2) If fenv; f HE impspec ~ espcs, then apply(6; espcs) defined and fenv,; 0 f H-
Qimpspec ~ apply(0; espcs). (Proof uses Lemma 100 and Property 66 for
definedness.)

(3) If fenw H* impdecl ~» eehw, then apply(6; eenv) defined and fenv, H-
Qimpdecl ~ apply(8; eenw). (Proof uses Property 66 and Property 105 and
Property 22 for definedness/distributivity of substituted, merged envs.)

(4) If fenv; fo K- impdecls; defs ~» eenv and consistent(ffenv; 0 fo; Odefs), then
apply(0; eenw) defined and fenv,; 0 fo K Qimpdecls; O defs ~ apply(6; eenv).
(Proof uses Lemma 100 and Lemma 103(1) and Property 65 for defined-
ness/distributivity of substituted, merged import envs; Property 105 for
definedness/distributivity of substituted local env; Lemma 101 and Lemma 103(2)
and Property 65 for definedness/distributivity of substituted, merged im-
port and local env.)

Lemma 100 (Imports produce non-overlapping espes that match the context).
Suppose BF fenv wf and aenv = (fenv; fo; defs).
(1) If fenv; f HY import ~ espc, then ctxmatch(aenv;espc) and Jespe’ €
fenv(f) : espc’ < espe.
(2) If fenv; f H¥ impspec ~ espcs, then nooverlap(espcs) and Vespe € espes
ctxmatch(aenv; espe).
(3) If fenv H* impdecl ~ eenv, then nooverlap(locals(eenv)) and Vespe €
eenw : ctxmatch(aenv; espc) and Veref € dom(eenw) : eref = x or alias(impdecl).x.
(Proof uses Property 21 for last result.)

Lemma 101 (Entities in local entity environment produce local matches).
Vespe € mklocaleenv( fo; defs), locmatch((fenv; fo; defs); espc).

Property 102 (Membership of an espc in a merging of entity envs). Straight-
forward corollary of Property 67, by definition of @& on entity envs.

(1) If espc € eenvy & eenvs then 3i € {1,2}, espc; € eenw; : espc L espc;.

(2) If espc € @)y, €, then Ji € [1..n], espe; € echw; : espe L espe;.

Corollary 103 (Definedness of substitution on merges of entity envs). Suppose
Ok fenv wf and apply(6; fenv) defined and aenv = (fenv; fo; defs).
(1) IfVespc, € eenvy : ctxmatch(aenv; espeq) and Vespey, € eenvg : ctxmatch(aenv; espe,),
then apply(6; eenvq) defined and apply(6; eecnvy) defined and apply(6; eenvy) L
apply(8; eenvs).
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(2) If consistent(apply(f; aenv)) and Vespc, € eenvy : ctxmatch(aenv; espe,)
and Vespc, € eehws : locmatch(aenv; espey), then apply(; eenvy) defined
and apply(0; eenvs) defined and apply(6; eecnvy) L apply(6; eenvs).

Lemma 104 (Invariance under substitution of IL export resolution). Suppose
validsubst(8; eenv).
(1) If fo; eenv KX export ~ espc, then 6 fo; apply(6; eenv) HE Gexport ~ Oespe.
(Proof uses Property 73.)
(2) If fo; eenv H* eaxpdecl ~ espes, then apply(6; espes) defined and 6 fo; apply(6; eenv) H-
Qexpdecl ~ apply(f; espcs). (Proof uses Property 66 for definedness of
specs; Property 65 for definedness/distributivity of substituted specs.)

Property 105 (Distributivity of substitution over entity environment opera-
tions).
o If apply(0; espcs) is defined then apply(6; mkeenv(espcs)) is defined and
equals mkeenv(apply(0; espcs)).
o If apply(6; espcs) is defined then apply(8; mklocaleenv( fo; defs)) is defined
and equals mklocaleenv(8 fo; Odefs).
o If apply(8; eenv) is defined then apply(6; qualify(f; eenwv)) is defined and
equals qualify(6 f; apply(0; eenv)).

Lemma 106 (Definedness of substitution on merges of contextual and lo-
cal espc-sets). Suppose OF fenv wf and apply(6; fenv) defined and aenv =
(fenv; fo; defs).

(1) IfVespc, € espcesy : ctxmatch(aenv; espe,) and Vespey € espes, @ ctxmatch(aenv; espe,y),
then apply(6; espes;) defined and apply(6; espes,) defined and apply(6; espes;) L
apply(6; espcss).

(2) If consistent(apply(8; aenv)) and Vespc; € espes, : ctxmatch(aenv; espe)
and Vespcy, € espes, : locmatch(aenv; espes), then apply(0; espes,) defined
and apply(0; espesy) defined and apply(6; espes;) L apply(8; espess,).

Definition 107 (Valid substitutions for an entity environment). The substitu-
tion preserves lookup in the entity environment.

apply(6; eenv) defined
validsubst(8; eenv) o Yeref, phnm s.t. eenv(eref) = phnm :

apply(8; eenv)(Qeref) = Ophnm

14 Algebraic properties of IL terms

Property 108 (Structure of sums of directory expressions).
o If @,c(1.., dexp; is fully defined and (f — tfeap) € (D,e(r. ) deap;) and
I={i€[l.n]| f € dom(dexp,)} and {tfexp,}ic; = {tfexp’ | f > tfexp’ €
®;}icr, then tfexp = @, tfeap,.

Property 109 (Projections from directory environments). If fenv = mkfenv(dexp)
and dexp(f) = tfexp, then fenv(f) = typ(tfexp).

Property 110 (Typed file expressions are mergeable when their polarized types
are mergeable).
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(1) tfeap, L tfexp, if and only if typ(tfexp,)Po'(HWerP1) | typ(tfeap,)Po(Hferpa),
(2) Dicpr..n tfezp; is defined if and only if B } typ(tfeap, )P (Femri) is de-

i€[l.n
fined.

(Proofs straightforward from definition of tfexp merging.)

Property 111 (Merging of directories commutes with file environment cre-
ation).
(1) dexp; L dexp, if and only if mkfenv(dexp,) L mkfenv(dezp,), and if so,
then mkfenv(dezp,) ® mkfenv(dezp,) = mkfenv(dezp, ® dexp,).
(2) Dicp..ny dexp; is defined if and only if €P,cy ) mkfenv(dezp;) is defined,
and if so, then (P | mkfenv(deap;)) = mkfenv(D,c(; ,, dexp;).

i€[l..n

(Proofs straightforward from Property 110.)

Property 112 (Substitution on dezp commutes with mkfenv(—)). apply(#; mkfenv(dexp))
is defined if and only if apply(6; dezp) is defined, and if so, then apply(6; mkfenv(dezp)) =
mkfenv(apply(0; dezp)). (Proof straightforward from Property 111.)

Property 113 (Distributivity of merging and substitution over tfexp attributes).

If tfep, L tfeap, then typ(tfexp, @ tfeap,) = typ(tfeap,) @ typ(tfeapy).
If tfexp, L tfexp, then pol(tfexp, @ tfexp,) = pol(ifexp,) @ pol(tfexps,).
Likewise for n-ary merges over a non-empty index set I.

typ(Otfezp) = Otyp(tfezp)

Property 114 (Substitution on singleton directory expressions). If
dexp = {f — tfexp} then apply(0; dexp) is defined and equals {(0f) — (Otfexp)}.
(Proofs straightforward by the definition of substitution in terms of merging
(over a singleton index set).)

Part IV
Elaboration metatheory

15 Invariants needed for elaboration soundness

15.1 Import resolution

Lemma 115 (Elaboration of imports produces translations of original entity
envs). Suppose O+ (®; L) wf.
(1) If shape(L);p Ik import ~~ espc then ®*;L*(p) H* mkentimp(espc) ~-
espc*.
(2) Ifshape(L);p Ik impspec ~ espcs then &*; L*(p) K- mkimpspec(L; p; impspec) ~~
espes™.
(3) Ifshape(L) Ik impdecl ~ eenv then eenv* defined and ®* F mkimpdecl(L; impdecl) ~~
eenv*. (Proof uses Property 116.)
(4) If shape(L);vy Ik impdecly,...,impdecl,; defs ~ eenv then ®*;v5 H-
mkimpdecls(L; impdecls); refs; (defs) ~ refs; (eenv). (Proof uses previ-
ous part and Property 116.)
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Property 116 (Distributivity of translation over entity env operations).

e mkeenv(espcs)” is defined and equals mkeenv(espcs*).

o If qualify(p; eenv) is defined, then eenv* is defined, and qualify(p; eenv)™ is
defined and equals qualify(p; eenv*).

o refs; (mklocaleenv(ry; defs)) = mklocaleenv(vy; refsy (defs)).

e locals(eenv)” = locals(eenv*).

o If eenvy L eenvy, then refs) (eenvi) @ refs, (eenvsy) is defined and equals
refs; (eenvi @ eenvs).

o If Vi,j € [1.n] : eenv; L eenv;, then @

equals refsj (B ) eenvy).

icl1.n refsy, (eenv;) is defined and

15.2 Core definition checking

Lemma 117 (Translated substitution is always valid on elaborations). If hsmod =
mkmod(L; vo; eenv; impdecls; defs; espcs) is defined, then validsubst(6*; hsmod).
(60* maps file names in the image of (—)* to other file names in the image of
(—=)*. In hsmod each alias is in Paths, rather than the image of (—)*, so 6* is
the identity on these and never maps anything into them.)

15.3 Export resolution

Lemma 118 (Elaboration of exports produces translations of exports).

(1) If eenv(eref) = phnm : espc’ and espc’ < espc & phnm, then vg; refs), (eenv) B"
mkexp(eenv; espc) ~» espc*. (Proof uses Property 121 to show that the
translated export reference is well-formed.)

(2) Ifwo; eenv Ik expdecl ~~ espes then v refs;, (eenv) H* mkexpdecl(espes; eenv) ~
espes*. (Proof uses Lemma 120 to prove existence of a syntactic reference
that identifies each export (for mkexpdecl(—; —)); and previous part.)

Lemma 119 (Identifiability of local entities in EL). If Local.y € dom(eenv) and
haslocaleenv(eenv; vy; defs) then eenv(Local.x) = [vo]x. (Proof from definition
of mklocaleenv(vy; defs).)

Lemma 120 (Identifiability of exported entities).

(1) 1If <f>; vg; defs; eenv |k export ~» espcs then Vespc € espes @ deref €
dom(eenv), espc’ € eenv : (eenv(eref) = p : espc’) A espc’ < espe C p.
(Proof clear in all cases but EXPMODALL; in that case, follows by defn of
filterespcs(—; —) and filterespc(—; —).)

(2) If vg; eenv Ik expdecl ~ espcs then Vespe € espes : Jeref € dom(eenv), espc’ €
eenv : (eenv(eref) = p: espc’)Aespc’ < espe C p. (Proof uses Lemma 119
in EXPLOCAL case; in EXPLIST, need to show that all individual lookup
results combine to a single one; use previous part and Property 67 to get
some initial eref to use; then Property 122 and Property 68 to combine
those results and relate them to the initial eref.)

Property 121 (Preservation of entity environment lookup by translation).
(1) If eenv(eref) = phnm then refs; (eenv)(refs; (eref)) = p*. (Proof uses
injectivity of refs; (—) (Property 123).)
(2) If eenv(eref) = phnm : espc then refs; (eenv)(refs; (eref)) = p
(Proof uses Property 127 and Property 116.)

* . espc*.
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Property 122 (Uniqueness of entities looked up in environment). If eenv(eref) =
p: espc and eenv(eref’) = p : espc’ then espc = espc’. (Proof by uniqueness in
an espe-set, locals(eenv).)

16 Algebraic properties of translation

Property 123 (Injectivity of entity translation).
o If refs}, (eref,) = refs; (erefy) then eref, = eref,.
o If refs) (eenv,) = refs, (eenvy) then eenvi = eenvs.

Property 124 (Translation distributes over (total) substitutions). (6v)* =
0*v*. Likewise for typ, dspc, dspcs, phnm, espc, espcs, T.

Conjecture 125 (Physical context well-formed implies translation well-formed).
If &1 - &y wf then ®7 F &5 wf. (Obvious from structure of judgments and ob-
jects.)

Property 126 (Translation distributes over merging).

o If &, @ &, defined, then (®; @ ®o)* = &} @ @5, which is itself defined.

o If 7™ @ 75" defined, then (7™ @ 75"%)" = (11*)™ @ (12*)™2, which is
itself defined.

e If 7y @ 75 defined, then (71 © 7)* = 77 @ 73, which is itself defined.

o If dspcs; @ dspcsy defined, then (dspcs; @ dspesy)™ = dspes} @ dspes,
which is itself defined.

e If espcs; @ espcesy defined, then (espes, @ espes,)” = espest® espesy, which
is itself defined.

e If dspc, @ dspcy defined, then (dspe, @ dspey)”™ = dspey @ dspes, which is
itself defined.

o If espc; @ espc, defined, then (espc; @ espey)™ = espet @ espcs, which is
itself defined.

e Likewise for all n-ary merges over a non-empty index set I.

Property 127 (Distributivity of translation over semantic object operations).
(Vim ™ v, ™) = (V™).
If 7 = ®(v) then 7% = &*(v*).

If espc € ®(v) then espc* € &*(v*).
If dspc € ®(v) then dspc™ € ®*(v*).
mkphnms(espc)* = mkphnms(espc*).
mkphnms(espes)”™ = mkphnms(espes*).

Lemma 128 (Kind extraction ignores translation). mkknd(dspc*) is defined if
and only if mkknd(dspc) is defined, and if so, mkknd(dspc*) = mkknd(dspc).

Property 129 (Substitution commutes with translation on contexts). If apply(6; @)
is defined then apply(6*; ®*) is defined and equals apply(6; ®)*. (Proof relies on
injectivity of (—)* and Property 126.)
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17 Properties of the soundness relation

Lemma 130 (Definition of the members of substitutions of corresponding con-
texts). Suppose ® = (v;:7;™ | i € [1..n]) and dexp = (f; — tfexp, | i € [1..n])
and Vi € [1..n] : v;* = f; and apply(6; ®) and apply(0; dezp). Then
(1) dom(apply(6; ®))" = dom(apply(6*; dezp)), and
(2) VY™ € apply(6; @) :
(a) I={ie[l.n]|v="~0v}and 7™ = P, ;(07)™, and
(b) (f — tfexp) € apply(6*; dexp), where f = v* and tfexp = @iel 0* tfexp,.
Proof of (1) uses Property 67 and injectivity of (—)* and Property 124; proof
of (2) follows from definitions of substitution and the same properties.)
Lemma 131 (Related packages form a bijection). If ®pg - @ ~ dexp then
o &= (v, | i€ll.n]),
o dexp = {f; — tfexp, | i € [1..n]}, and
o Vi [l.n]: vf=fi N 1F=typ(ifexp;) N m; = pol(ifexp,).

(Clear by definition of soundness relation since (—)* is injective and the two
mappings have the same size.)

Lemma 132 (A negative EL context is related to its IL stub file translation).
If &y F @ wf and ® < —, then @ F @ ~ mkstubs(®). (Proof uses Lemma 125
and Lemma 93.)

Lemma 133 (EL contexts translate to the environment of related terms).
If ®prg = ® ~ dexp then mkfenv(dezp) = ®*. (Proof straightforward by
Lemma 131 and Property 127.)

17.1 Strengthening

Lemma 134 (Relatedness of packages is preserved under filtering). If fF & ~
dexp and dependsgy(N) C N, then OF (®|y) ~ (dexp|n+). (Proof uses Prop-
erty 135; Lemma 6 and Lemma 83 for well-formedness of filtered context and
directory.)deps-stof

Property 135 (Dependencies are preserved by translation). If v € dom(®)
then dependsg ()" = dependsg. (1*).

17.2 Substitutability

Lemma 136 (Relatedness of packages is preserved under substitution). If
0k ® ~ dexp and apply(0; ®) defined, then apply(6*; dexp) is defined and Q-
apply(6; @) ~ apply(6; dezp). (Proof uses Lemma 133 and Lemma 112 for defin-
ability of substitution on dezrp; Lemma 137 and Lemma 86 for well-typedness
of 0*dexp; Lemma 5 for well-formedness of ®; Lemma 130 for gathering sub-
stituted pieces; and Lemma 138 and Lemma 139 for preserving the relations.)

Lemma 137 (Translated substitution is always valid on related dexps). If
Opkg F @ ~ dexp then validsubst(6*; dexp). (Every hsmod € dexp is the re-
sult of elaboration, by definition of the soundness relation.)

Lemma 138 (Relatedness of single module types is preserved under substitu-
tion). If - v:i7™ ~ f > tfexp then - (Ov):(67)™ ~ (0*f) — (0*tfexp). (Proof
straightforward by Property 113.)
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17.3 Merging

Lemma 139 (Relatedness of single module types is preserved under merging).
(1) If F vimy™ ~ f — tfexp; and - v:m™2 ~ f — tfexp, and 7" L 73" and
tfexp, L tfexp,, then F v:(r @ 7)™ ™ ~ f — (tfexp, @ tfexp,). (Proof

straightforward by Property 113.)
(2) Likewise for n-ary merges over a non-empty index set I.
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